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Introduction

This book was written by Carlo Mazza and Charles Weibel on the basis of
the lectures on the motivic cohomology which I gave at the Institute for
Advanced Study in Princeton in 1999/2000.

From the point of view taken in these lectures, motivic cohomology with
coefficients in an abelian group A is a family of contravariant functors

HP(—,A): Sm/k — Ab

from smooth schemes over a given field k to abelian groups, indexed by
integers p and ¢. The idea of motivic cohomology goes back to P. Deligne,
A. Beilinson and S. Lichtenbaum.

Most of the known and expected properties of motivic cohomology (pre-
dicted in [ABS87] and [Lic84]) can be divided into two families. The first
family concerns properties of motivic cohomology itself — there are theorems
concerning homotopy invariance, Mayer-Vietoris and Gysin long exact se-
quences, projective bundles, etc. This family also contains conjectures such
as the Beilinson-Soule vanishing conjecture (H?¢ = 0 for p < 0) and the
Beilinson-Lichtenbaum conjecture, which can be interpreted as a partial étale
descent property for motivic cohomology. The second family of properties
relate motivic cohomology to other known invariants of algebraic varieties
and rings. The power of motivic cohomology as a tool for proving results in
algebra and algebraic geometry lies in the interaction of the results in these
two families; specializing general theorems about motivic cohomology to the
cases when they may be compared to classical invariants, one gets new results
about these invariants.

The idea of these lectures was to define motivic cohomology and to give
careful proofs for the elementary results in the second family. In this sense
they are complimentary to the study of [VSEQ0(], where the emphasis is on
the properties of motivic cohomology itself. In the process, the structure of



the proofs forces us to deal with the main properties of motivic cohomology
as well (such as homotopy invariance). As a result, these lectures cover a
considerable portion of the material of [VSEQO(], but from a different point of
view.

One can distinguish the following “elementary” comparison results for
motivic cohomology. Unless otherwise specified, all schemes below are
assumed to be smooth or (in the case of local or semilocal schemes) limits of
smooth schemes.

1. HP9(X, A) =0 for ¢ < 0, and for a connected X one has

A forp=0
Hva(X’A):{O forg%O

2. one has
O (X) forp=1
HPY(X,Z) = { Pic(X) forp=2
0 forp #£1,2

3. for a field k, one has HP?(Spec(k), A) = K} (k) ® A where K)'(k) is
the p-th Milnor K-group of k (see [Mil70]).

4. for a strictly henselian local scheme S over k and an integer n prime
to char(k), one has

®4(S) forp=0
sz ={ g O

where p,,(S) is the groups of n-th roots of unity in S.

5. one has HP4(X,A) = CHY(X,2q — p; A). Here CH'(X, j; A) denotes
the higher Chow groups of X introduced by S. Bloch in [Blo86], [Blo94].
In particular,
H*(X,A) = CHY(X) ® A,

where CHY9(X) is the classical Chow group of cycles of codimension ¢
modulo rational equivalence.

The isomorphism between motivic cohomology and higher Chow groups
leads to connections between motivic cohomology and algebraic K-theory,



but we do not discuss these connections in the present lectures. See [Blo94],
[BL94], [FS00], [Levas] and [SV].

Deeper comparison results include the theorem of M. Levine comparing
CH'(X,7;Q) with the graded pieces of the gamma filtration in K,(X) ®
Q [Lev94], and the construction of the spectral sequence relating motivic
cohomology and algebraic K-theory for arbitrary coefficients in [BL94] and
[ES00].

The lectures in this book may be divided into two parts, corresponding
to the fall and spring terms. The fall term lectures contain the definition of
motivic cohomology and the proofs for all of the comparison results listed
above except the last one. The spring term lectures contain more advanced
results in the theory of sheaves with transfers and the proof of the final
comparison result (5).

The definition of motivic cohomology which is used here goes back to the
work of Andrei Suslin in about 1985. As far as I understand, when he came
up with this definition he was able to prove the first three of the comparison
results stated above. In particular the proof of the comparison (3) between
motivic cohomology and Milnor’s K-groups given in these lectures is exactly
Suslin’s original proof. The proofs of the last two comparison results (4) and
(5) are also based on results of Suslin. Suslin’s formulation of the Rigidity
Theorem ([Sus&3|; see Theorem [L20) is a key result needed for the proof
of (4), and Suslin’s moving lemma (Theorem I8AT] below) is a key result
needed for the proof of (5).

It took ten years and two main new ideas to finish the proofs of the
comparisons (4) and (5). The first one, which originated in the context of the
qfh-topology and was later transferred to sheaves with transfers (definition
1)), is that the sheaf of finite cycles Z,,.(X) is the free object generated by X.
This idea led to a group of results, the most important of which is lemma [B.23]
The second idea, which is the main result of [CohThl, is represented here by
theorem [[377 Taken together they allow one to efficiently do homotopy
theory in the category of sheaves with transfers.

A considerable part of the first half of the lectures is occupied by the
proof of (4). Instead of stating it in the form used above, we prove a more
detailed theorem. For a given weight ¢, the motivic cohomology groups
HP4(X A) are defined as the hypercohomology (in the Zariski topology) of
X with coefficients in a complex of sheaves A(q)|x,,, . This complex is the
restriction to the small Zariski site of X (i.e., the category of open subsets of
X) of a complex A(q) defined on the site of all smooth scheme over k with



the Zariski and even the étale topology. Restricting A(q) to the small étale
site of X, we may consider the étale version of motivic cohomology,

HEY(X, A) == He, (X, Alg)

Xet)'

The subscript L is in honor of Steve Lichtenbaum, who first envisioned this
construction in [Lic94].

Theorem asserts that the étale motivic cohomology of any X with co-
efficients in Z/n(q) where n is prime to char(k) are isomorphic to HE, (X, u27).
This implies the comparison result (4), since the Zariski and the étale motivic
cohomology of a strictly henselian local scheme X agree. There should also
be analog of (4) for the case of Z/¢" coefficients where ¢ = char(k), involv-
ing the logarithmic de Rham-Witt sheaves v?[—¢|, but I do not know much
about it. We refer the reader to [GL0O0] for more information.

Vladimir Voevodsky
Institute for Advanced Study
May 2001.



Introduction to the second part.

The main goals of the second part are to introduce the triangulated cate-
gory of motives, and to prove the final comparison theorem (5). Both require
an understanding of the cohomological properties of sheaves associated with
homotopy invariant presheaves with transfers for the Zariski and Nisnevich
topologies. This is addressed in lectures 11, 12 and 13.

A crucial role will be played by theorem [[37% if F' is a homotopy invariant
presheaf with transfers, and k is a perfect field, then the associated Nisnevich
sheaf Fly;s is homotopy invariant, and so is its cohomology. For reasons of
exposition, the proof of this result is postponed and occupies lectures 20 to
23.

In lectures 14 and 15 we introduce the triangulated category of motives
DMSE=(k, R) and study its basic properties. In particular we give a projec-
tive bundle theorem ([[5I2) and show that the product on motivic cohomol-
ogy (defined in B1T)) is graded-commutative.

Lectures 16 to 19 deal with equidimensional algebraic cycles, leading up
to the proof of the final comparison theorem [[A1} for any smooth separated
scheme X over a perfect field k, we have

HP(X,Z)= CHY(X,2q —p).

The proof relies on three intermediate results. First we show (in [[6.7) that
the motivic complex Z(7) is quasi-isomorphic to the Suslin-Friedlander chain
complex ZF (i), which is built using equidimensinal cycles; our proof of this
requires the field to be perfect. Then we show (in [7.20) that Bloch’s higher
Chow groups are presheaves with transfers over any field. The final ingredient
is a result of Suslin ([I83]) comparing equidimensional cycles to higher Chow
groups over any affine scheme.

The final lectures (20 to 23) are dedicated to the proof of 371 Using
technical results from lecture 20, we first prove (in ZL3) that Fl;s is homo-
topy invariant. The proof that its cohomology is homotopy invariant occupies
most of lecture 23. We conclude with a proof that the sheaf Fly;; admits a
“Gersten” resolution.
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Lecture 1

The category of finite
correspondences

In this lecture we shall define the additive category Cory of finite correspon-
dences over a field k. The objects of Cor, will be the smooth separated
schemes (of finite type) over k. The morphisms in Cory from X to Y will
be the finite correspondences, which are special kinds of cycles in X x Y.
Composition is defined so that Cory contains the category Sm/k of smooth
separated schemes over k.

By convention, all schemes will be separated, and defined over k.  Al-
though smooth schemes always have finite type over k [EGA4, 17.3.1], we
will sometimes refer to local and even semi-local schemes as being smooth;
by this we mean that they are the local (resp., semi-local) schemes associated
to points on a smooth scheme.

Our point of view will be that a cycle in a scheme T is a formal Z-
linear combination of irreducible closed subsets of T'. Each irreducible closed
subset W is the support of its associated integral subscheme W so W and W
determine each other. Thus we can ascribe some algebraic properties to W.
We say that W is finite along a morphism 7' — S if the restriction W — S
is a finite morphism. A cycle Y n;W; is said to be finite along a morphism
if each W; is finite.

Definition 1.1. If X is a smooth connected scheme over k, and Y is any
(separated) scheme over k, an elementary correspondence from X to Y is
an irreducible closed subset W of X xY whose associated integral subscheme
is finite and surjective over X. By an elementary correspondence from a non-

11



12 LECTURE 1. THE CATEGORY OF FINITE CORRESPONDENCES

connected scheme X to Y, we will mean an elementary correspondence from
a connected component of X to Y.

The group Cor(X,Y) is the free abelian group generated by the elemen-
tary correspondences from X to Y. The elements of Cor(X,Y’) will be called
finite correspondences.

If X is not connected and X = UX; is the decomposition into its con-
nected components, our definition implies that Cor(X,Y) = ®;Cor(X;,Y).

Example 1.2. Let f: X — Y be a morphism in Sm/k. If X is connected,
the graph I's of f is an elementary correspondence from X to Y. If X is not
connected, the sum of the components of I'; is a finite correspondence from
X to Y. Indeed the projection I'y — X is an isomorphism, and I'; is closed
because Y is separated over k.

The graph I'; of the identity on X is the support of the diagonal A(X) C
X x X. We will write ¢dx for the finite correspondence I'; from X to itself.
It will be the identity element of Cor(X, X) for the composition product.
Note that idx is an elementary correspondence when X is integral.

If X is connected, Y is smooth and f : X — Y is finite and surjective,
the transpose of I'y in ¥ x X is a finite correspondence from Y to X. This
is a useful construction; see exercise [[.T1] below for one application.

Construction 1.3. Fvery subscheme Z of X x Y which is finite and sur-
jective over X determines a finite correspondence [Z] from X to Y.

Proof. 1f Z is integral then its support [Z] is by definition an elementary cor-
respondence. In general we associate to Z the finite correspondence > n;W;,
where the W; are the irreducible components of the support of Z which are
surjective over a component of X and n; is the geometric multiplicity of W;
in Z, i.e., the length of the local ring of Z at W; (See [Ser65] or [Ful84]). O

We will now define an associative and bilinear composition for finite cor-
respondences between smooth schemes. For this, it suffices to define the
composition W o V' of elementary correspondences V' € Cor(X,Y) and
W e Cor(Y,Z). Our definition will use the push-forward of a finite cycle.

Let p: T — S be any morphism. If W is a irreducible closed subset of T’
finite along p, the image V' = f(W) is a closed irreducible subset of S and
d = [k(W) : k(V)] is finite. In this case we define the push-forward of the
cycle W along p to be the cycle p.W = d - V; see [Eul84]. By additivity we
may define the push-forward of any cycle which is finite along p.
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Lemma 1.4. Suppose that f : T — T" is a morphism of separated schemes
of finite type over a Noetherian base S. Let W be an irreducible closed subset
of T which is finite over S. Then f(W) is closed and irreducible in T' and
finite over S. If W is finite and surjective over S, then so is f(W).

Proof. By Ex.I1.4.4 of [Har77|, f(W) is closed in 7" and proper over S. Since
f(W) has finite fibers over S, it is finite over S by [EGA3, 4.4.2]. f W — S
is surjective, so is f(W) — S. O

Given elementary correspondences V' € Cor(X,Y) and W € Cor(Y, 2),
form the intersection 7= (V x Z)N(X x W) in X xY x Z. The composition
WoV of Vand W is defined to be the push-forward of the finite correspon-
dence [T, along the projection p : X XY x Z — X x Z; see [Ful84]. By
lemma [ below, the cycle [T is finite over X x Z. Thus the push-forward
p:[T] is defined; it is a finite correspondence from X to Z by lemma [l

We can easily check that idy is the identity of Coor(X, X), and that the
composition of finite correspondences is associative and bilinear (see [ManG8|
and [Ful84l 16.1]).

Definition 1.5. Let Cory be the category whose objects are the smooth
separated schemes of finite type over k£ and whose morphisms from X to Y
are elements of Cor(X,Y). It follows from the above remarks that Cory is
an additive category with () as the zero object.

Lemma 1.6. Let Z be an integral scheme, finite and surjective over a nor-
mal scheme S. Then for every morphism T — S with T connected, every
component of T' Xg Z is finite and surjective over T

Proof. See [EGA4 14.4.4]. O

Recall that two irreducible closed subsets Z; and Z5 of a smooth scheme
are said to intersect properly if Z;NZy = () or codim(Z;N Z3) = codim Z; +
codim Zs.

Lemma 1.7. Let V C X XY and W C Y x Z be irreducible closed subsets
which are finite and surjective over X and Y respectively. Then V x Z and

X x W intersect properly, and each component of the push-forward of the
cycle [T] of T = (V x Z)N (X x W) is finite and surjective over X.
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Proof. Let V and W be the underlying integral subschemes associated to V/
and W respectively. Without loss of generality we can suppose both X and
Y connected. We form the pullback of V' and W.

1% Xy 164 - W -7
f.surj.
1% Y
f.surj.
X

By [[H, each component of V xy W is finite and surjective over V and
therefore over X too. The image T of the evident map V xy W — X XY x Z
is the intersection of V x Z and X x W. Thus each irreducible component T}
of T is the image of an irreducible component of V xy W. By [, we know
that each T; is finite and surjective over X. Therefore dim T; = dim X for all
i,1e.,V x Z and X x W intersect properly.

Let p(T;) denote the image of T; under the map p: X XY x Z — X x Z.
By lemma[[4)], each p(T;) is an irreducible closed subscheme of X x Z which is
finite and surjective over X. Since the components of p.[T] are the supports
of the p(T;), we are done. O

Remark 1.8. It is possible to extend the definition of finite correspondences
to correspondences between singular schemes. This uses the category Corg,
where S is a Noetherian scheme; see [RelCy]. Since we will use only smooth
schemes in these lectures, we describe this more general definition in the
appendix of this lecture.

The additive category Cory is closely related to the category Sm/k of
smooth schemes over k. Indeed, these categories have the same objects, and
it is a routine computation (exercise!) to check that I'joI'; equals I'jo . That
is, there is a faithful functor Sm/k — Cory, defined by:

X—X (f: X—=Y)—Ty

The tensor product is another important feature of the category Cory.
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Definition 1.9. If X and Y are two objects in C'org, their tensor product
X ®Y is defined to be the product of the underlying schemes over k:

X®Y=XxY.

If V and W are elementary correspondences from X to X’ and from Y to
Y’ then the cycle associated to the subscheme V' x W by gives a finite
correspondence from X ® Y to X' ® Y.

It is easy to verify that ® makes Cor, a symmetric monoidal category
(see [MacT1l).

Exercise 1.10. If S = Speck then Cori(S, X) is the group of zero-cycles
in X. If W is a finite correspondence from A' to X, and s,¢: Speck — A!
are k-points, show that the zero-cycles W o I'y and W o I'; are rationally
equivalent (Cf. [Ful84) 1.6]).

Exercise 1.11. Let x be a closed point on X, considered as a correspon-
dence from S = Spec(k) to X. Show that the composition S — X — S is
multiplication by the degree [k(z) : k], and that X — S — X is given by
X xzcCXxX.

Let L/k be a finite Galois extension with Galois group G and T =
Spec(L). Prove that Cory(T,T) = Z[G] and that T — S — T is
> gec 9 € ZI|G]. Conclude that Cory(S,Y) = Cory(T,Y )" for every Y in
Sm/k.

Exercise 1.12. If £ C F is a field extension, there is an additive functor
Cory, — Corp sending X to Xp. If F is finite and separable over k, there is
an additive functor Corrp — Cory sending U to U. These are adjoint: if U
is smooth over F' and X is smooth over k, there is a canonical identification:

Corp(U, Xp) = Cori(U, X).

Exercise 1.13. (a) Let I’ be a field extension of k£ and X and Y two smooth
schemes over k. Writing Xp for X Xgpecr Spec F' and so on, show that
Corp(Xp,Yr) is the limit of the Corg(Xpg, Yg) as E ranges over all finitely
generated field extensions of k£ contained in F'.

(b) Let X — S — Spec(k) be smooth morphisms, with S connected, and
let F' denote the function field of S. For every smooth scheme Y over k, show
that Corp(X xsSpec F, Y X, Spec F') is the direct limit of the Corg(X xsU,Y)
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as U ranges over all non-empty open subschemes of S. In the special case
X =S, this shows that Corg(Spec F,Y X;, Spec F') = li_n}C’ork(U, Y).

(c) Show that (a) and (b) remain valid if Y is any scheme over k, using
the definition [Tl of Cory(X,Y).



Appendix 1A - The category
Corg

It is possible to generalize the notion of finite correspondence to construct
a category Corg, associated to any Noetherian scheme S; see [RelCy]. The
objects of this category are the schemes of finite type over S and the mor-
phisms are the elements of an abelian group Corg(X,Y’) whose elements are
the “universally integral” cycles W C X xg Y, each component of which is
finite and surjective over X. The pull-backs of universally integral cycles are
always defined.

In order to compose an elementary correspondence V' in Corg(X,Y') with
a correspondence W in Corg(Y,Z) we must form the pullback W along
V—->Ytoacyclein Wy inV xgZ C X xgY xgZ (See[[Ad). This is why
we need to restrict to universally integral cycles, because not every cycle has
such a pullback.

Relabeling, we are reduced to the following basic setup for pulling back
cycles. We are given a cycle W in X, a structure map X — S and a map
V — §. The problem is to define a pullback cycle Wy in X xg V in a
natural way. This is easy if V' is flat over S (see [Ful84, 1.7]), but in general
the problem is quite difficult even for V' = Spec K.

One way to attack the problem is to use discrete valuation rings (DVR’s),
introducing the notion of pullback along a fat point of S. This approach was
introduced in [RelCy]. Recall that if K is a field, a K-point of S (or point)
is a morphism Spec K — S.

Definition 1A.1. A fat point of S is a DVR D, a field K and morphisms
Spec K — Spec D — S,

so that the point of Spec K goes to the closed point of Spec D and the generic

17



18 LECTURE 1. THE CATEGORY OF FINITE CORRESPONDENCES

point of Spec D goes to a generic point of S. We say that the fat point lies
over the underlying K-point Spec K — S.

Every point s in S has a fat point lying over it in the sense that there is
a field extension k(s) C K and a fat point over Spec K — S. If s is a generic
point of S, this is trivial (D = K). Otherwise, it is well known that for every
two points s < s’ in a Noetherian scheme S there exists a DVR D and a map
Spec D — S sending the two points of Spec D to s and s'; see [EGAT]L 6.5.8].

Theorem 1A.2. Let D be a DVR with field of fractions F'. If X is a scheme
of finite type over D and W is closed in the generic fiber X then there exists
a unique closed subscheme Wp of Wg in X which is flat over Spec D.

Proof. Locally X has coordinate ring A, X has coordinate ring A ®p F,
and Wg has coordinate ring (A ®p F)/(f1,..., fn), where f; € A for every
i =1,...,n. Let Ry be A/(f1,...,fn) and let R be Ry/I where I is the
torsion submodule of the D-module Ry. Is is easy to see that R is independent
of the choice of the f;’s. Locally Wy is Spec R. O

We are not yet able to define the pullback along a K-point, but using the
previous theorem we can define a pullback along a fat point.

Given a fat point of S over a K-point s, and a closed subscheme W in
X, we may form the flat pullback Wy along Spec I — S and the closed
subscheme Wp, as in Then we define the pullback of W to be the cycle
associated to the fiber Wy of the scheme Wp over the closed point Spec K of
D. The pullback [W] is a cycle in Xx = X xg Spec K. Thus for every fat
point over s we have a candidate for the pullback of W along s. However, two
fat points over the same K-point may give two possibly distinct candidates.

Example 1A.3. Let S be the node over a field k£ and X its normalization.
There are two fat points over the singular point s € S, corresponding to the
two k-points of Xy = {po,p1}. The pullbacks of W = X along these fat
points are [po] and [p1], respectively.

If W is flat and equidimensional over S (or s is generic) the pullback just
defined coincides with the classic pullback of a cycle along the K-point (see
[RelCyl, 3.2.4)), so it is independent of the choice of the fat point.

In order to have a useful object we need to get rid of the dependency of
the pullback from the choice of the fat point.
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Definition 1A.4. Let W = > n;W; be a cycle on X. We say that W is
dominant over S if each term W,; of W is dominant over a component of
S. We say that a dominant cycle W is a relative cycle on X over S if its

pullbacks coincide along all fat points over any common K-point; see [RelCyj,
3.1.3].

As in [RelCy], we write Cycl(X/S,r) for the free abelian group of the
relative cycles W on X over S such that each component has dimension r
over S. It turns out that every effective relative cycle in Cycl(X/S,r) must
be equidimensional over S; see [RelCyl, 3.1.7]. If S is normal, this is also a
sufficient condition; the following result is proven in [RelCyl 3.4.2].

Theorem 1A.5. If S is normal or geometrically unibranch and W is a cycle
on X which is dominant equidimensional over S, then W is a relative cycle.

We now have a good definition for the pullback of a relative cycle along
a map Spec K — S supporting a fat point. We want to generalize this to
pullbacks along any Zariski point s of S. However, there may be no fat
points over s. For example, it may be that every fat point Spec K — S has
K inseparable over k(s). To fix this, it turns out that we need to invert the
characteristic p.

Example 1A.6. Let k£ be a purely inseparable extension of ko with [k :
ko] = p and set X = Spec(k[t]). Let S = Spec A where A C k[t] is the ring
of polynomials f(t) where f(0) € ko. If Ty = Spec ky is the origin of S then
the pullback of W = X to T' = X xg Ty = Speck is 1/p times [T], because
every fat point of S must lie over a field extension of k.

Given f : V — S, the pullback Wy, of a relative cycle W is a unique and
well-defined relative cycle of X x gV over V', except that the coefficients may
lie in Z[1/p] in characteristic p. It is characterized by the fact that for every
point v of V' and every fat point of V' over v, the pullbacks of (Wy ), and
Wiy agree. See [RelCyl, 3.3.1].

See Example 3.5.10 in [RelCy] for a relative cycle for which the coefficient
1/p occurs in its pullbacks, yet both X and S are normal.

Definition 1A.7. A relative cycle W is called universally integral when
its pullbacks Wy always have integer coefficients; see [RelCyl, 3.3.9].

We define ¢(X/S,0) to be the free abelian group on the universally in-
tegral relative cycles of X which are finite and surjective over S. Finally
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we set Corg(X,Y) = ¢(X xg Y/X,0). That is, Corg(X,Y) is the group of
universally integral cycles on X xg Y whose support is finite over X (i.e.,
proper over X of relative dimension 0).

In [RelCy| the notation z(X/S,0) was used for the subgroup of
Cycl(X/S,0) generated by universally integral cycles, and the notation
¢(X/S,0) was introduced for the subgroup generated by the proper cycles
in 2(X/S,0).

The following theorem was proved in [RelCyl 3.3.15] and [RelCyl 3.4.8].

Theorem 1A.8. Any relative cycle of X over S is universally integral pro-
vided that either

1. S is reqular, or

2. X is a smooth curve over S.

Definition 1A.9. The composition of relative cycles V' € Corg(X,Y’) and
W € Cors(Y,Z) is defined as follows. Form the pullback Wy of W with
respect to the map V' — Y. The composition W o V is defined to be the
push-forward of Wy, along the projection p: X xY xZ — X x Z. By [RelCyj,
3.7.5], the composition will be a universally integral cycle which is finite and
surjective over X.

Example 1A.10. By definition, ¢(X/S,0) = Corg(S,X). If S and X are
smooth over a field k, then clearly Corg(S,X) C Corg(S,X) via the em-
bedding of X in S x X. Hence, for every map S* — S, there is a map
c(X/S,0) — (X xg5'/S’,0) induced by composition in Cory.

c¢(X/S,0) ——— Cor(S, X)

¥

C(X Xg S//S/,O) — COTk(S/,X)

Example 1A.11. If S = Speck for a field £ and X and Y are smooth
over S, then the group Corg(X,Y) = ¢(X x Y/X,0) agrees with the group
Cori(X,Y) of definition [l

To see this, note that ¢(X x Y/X,0) C Cori(X,Y) by definition. By
and [[A8 every cycle in X x Y which is finite and surjective over X is
a universally integral relative cycle, so we have equality.
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Since composition in Corg (as defined in [[A0) evidently agrees with
composition in Corg, we see that Cory is just the restriction of Corg to

Sm/k.

Example 1A.12. Suppose that V' C S is a closed immersion of regular
schemes and let W be an equidimensional cycle on a scheme X of finite type
over S. It it shown in [RelCy}, 3.5.8] that the pullback cycle Wy, coincides with
the image of W under the pull-back homomorphism for the map V' xgX — X
as defined in [Ser65] and [Ful84], using an alternating sum of Tor terms.
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Lecture 2

Presheaves with transfers

In order to define motivic cohomology we need to introduce the notion of
a presheaf with transfers. In this lecture we develop the basic properties of
presheaves with transfers.

Definition 2.1. A presheaf with transfers is a contravariant additive
functor F' : Cory — Ab. We will write PreSh(Cory), or PST(k) or PST
if the field is understood, for the functor category whose objects are the
presheaves with transfers and whose morphisms are natural transformations.

By additivity, there is a pairing Corg(X,Y) ® F(Y) — F(X) for all F,
X and Y.

Restricting to the subcategory Sm/k of Cory, we see that a presheaf with
transfers F' may be regarded as a presheaf of abelian groups on Sm/k which
is equipped with extra “transfer” maps F(Y) — F(X) indexed by the finite
correspondences from X to Y.

Example 2.2. Every constant presheaf A on Sm/k may be regarded as a
presheaf with transfers. If W is an elementary correspondence from X to Y
(both connected), the homomorphism A — A defined by W is multiplication
by the degree of W over X.

The following theorem is a special case of a well known result on functor
categories, see [Weid4] 1.6.4 and Exercises 2.3.7 and 2.3.8.

Theorem 2.3. The category PST(k) is abelian and has enough injectives
and projectives.

23
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Example 2.4. The sheaf O* of global units and the sheaf O of global func-
tions are two examples of a presheaves with transfers.

Recall first that if X is normal and W — X is finite and surjective then
there is a norm map N : O*(W) — O*(X) induced from the usual norm map
on the function fields, k(W)* — k(X)*. Indeed if f € O*(W) then N f and
N f~! are both in the integrally closed subring O(X) of k(X).

Similarly, there is a trace map Tr : O(W) — O(X) induced from the
usual trace map on the function fields, k(W) — k(X). Indeed if f € O(W)
then Trf belongs to the integrally closed subring O(X) of k(X).

If W C X xY is an elementary correspondence from X to Y, we define
the transfer map O*(Y) — O*(X) associated to W to be the composition:

N

oY) — O"(W) — O0*(X).
We define the transfer O(Y) — O(X) associated to W to be the composition
OY) — O(W) 2+ O(X).

We omit the verification that these transfers are compatible with the com-
position in Corg. It is clear from the transfer formula that the subsheaf u,
of n™ roots of unity in O* is also a presheaf with transfers, and that the
subsheaf k of O is just the constant sheaf with transfers described in

Example 2.5. The classical Chow groups C H'(—) are presheaves with trans-
fers. To see this, we need to construct a map ¢y : CH(Y) — CH'(X)
for each elementary finite correspondence W from a smooth scheme X to a
smooth scheme Y, and check that this defines a functor from Cory, to abelian
groups.

The correspondence homomorphism ¢y is given by the formula ¢y () =
(W - p*a), where « € CH'(Y'). Here p* : CH(Y) — CHY(X x Y) is the
flat pullback along the projection X x Y — Y, the ¢’ is the intersection
product (see [7ATl), and ¢ : X XY — X is the projection. If Y were proper,
this would be exactly the formula given in Chapter 16 of [Ful84]. For general
Y, we need to observe that W - p*a has finite support over X, so that the
push-forward q.(W - p*«) is defined in CH*(X).

The verification that the definition of ¢y is compatible with the compo-
sition of correspondences is now a routine calculation using the projection
formula; it is practically the same as the calculation in the proper case, which
is given in [Ful84, 16.1.2].
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Example 2.6. The functor Ky, considered as a presheaf of abelian groups
on Sm/k, has no extension to a presheaf with transfers. To see this, it suffices
to find a finite étale cover f: Y — X of degree 2 and an element = € Ky(X)
such that f*(x) = 0 but 2z # 0. Indeed, if & € Cor(X,Y) is the canonical
“transfer” morphism defined by f, then fo® = 2 in Cor(X, X) (cf. [LTII), so
any presheaf with transfers F' would have F(®)f*(z) = 2z for all z € F(X).

Let £ be a line bundle on a smooth variety X satisfying £2 = Ox but
[L® L] # [Ox @ Ox] in Ky(X). It is well-known that such £ exists; see
[Swa62]. It is also well-known that there is an étale cover f : Y — X of
degree 2 with Y = Spec(Ox & L); see [Har77, IV Ex.2.7]. Since f*L = Oy,
the element = = [£] — [Ox]| of Ky(X) satisfies f*(x) = 0 but 2z # 0, as
required.

Representable functors provide another important class of presheaves
with transfers. We will use the notation Z;.(X), which was introduced
in [SVO0]; the alternate terminology L(X) was used in [TriCal, while
Cequi(X/ Speck, 0) was used in [RelCy|] and [CohTh].

By the Yoneda lemma, representable functors provide embeddings of
Sm/k and Cory, into an abelian category, namely PST(k):

Sm/k ——— Cor, —— PST(k).
X X L (X)

Definition 2.7. If X is a smooth scheme over k we let Z;.(X) denote the
presheaf with transfers represented by X, so that Z.(X)(U) = Cor(U, X).
By the Yoneda lemma,

Hompsr(Zy (X), F) = F(X).

It follows that Z.(X) is a projective object in PST(k).

For every X and U, Z; (X)(U) is the group of finite correspondences
from U to X and the map Z,.(X)(U) — Z(X)(V) associated to a morphism
f 'V — U is defined to be composition with the correspondence associated

to f.

We will write Z for the presheaf with transfers Z,.(Spec k); it is just the
constant Zariski sheaf Z on Sm/k, equipped with the transfer maps of
Thus the structure map X — Speck induces a natural map Z.(X) — Z.

Here are three exercises. Carefully writing up their solutions requires
some knowledge about cycles, such as that found in [Enl84].
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Exercise 2.8. If I is a presheaf with transfers and 7" is a smooth scheme,
define FT(U) = F(U x T). Show that F7 is a presheaf with transfers and
that every morphism S — 7 induces a morphism F7 — F¥ of presheaves
with transfers. If F' is constant and T is geometrically connected, then
FT=F.

Exercise 2.9. If k C L is a separable field extension, every X in Sm/L is
an inverse limit of schemes X, in Sm/k. For every presheaf with transfers F
over k, we set F'(X) = lim F'(X,). Show that this makes F' a presheaf with
transfers over L.

Exercise 2.10. Let X be a (non-smooth) scheme of finite type over k. For
each smooth U, define Z(X)(U) to be the group Cor(U, X) of Il Show
that the composition o defined after [C4 makes Z,.(X) into a presheaf with
transfers.

Given a pointed scheme (X, z), we define Z;.(X,x) to be the cokernel
of the map z, : Z — Z;(X) associated to the point = : Speck — X.
Since z, splits the structure map Z;.(X) — 7Z, we have a natural splitting
Ztr(X) =7 ©® Ztr(X, .CL’)

Of particular interest to us are the pointed scheme G,, = (A! — {0}, 1),
and the presheaf with transfers Z,.(G,,) = Z.(A' — {0},1).

Definition 2.11. If (X, x;) are pointed schemes for i = 1,...,n we define
Ly (X1, 21) Ao o AN (X, ), O Zy (X1 Ao A X)), to be:

GdX XXy X Xid

coker (@ Zop(Xy X - Xi oo X X)) T (X1 % -+ X Xn)) .

By definition Z (X, 2)M) = Z,(X, z) and Z,. (X, 2)) = Z,.((X, ) A
...A(X,)) for ¢ > 0. By convention Z;,.((X,z)"°) = Z and Z,,((X, z)") = 0
when ¢ < 0.

Lemma 2.12. The presheaf Zy (X1, z1)A. . N (X, x,,)) is a direct summand
of Ly (Xy X -+ - x X,). In particular, it is a projective object of PST.

Proof. This is a consequence of the stronger fact that the following sequence
of presheaves with transfers is split exact (see [Wei94l 1.4.1]):

02 % ©.20(X) — ©0,Z0 (X x X;) — ...
..—>eBi,thr(X1><~-~Xi~-~)5j-~-><Xn)—>eBZ-Ztr(X><~-~Xi~-~><Xn)—>
T (X X X X)) = T (X1 A A X)) — O
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Since Zy- (X1 A-+- A X,) is a summand of a projective object, it is projective.
O

To illustrate this lemma note Z.(X) = Z & Z(X, x) and that:
Lip (X1 X Xo) EZ® Lyp(X1,71) © Lip (X2, T2) @ Zir (X1 A X2).

We shall also need a functorial construction of a chain complex associated

to a presheaf with transfers. For this we use the cosimplicial scheme A® over
k which is defined by:

A" = Spec k[xg, ..., T,]/ (le = 1) :
i=0

The j™ face map 9; : A" — A"l is given by the equation z; = 0. Although
this construction is clearly taken from topology, the use of A® in an algebraic
setting originated with D. Rector in [RecT]].

Definition 2.13. If F is a presheaf of abelian groups on Sm/k, F(A®) and
F(U x A®) are simplicial abelian groups. We will write C, F for the simplicial
presheaf U — F(U x A®), i.e., C,(F)(U) = F(U x A™). 1If F is a presheaf
with transfers, C,F' is a simplicial presheaf with transfers by

As usual, we can take the alternating sum of the face maps to get a chain
complex of presheaves (resp., presheaves with transfers) which (using * in
place of e), we will call C,F. It sends U to the complex of abelian groups:

.= F(Ux A?*) — F(U x A') — F(U) — 0.

Both F' — C,F and F +— C,F are exact functors. Moreover, the Dold-Kan
correspondence (see [Wei94, 8.4.1]), which describes an equivalence between
simplicial objects and positive chain complexes, associates to Cy F' a normal-
ized subcomplex CPEF of the complex C,F, which is quasi-isomorphic to
the complex C,F'.

If A is the constant presheaf with transfers A(U) = A then C,A is the

complex --- — A LGy N 0; it is quasi-isomorphic to CPK(A),
which is A regarded as a complex concentrated in degree zero.
Definition 2.14. A presheaf F' is homotopy invariant if for every X the
map p* : F(X) — F(X x A') is an isomorphism. As p : X x Al — X
has a section, p* is always split injective. Thus homotopy invariance of F' is
equivalent to p* being onto.
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The homotopy invariant presheaves of abelian groups form a Serre sub-
category of presheaves, meaning that if 0 — Fy — F} — F5 — 0 is an exact
sequence of presheaves then Fj is homotopy invariant if and only if both
Fy and F; are. In particular if F' and G are homotopy invariant presheaves
with transfers then the kernel and the cokernel of every map f: F' — G are
homotopy invariant presheaves with transfers.

Let iy : X —— X x A! be the inclusion z — (x, ). We shall write i,
for F(i) : F(X x A') — F(X).

Lemma 2.15. F' is homotopy invariant if and only if
i =i : F(X x A") — F(X)  forall X.

Proof. ([Swa72, 4.1]) One direction is clear, so suppose that i§ = ¢} for all
X. Applying F to the multiplication map m : Al x Al — Al (z,y) — xy,
yields the diagram

» %k

F(X x AY) fo F(X)

(1x x m)* p*

(’il X 1A1)* (7'0 X 1A1)*

F(X x A" F(X x A' x AY) F(X x A').

Hence p*iy = (1 x ip)*m* = (1 X i1)*m* = id. Since igp* = id, p* is an
isomorphism. O
Definition 2.16. For i = 0,...,n we define 6; : A"t — A" x Al to be the
map that sends the vertex v; to v; x {0} for j < i and to v;_; x {1} otherwise.

(See Figure EXI1) These are the algebraic analogues of the top dimensional
simplices in the standard simplicial decomposition of the polyhedron A™x Al

Lemma 2.17. Let F be a presheaf. Then the maps i}, 4} : CLF(X x Al) —
C.F(X) are chain homotopic.
Proof. The maps 6; defined in EZT6 induce maps

hi=F(1x x 6;) : C,F(X x A') — Cp 1 F(X).

The h; form a simplicial homotopy ([Wei94l, 8.3.11]) from i = dyhg to iy =
Ont1hyn. By [Weid4, 8.3.13], the alternating sum s, = > (—1)h; is a chain
homotopy from 47 to . O
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0 . 0
01 Al
to
1 9 1
A2

0 Al 1

Figure 2.1: Simplicial decomposition of A™ x Al

Combining and EZT7 we obtain
Corollary 2.18. If F is a presheaf then the homology presheaves
H,C.F: X — H,C.F(X)
are homotopy invariant for all n.

Example 2.19. ([Swa72l, 4.2]) The surjection F' — HyC.F is the universal
morphism from F' to a homotopy invariant presheaf.

Exercise 2.20. Set Hgi"g(X/k) = HyC\.Zy(X)(Speck). Show that there is
a natural surjection from Hy"(X/k) to CHy(X), the Chow group of zero
cycles modulo rational equivalence (see exercise [LI0). If X is projective,
H™(X/k) = CHy(X). If X = A, show that H"™(A'/k) = Z. We will
return to this point in [Tl

Lemma 2.21. Let F' be a presheaf of abelian groups. Suppose that for every
smooth scheme X there is a natural homomorphism hy : F(X) — F(X x A!)
which fits into the diagram

F(X)

2 e

F(X) “Fia) F(X x A') s F(X)

Then the complex C,F is chain contractible.

The assertion that hx is natural means that for every map f : X — Y
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we have a commutative diagram

F(X) _hx F(X x A"

| |

F(Y) hy, F(Y x A"

Proof. By naturality, hx induces a map C,h : C,F(X) — C.F(X x A'). By
2T the identity map id = ¢5(C.h) is chain homotopic to 0 = ij(Cih). O

Example 2.22. The prototype for lemma P21l is the sheaf of global func-
tions. The complex C,O is chain contractible, because O(X x A') =2 O(X)[t]
and hx (f) = tf satisfies the conditions of 2221

Here is a second application of ZZIl. Note that the projection p : X x Al —
X induces a map Z, (X x Al) — Z;,(X).

Corollary 2.23. C.Z.(X x A') — C.Z(X) is a chain homotopy equiva-
lence.

Proof. Let F denote the cokernel of Z, (io) : Zy (X) — Zy (X x A') induced
by 4o : X — X x Al. That is, each F(U) is the cokernel of Cor(U, X) —
Cor(U, X x Al). Let Hy denote the composition of the product with A and
multiplication A! x Al — Al :

Cor(U, X x AY) — Cor(U x A', (X x A') x AY) — Cor(U x A', X x A').

Since Hy sends Cor(U, X x{0}) to Cor(U x A, X x {0}), it induces a natural
map hy : F(U) — F(U x A'). For U = X x A it is easy to see that the
composition of Hy with ig,4; : U — U x Al sends 1y € Cor(U, X x Al)
to the projection igp : U — X — X x Al and 1y, respectively. Therefore
F(ig)hy(1y) = 0 and F(iy)hy(ly) = 1y for U = X x A'. For any other U,
every element f € F(U) is the image of 1x,41 under some correspondence
f:U — X x A, so again F(ig)hy(f) = 0 and F(i1)hy(f) = f. Therefore
2T applies to show that C,F is chain contractible. Since C,Z;, (X x Al) =
CiZy(X) @ C.F, we are done. O

An elementary A'-homotopy between two morphisms f,g: X — Y is a
map h: X x A! — Y so that f and g are the restrictions of h along X x 0
and X x 1. This relation is not transitive (exercise!). To correct this, we pass
to correspondences.
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Definition 2.24. We say that two finite correspondences from X to Y are
A'-homotopic if they are the restrictions along X x 0 and X x 1 of an
element of Cor(X x A')Y). This is an equivalence relation on Cor(X,Y).
The sum and composition of A'-homotopic maps are A'-homotopic, so the
A'-homotopy classes of finite correspondences form the morphisms of an
additive category.

We say that f : X — Y is an Al-homotopy equivalence if there exists
ag:Y — X sothat fg and gf are A'-homotopic to the identity.

The projection p : X x A’ — X is the prototype of an A'-homotopy
equivalence; its Al-homotopy inverse is given by the zero-section.

Lemma 2.25. If f : X — Y is an A'-homotopy equivalence with A'-
homotopy inverse g, then f. : CiZly(X) — CiZy(Y) is a chain homotopy
equivalence with chain homotopy inverse g,.

Proof. Applying C,Z;, to the data gives a diagram
CiZy(X)

g*f* Ih* Ix

C*ZtT(X> @*’ C*Ztr(X X Al) ‘(% C*Ztr(X)

and similarly for Y. The horizontal maps are chain homotopy equivalences
by 223 and are homotopy inverses to p,. From the right triangle, h, ~ p,.
From the left triangle, we get ¢.f. ~ 1x. Similarly, the diagram for Y

gives f.g. ~ ly. Hence f. : CiZ(X) — C.Z(Y) is a chain homotopy
equivalence with inverse g,. O

Exercise 2.26. Show that there is a natural identification for every X and
Y:
HyC. 74 (Y)(X) = Cor(X,Y)/A'-homotopy.

We will return to the subject of Al-homotopy in lectures [ @ 3, and 4k
see [, and [[ZT11

The motive associated to X will be the class M(X) of C.Z(X) in an
appropriate triangulated category DM?VHZ-’S_ (k, R) constructed in [ZJl from
the derived category of PST(k). By 23 we have M(X) = M(X x Al)
for all X. More generally, any A!-homotopy equivalence X — Y induces an
isomorphism M (X) = M(Y) by
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Exercise 2.27. If £ C F'is a finite separable field extension, exercise [LT2im-
plies that there are adjoint functors i* : PST(k) — PST(F), i, : PST(F) —
PST(k). Show that there is a natural transformation 7 : i*i, M — M whose
composition 7 with the adjunction map n : M — i*1, M is multiplication
by [F: k] on M.



Lecture 3

Motivic cohomology

Using the tools developed in the last lecture, we will define motivic coho-
mology. It will be hypercohomology with coefficients in the special cochain
complexes Z(q), called motivic complexes.

Definition 3.1. For every integer ¢ > 0 the motivic complex Z(q) is
defined as the following complex of presheaves with transfers:

Z(Q) = C* (ZtT(G:;lq>> [_Q] :

We consider Z(q) to be a bounded above cochain complex; the shifting con-
vention for [—¢] implies that the terms Z(q)" = C,—iZ,(G)?) vanish whenever
i > ¢, and the term with i = q is Z.(G)9).

If A is any other abelian group then A(q) = Z(q) ® A is another complex
of presheaves with transfers.

When g = 0, we have Z(0) = C.(Z). As observed after above, Z(0)
is quasi-isomorphic to Z, regarded as a complex concentrated in degree 0.

When ¢ = 1, we have Z(1) = C.Z(G,,)[—1]. We will give another
description of Z(1) in the next lecture.

By convention Z(q) = 0 if ¢ < 0.

We now show that these complexes of presheaves are actually complexes
of sheaves with respect to the Zariski topology.

Lemma 3.2. For every scheme Y over k, Z..(Y') is a sheaf in the Zariski
topology, and C.Zy.(Y) is a chain complex of sheaves.
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Similarly, if A is any abelian group, the proof of B2 shows that ARZ;,.(Y)
is a sheaf in the Zariski topology, and A® C.Z.(Y') is a complex of sheaves.

Proof. We have to prove that whenever U is covered by U; and U, the se-
quence

diag (+,-)

0— Cor(U,Y) — Cor(U,Y) ® Cor(Us,Y) —= Cor(UyNUs,Y)

is exact. We may suppose that U is connected and therefore (being smooth)
irreducible. As every finite correspondence from U to Y is dominant over
U, it is completely determined by the fiber at the generic point of U. Hence
Cor(U,Y) injects into each Cor(U;,Y).

To see that the sequence is exact at the other spot, take cycles Z; =
YoiermiZy C Up xY and Z;, = ZjeJanQj C U, x Y that coincide on
(Ui NUy) x Y. It is possible to pair up the Z;; and Zyj, since they are
determined by their fibers at the common generic point of U, U; and Us.
Hence there is a bijection between I and J such that, if i € I corresponds to
j € J then m; = n; and the restrictions of Zy; and Z; agree in (U;NU2) X Y.
Thus we may assume that Z; and Z, are elementary correspondences. But
then their union 7 = Z; U Z, in U x Y is a finite correspondence from U to
Y, and its restriction to both U; x Y is Z;, i.e., Z is a preimage of the pair.

Now whenever F'is a sheaf and X is smooth, each presheaf U — F(U x X)
is also a sheaf for the Zariski topology. In particular each C,F' is a sheaf
and C,F' is a complex of sheaves. Thus C.Z;(Y) is a complex of Zariski
sheaves. O

We have already seen (in exercises and above) that the complex
CyZ4(Y) is not exact. There we showed that the last map may not be
surjective, because its cokernel HyC,Z,.(Y)(S) = Cor(S,Y)/A'-homotopy
can be non-zero. When S = Spec(k), it is the group H" (Y /k) described in
exercise above and [L3] below.

Recall that the (small) Zariski site X, over a scheme X is the category
of open subschemes of X, equipped with the Zariski topology.

Lemma 3.3. The restriction Z(q)x of Z(q) to the Zariski site over X is a
complex of sheaves in the Zariski topology.

Similarly, if A is any abelian group, A(q) is a complex of Zariski sheaves.
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Proof. Set Y = (A! — {0})?. By lemma we know that C,(Z-(Y)) is a
complex of sheaves. The complex Z(q)[q] is a direct summand of C,(Z.(Y))
by lemma EZT2 so it must be a complex of sheaves too. O

Note that A(q) represents the derived sheaf tensor product Z(q) ®@% A,
since Z(q) is a flat complex of sheaves.

Definition 3.4. The motivic cohomology groups H?%(X,Z) are defined
to be the hypercohomology of the motivic complexes Z(q) with respect to
the Zariski topology:

HPS(X, Z) = H,, (X, Z(q)).
If A is any abelian group, we define:
H(X, A) = Hy,, (X, Ag)).

Vanishing Theorem 3.5. For every smooth scheme X and any abelian
group A, we have HP1(X, A) =0 when p > q + dim X.

Proof. By definition, the complex Z(q) is zero in degrees bigger then ¢. Since
H! (X, F) vanishes for every sheaf F' when i > dim X, the result is now an

immediate consequence of the hypercohomology spectral sequence. O

We will prove in that, for every smooth variety X and any abelian
group A, we have H?%(X, A) = 0 for p > 2q as well.

Remark 3.6. The groups H”?(X,Z) are contravariant functorial in X. To
see this we need to check that for a morphism f : X — Y we can construct
a natural map Z(q)y — f«Z(q)x. But this is true for any complex C of
presheaves on Sm/k: for each open U C Y, the restriction f~'U — U
induces the desired map from Cy(U) = C(U) to f.Cx(U) = C(f~1U).

The groups HP4(X, A) are also covariantly functorial in k. That is, if 7 :
k C F is a field extension, there is a natural map H**(X, A) — H**(Xp, A).
It is induced by the sheaf map Z(q)x — .Z(q)x, assembled from the natural
maps Zy (Y)(U) — 0.2y (Yr)(U) = Zy,(Yr)(Ur) of exercise [LTA

Proposition 3.7. If k C F is a finite and separable field extension and U
is smooth over F', then the motivic complezes Z(q)y are independent of the
choice of the ground field (k or F). Hence the motivic cohomology groups

HP(U, A) are independent of the choice of the ground field.
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Proof. Let T be any smooth scheme over k, and TF its base change over
F. By exercise the groups C,Zy. (Tr)(U) = Corp(U xp A}, Tr) and
CiZ(T)(U) = Cori(U xy, A, T) are isomorphic. That is, C.Z-(Tp)(U) =
C.Z.(T)(U). Letting T be (A} — {0})4, the result follows from lemma T2,
which says that the complex Z(q)[q] is a direct summand of C.(Z,.(T")) over
k, and of Cy(Z,(TF)) over F. O

The following colimit lemmas are elementary consequences of exercise
They will be useful later on.

Lemma 3.8. (Colimits) Let k C F be a field extension and X smooth over

k. Then:
H>(Xp,A)= colim H""(Xg, A).

kCECF
E of finite type

If f : X — § is a smooth morphism of smooth schemes over k such that
S is connected and F = k(S), then:

H**(X xgSpecF,A) = c((J)liISn H(X x5 U, A).
C
nonempty

And now we want to introduce a multiplicative structure on the sheaves
Z(n). We will need the following construction:

Construction 3.9. If (X, z,) are pointed schemes for s = 1,...,j, then for
every ¢ < j we define a morphism of presheaves with transfers:

Ztr(Xl VANAN Xz) & Ztr(Xi-l—l VANPIA X]) — Ztr(Xl VANAN X])
Indeed, definition provides a map:
Zir (X1 % ... X X))(U) @ Zip(Xia % ... x X;)(U)

= Corg(U, X1 x ... x X;) @ Cor,(U, Xj41 X ... x Xj) —
— Corg(U x U, Xy X ... x X;) =Zpn(Xq1 X ... x X;)(U xU).
Composing with the diagonal U — U x U, we have:

Zr (X1 % .. % X)(U) @ Ly (X1 % - .. x X;)(U) = Zyp (X1 % ... x X;)(U).

Now recall that by definition Z;.(X; A ... A X,,) is a quotient of Z;.(X; X
... X X,,). It is easy to check that the map A factors through the quotient,
giving the required morphism.
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Construction 3.10. For each m and n we construct a map
Z(m) @ Z(n) — Z(m +n)

using the map Z;,.(G2™) @ Zy, (GL1) — Zy,(GL) of B9, as follows.
For any smooth U we need to build a map of complexes of abelian groups:

Z(m)[m](U) @ Z(n)[n](U) — Z(m + n)[m + n](U),

or equivalently, Z(m)(U) ® Z(n)(U) — Z(m + n)(U). Recall that by defini-
tion Bl Z(n)[n](U) is the chain complex C,Z, (G)™")(U). Let us write the
underlying simplicial object as A} = Z,.(G}")(U x A®), and the associated
unnormalized chain complex Z(n)[n] as A?. Similarly, we write (AJ' ® A7).
for the chain complex associated to diag(AJ*®@ AZ). The Eilenberg-Zilber the-
orem ([Wei94! 8.5.1]) yields a quasi-isomorphism V : AT ® A" — (A7 ® AY)..

Therefore if we find a simplicial map m : diagA” @ A? — A" we have
also a map (AT ® A7), — A" which, composed with the previous one,
gives the multiplicative structure. Unfolding the definitions again, we have:

A? = 7, (GI™)(U x AY),
We define the components of m to be the maps of
Zy (GA™(U X AY) @ Ziy (GA)(U x AY) — Zyy (GA™HY (U x AY).

The morphisms in are associative and the map V in the Eilenberg-
Zilber theorem is homotopy associative ([Wei94, 8.5.4]). It follows that the
pairing of construction B0 is homotopy associative.

Corollary 3.11. For each smooth X, there are pairings:
HP(X,7) ® Hr (X,Z) — grteatd (X,7Z).

In we will show that this pairing is skew-commutative with respect
to the first grading, so that H**(X,Z) is an associative graded-commutative
ring.
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LECTURE 3. MOTIVIC COHOMOLOGY



Lecture 4

Weight one motivic cohomology

Theorem 4.1. There is a quasi-isomorphism of complexes of presheaves with
transfers:

Z(1) — O*[-1].

Corollary 4.2. Let X be a smooth scheme over k. Then we have:

0 q <1 and (p,q) # (0,0),(1,1),(2,1)
- ) Z(X)  (p.9) =(0,0)
HMX.2) = O*(X) (p,q)=(1,1)
Pic(X) (p,q) = (2,1)

This theorem will follow from lemmas 4.3 — 4.6 below. An alternative
proof is given in [SV96].

Consider the functor M*(P';0,00) : Sm/k — Ab which sends a scheme
X to the group of rational functions on X x P! which are regular in a neigh-
borhood of X x {0,000} and equal 1 on X x {0,00}. Clearly M*(P};0, c0) is
a sheaf for the Zariski topology. Given a rational function f on X x P! let
D(f) denote its divisor.

Lemma 4.3. For all f in M*(P';0,00)(X), the divisor D(f) belongs to the
subgroup Cor(X, A\ {0}) of the group of cycles on X x P!,

From the lemma we get a morphism of sheaves:

M*(PY;0,00) —— Zy (AT \ {0}).
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q
H_2’2 H—1,2 HO,Q H1,2 H2,2 H3’2

0 0 0  O*X) Pic(X) 0
0 0 | z(x) 0 0 0

p
0 0 0 0 0 0

Figure 4.1: Weight ¢ motivic cohomology

Lemma 4.4. For any connected X there is a short exact sequence in Ab:
0 — M (B30, 00)(X) — Zy, (A"\ {0})(X) —— Z® O"(X) — 0.

Proof. We know that Pic(X xP!) 2 Pic(X) xZ, so for any Z in Cor(X,A') C
Cor(X,P') there is a unique rational function f on X x P! and an integer n
so that D(f) = Z and f/t" =1 on X x {co}. If Z lies in Cor(X, A\ {0}),
then f(0) € O*(X). We define X : Z,(A'\ {0}) — Z® O* by \(2) =
(n,(=1)"f(0)). If u e O*(X) and Z, = D(t — u) then A\(Z,) = (1,u). Since
MZy — Z1) = (0,u) A is onto. The kernel of A consists of all Z whose f lies
in M*(P%;0,00)(X), so we are done. O

Lemma 4.5. The map \ respects transfers. Hence M*(P';0,00) is a PST.

Proof. 1t is easy to see that the first component of A is a morphism in PST
because it is the map Cory(X, A\ {0}) — Cory(X, Spec k), induced by the
structure map 7 : A\ {0} — Speck. To check the second component of \,
we see from exercise that it suffices to check that the following diagram
commutes for every finite field extension F' C F.

Zor(A"\ {0})(Spec E)

E*
Ng/r

Zy (A \ {0})(Spec F) — F*
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This is a straightforward verification using exercise [LT0L O

Write M* for M*(P*;0,00). By BZI3, (C;F)(U) = F(U x AY), so 4

gives us:
0 — C,(M*) — C.Zy (A \ {0}) — C(Z @ OF) — 0.
Splitting off 0 — C,Z = C,Z — 0 we get an exact sequence:
0— Cy(M*) = Z()[1] — C.(O*) — 0.

But C.(0O*) ~ O* because O*(U x A™) = O*(U). We will prove in lemma EGl
that the first term C.(M?*) is acyclic. Therefore Z(1)[1] is quasi-isomorphic
to O*. This is the statement of the theorem ET], shifted once.

Lemma 4.6. If X is a smooth scheme over k, then C,(M*)(X) is an acyclic
complex of abelian groups. Hence C,(M*) is an acyclic complex of sheaves.

Proof. Let f € CPE(M*)(X) be a cycle, i.e., an element vanishing in
CPE(M*)(X). Then f is a regular function on some neighborhood U of
Z =X xA"x{0,00}in X x A" x P! and f =1 on each face X x A1 x P!,
as well as on Z. Consider the regular function hx(f) =1 —t(1 — f) on the
neighborhood A! x U of A' x Z in A' x X x A" x P!, where ¢ denotes the
coordinate function of Al. Then hx(f) is a cycle in CPE(M*)(A! x X),
because it equals 1 where f equals 1. The restrictions along ¢t = 0,1, from
CPE(M*)(A! x X) to CPE(M*)(X), send hx(f) to 1 and f, respectively.
Since these restrictions are chain homotopy equivalent by 217, f is a bound-
ary. 0

This completes the proof of theorem El

Remark 4.7. We will revisit this in lecture [ in [ZTT1
Lemma L6 works more generally to show that C, M*(Y; Z)(X) is acyclic
for every affine X, where M*(Y; Z)(X) is the group of rational functions

on X x Y which are regular in a neighborhood of X x Z and equal to 1 on
X x Z.

Now let us consider the complex Z/I(1). By theorem BT Z(1) is quasi-
isomorphic to O*[—1]. Tensoring with Z/l we have Z/I(1) ~ O*[-1] @* Z/I,
which is just the complex [O* LN O] in degrees 0 and 1. Then we have
the universal coefficients sequence:

0 HP(X,7)]l — HPY(X,Z]l) — (HP™ (X, Z) — 0.
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Corollary 4.8. There is a quasi-isomorphism of complexes of étale sheaves
Z)1(1)g ~ py.

Proof. Since sheafification is exact ([Mil80] p. 63), theorem EETl gives Z(1) g =~
O%[—1], and hence

Z)1(1) g ~ O5[-1] @ Z/1 ~ . O

Corollary 4.9. If 1/l € k and X is smooth, then HPY(X,Z/l) = 0 for
p # 0,1,2 while:

HY (X, Z/1) = m(X), H"Y(X,Z/1) = H,(X, ),
H*Y(X,7/1) = Pic(X)/I Pic(X).

Proof. The calculation of HP! for p # 1 follows from the universal coeffi-

cients sequence, since the only nonzero Zariski cohomology groups of O* on
a smooth scheme are H and H'(X,0*) = Pic(X). For p = 1 note that
corollary gives a natural map

o (X, Z/1(1)) — Hyy (X, Z/1(1)ar) = Hey(X, pu)
fitting into the diagram:
Hz0, (X, 2(1)) /1 — Hyo (X, Z/1(1)) —+ 1H,, (X, Z(1))

>~ ~

Hy(X, Z(1)) /1 = Hgy (X, Z/U(1)) —= (H; (X, Z(1)).

Since H}(X,0*) = H,, (X,O*) by Hilbert’s Theorem 90 (see [Mil&0, IIT
4.9]), the 5-lemma concludes the proof. O

Remark 4.10. (Deligne) If chark = [ then H"'(X,Z/l) = Hg (X, ). In
fact, the proof of EE9 is valid in this setting.



Lecture 5

Relation to Milnor K-Theory

The Milnor K-theory KM (F) of a field F is defined to be the quotient of the

tensor algebra T'(F*) over Z by the ideal generated by the elements of the

form x® (1 —xz) where x € F*. In particular, K}!(F) = Z and KM (F) = F*.
The goal of this lecture is to prove the following:

Theorem 5.1. For any field F' and any n we have:
H™"(Spec F,7Z) = KM(F).

We have already seen that this holds for n = 0, 1, because by definition
B4 H*(Spec F,Z) = HY, (Spec F,Z) = Z and by theorem T}

H"“!(Spec F,Z) = H},,(Spec F, O*|-1]) = H}_ (Spec F, O*) = F*.

The proof of theorem Bl will follow [SVO0, 3.4] which is based on [NS89].
It will consist of three steps:

1. Construction of § : H™"(Spec F,Z) — KM(F). This will use lemma

2. Construction of A\p : KM(F) — H™"(Spec F,Z). This will be done
using lemmas and B8 The proof of lemma will need lemma
Ed+ Bl =E9) = 3 A\r

3. Proof that these two maps are inverse to each other. For this we will
need lemma BT (proved using lemma ETT]).
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Before starting the proof of the theorem we need some additional prop-
erties of motivic cohomology and Milnor K-theory.

Recall that Z,,.(G\")(Spec F) is a quotient of Z,((A' — {0})")(Spec F),
which by is the group of zero cycles of (A'\ {0})".

Lemma 5.2. We have HP(Spec F,Z) = H,_,(C.(Z(G)?))(Spec F)) for
all p and q. In particular we have

H"™(Spec F,Z) =Hg (C,(Z.(G)™))(Spec F))
— coker (Ztr(an")(Al) D0y Ztr(an")(SpecF)) .
Proof. Write A, for C.Z (G)%)(Spec F') so the right side is H, ,A, =
HP~9A,. By definition B, the restriction of Z(q) to Spec F' is the chain

complex A,[—q]. Since Zariski cohomology on Spec F' is just ordinary coho-
mology, we have

HP(Spec F, Z) = HY(A[q)) = H'""(A,) = H,_,(A.). O

Lemma 5.3. If FF C FE is a finite field extension, then the proper push-
forward of cycles induces a map Ng/p : H**(Spec £, Z) — H**(Spec F,Z).
Moreover, if x € H**(Spec E,Z) and y € H**(Spec F,Z) then:

1. Ngjp : H*°(Spec E,Z) = Z — Z = H*°(Spec F,Z) is multiplication
by the degree of E/F.

2. Ngjp : H"'(Spec E,Z) = E* — F* = H"“(Spec F,Z) is the classical
norm map E* — F*.

4. If FC EC K, and K is normal over F', we have:

Npp(@)k = B Fliwey Y. °(x)  in H*(Spec K, Z).

jE ——> K

. ]fF C E' C FE then NE/F(LL’) = NE//F(NE/E/(SL’))

Proof. All but property 2 follow immediately from the corresponding prop-
erties of proper push-forward. Property 2 follows from property 4 since this
formula also holds for the classical norm map Ng/p : E* — F*. O
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If F C E is a finite field extension, there is a “norm map” Ng/p :
KM(E) — KM(F) satisfying the analogue of lemma In addition, it
satisfies the following condition (see [Sus82]).

Theorem 5.4 (Weil Reciprocity). Suppose that L is an algebraic function
field over k. For each discrete valuation w on L there is a map

0w+ KM (L) — K (k(w)),

and for all x € KM, (L):
Z Niw) /0w () =

Corollary 5.5. Let p: Z — AL be a finite surjective morphism and suppose
that Z is integral. Let f1,..., fn € O*(Z) and:

“({o}) = Hn {1} = Hn

where n§ are the multiplicities of the points z{ = Spec Ef (e = 0,1). Define:
= anoNE?/F({fla R fn}E?) Y1 = Z”ilNE}/F({fb EEP fn}Eg)

then we have:
po =1 € K} (F).

Proof. Let L be the function field of Z and consider x = {t/t—1, f1, ..., fu}.
At every infinite place, ¢/t — 1 equals 1 and 0, (z) = 0. Similarly, d,,(x) =0
at all finite places except those over 0 and 1. If w; lies over ¢ = 0 then
Ow, () = n{f1,..., fa} in KM(E?); if w; lies over t = 1 then 0, (z) =
—ni{f1,..., fn} in KM(E!). By Weil Reciprocity B4l Y N, () = w0 — ¢1
vanishes in KM(F). O

We are now ready to define the map 6. By it is enough to find a map
f from Z.(G)™)(Spec F) to KM (F) which composed with the difference of
the face operators is zero. Such a map must induce a unique map 6 on the
cokernel:

Z, (G (A1) 2O

Z(GI7)(Spec F) —~ H™™(Spec F, Z)
! 0

KM(F).
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But now Z;.(G.")(Spec F') is a quotient of the free abelian group gen-
erated by the closed points of (AL \ {0})" (by exercise [LI0), modulo the
subgroup generated by all points of the form (xy,...,1,...,x,) where the 1’s
can be in any position. If x is a closed point of (AL \ {0})" with residue field
E then z is defined by a canonical sequence (z1, ..., z,) of nonzero elements
of E. Now E is a finite field extension of F, and {zy,...,7,} € KM(E).
Using the norm map for Milnor K-theory Ngp/r : KM(E) — KMX(F), we
define

Since {r1,...,1,...,2,} = 0 in KM(FE), this induces a well-defined map
[ Zy(GY™)(Spec F) — KM(F). By B3 the composition of f with the face
operators is zero. We define 6 to be the map induced on the cokernel.

If z is an F-point of (AL — {0})" then its coordinates zy,...,x, are
nonzero elements of F. We shall write [z, : --- : z,] for the class of z in
H™"(Spec F,Z). The map 6 is obviously surjective since 0([zy : --- : x,]) =
{z1,...,2,} for z1,..., 2, in F.

Now let us build the opposite map, Ap. For this, we will use the multi-
plicative structure (BIl) on H**(X,Z). The following lemma is immediate
from the construction BI0 and lemma

Lemma 5.6. Foray,...,a, € F we have [ay : -+ : a,) = [a1] - - - [an].
By definition KM(F) = T(F*)/(z ® (1 —x)). Therefore we define a map:
T(F*) — ®,H™"(Spec F,7Z), A ®...Q0ay — [ai]---[ay).

We will prove that this maps factors through K (F). By B8, it is enough
to prove that [a : 1 — a] is zero, which is the statement of the proposition
below.

Example 5.7. We can use a special cycle to show that [a : —a] = 0. Con-
sider the correspondence Z from A! (parametrized by t) to X = A! — {0}
(parametrized by ) defined by

22 —tla+ bz — (1 —1t)(1+ab)x+ab=0.
Restricting along ¢ = 0,1 yields correspondences [ab] + [1] and [a] + [b] in

Cor(Spec F, X). Setting these equal recovers the identity [ab] = [a] + [b] in
H'!(Spec F,Z) = F*, because [1] = 0.
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Let Y denote the composition of Z with the diagonal embedding
X —— X2 Since [1 : 1] = [1][1] = 0, equating the restrictions along
t = 0,1 yields the identity [ab : ab] = [ab : ab] +[1 : 1] = [a : a] + [b : ]
in H%*?(Spec F,Z). Bilinearity (B8) yields skew-commutativity: [a : b] + [b :
al = 0. In particular, 2[a : a] = 0.

Passing to E = F(y/a), we see that 0 = 2[\/a : a] = [a : /4]
in H**(SpecE,Z). By B3, applying Ng/p yields 0 = [a : —a] in
H??(Spec F, Z).

Lemma 5.8. Suppose In > 0 so that n[x : 1 —x| = 0 for all finite extensions
of F and x # 0,1 in F. Then [z : 1 —z] = 0 in H**(Spec F,Z) for every
x#0,1.

Proof. Suppose n = m-p where p is a prime; we want to prove m[z : 1—z] = 0.
Let us consider y = ¥/x and E = F(y). Then 0 = mp[y : 1 —y] = m[z : 1—y],
and 1 —x = Ng/p(1 —y). Hence

0= Ngp(m[z:1—2z])=m-[z: Ng/p(l —y)]=mz:1 -zl
The formula [z : 1 — 2] = 0 follows by induction on n. O

Proposition 5.9. The element [z : 1 — x| in H**(Spec F,Z) is the zero
element.

Proof. Let Z be the finite correspondence from A! (parametrized by t) to
X = A!' — {0} (parametrized by z) defined by:

¥ —t(a®+ 1)2? +t(a® + 1)z —a® = 0.

Let w be a root of 2> + z + 1, so w® = 1, and £ = F(w). The fiber over
t = 0 consists of a,wa, and w?a and the fiber over t = 1 consists of a® and
two sixth roots of 1. Using the embedding = +— (2,1 —x) of A' — {0, 1} into
X2, 7 yields a correspondence Z' from A' to X2. Then in H*?(Spec E, Z)

o(Z)=1la:1—a]+wa:1l—wd+[wa:1—w=
[a:1—a®] +[w: (1 —wa)(l—w?a)?

is equal to

WZ)=[a*1-a’ ]+ [~w:1+w+[-w?: 1+
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Multiplying by 3 eliminates terms [w : b], noting that [—1 : 1 + w] 4+ [—1:
14+ w? =0as (1 +w)(l+w? =1. Therefore 0 = 2[a® : 1 — @3] over E.
Applying the norm yields 0 = 4[a® : 1 — a®] over F. Passing to the extension
F(/a) and norming yields 0 = 12[a : 1 — a] over F. Applying lemma
with n = 12, we see that 0 = [a : 1 — a] as well. O

Proposition shows that the algebra map of lemma induces a map
on the quotient A\p : KM(F) — H™"(Spec F, 7). Now we need to check that
Ar and 6 are inverse to each other. Since Ao\ is the identity by construction,
it is enough to prove that \g is surjective.

Lemma 5.10. The map \g is surjective.

Proof. By[B.2) it suffices to show that if z is a closed point of X = (AL\{0})"
then [2] € H""(Spec F,Z) belongs to the image of A\r. Set E = k(z), and
choose a lift £ € Xg of x. Since x is the proper push-forward of Z, the
definition of the norm map (see B3) implies that:

2] = Npsp([7]) 7= (a1, ..., a0) € (AT \{0})"(E).

Since 7 is a rational point of X, [Z] is the image under Ag of its coordinates.

So [z] = Ng/pAg{a1,...,a,}. The lemma now follows from the assertion,
proven in BTTl below, that the diagram (IOl commutes. O
AE

KM(E) —= H™"(Spec E,7)
Ni/F Ng/r (5.10.1)
KM(F) — H™"(Spec I, Z).
Ap

Lemma 5.11. If F C FE is any finite field extension, then the diagram

(1) commutes.

Proof. By (3) we may assume that [E : F] = [ for some prime number /.
Assume first that F' has no extensions of degree prime to [ and [E : F| = L.
The Bass-Tate lemma (5.3) in [BT73] states that in this case KM(E) is



49

generated by the symbols a = {ay,...,a,_1,b} where a; € F'and b € E. The
properties of the norm on K™ and B8 yield:

>\FN{(1,1, e, a1, b} = )\p{al, e, Qp1, N(b)} = [CLl Do an_l] . [Nb]
But using the assertions of lemma we have:

NAg(@)=Nar: - an1: 8 Zlar: - anoa] N Dar: - : an]-[NO].
This concludes the proof in this case.

Now we use a standard reduction. For simplicity, we will write HP9(F')
for H?(Spec F,7Z). If F’ is a maximal prime-to-l extension of F' then the
kernel of H™"(F) — H™"(F") is a torsion group of exponent prime to [ by
(1) and (3) of B3 Fixa € KM(F). By the above case, t = NAg(a)—ArN(a)
is a torsion element of H™"(F), of exponent prime to .

Since the kernel of H™"(F) — H™"(FE) has exponent [, tg # 0 if and
only if t = 0. If F is an inseparable extension of F' then by E3(4) we have
tg = IAg(a) — Ag(la) = 0. If E is separable over F' then £ ®p E is a finite
product of fields E; with [E; : E] < I. Moreover, Weil Reciprocity implies
that the diagrams

di di
KM(E) <% @ KM (E) H™(E) =% @ H"(E)
Ng/r ®Ng,/E Ng/r ®NEg,/E
K(F) — K,'(E) H"™(F) —— H""™(E)

commute (see p.387 of [BT73]). By induction on [, we have
te = ©Ng,/pAg,(ag,) — GAeNg,/p(ag,) = 0.

Since tg = 0 we also have t = 0. O

This completes the proof of theorem Bl
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Lecture 6

Etale sheaves with transfers

The goal of this lecture will be to study the relations between presheaves with
transfers and étale sheaves. The main result (EI7) will be that sheafification
preserves transfers.

Definition 6.1. A presheaf F’ of abelian groups on Sm/k is an étale sheaf
if it restricts to an étale sheaf on each X in Sm/k. That is, if:

1. the sequence 0 — F(X) dios F(U) ) F(U x x U) is exact for every

surjective étale morphism of smooth schemes U — X;

2. FIX][IY)=F(X)a F(Y) for all X and Y.

We will write She(Sm/k) for the category of étale sheaves, which is a full
subcategory of the category of presheaves of abelian groups.

A presheaf with transfers F' is an étale sheaf with transfers if its
underlying presheaf is an étale sheaf on Sm/k. We will write She(Cory)
for the full subcategory of PST (k) whose objects are the étale sheaves with
transfers.

For example, we saw in lecture 2 that the étale sheaves Z and O* have
transfers, so they are étale sheaves with transfers. Lemma shows that
Z4(T) is an étale sheaf with transfers, even if T is singular (see 2ZI0).

Lemma 6.2. For any scheme T over k, Z.(T) is an étale sheaf.

Proof. Since PST(k) is an additive category, we have the required decom-
position of Z;,.(T)(X [[Y) = Hompgt (X [[Y,T). To check the sheaf axiom
for surjective étale maps U — X, we proceed as in the proof of B2
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As U xT — X x T is flat, the pullback of cycles is well-defined and is an
injection. Hence the subgroup Z,, (T')(X) = Cori(X,T) of cycles on X x T
injects into the subgroup Z(T')(U) = Cory(U,T') of cycles on U x T.

To see that the sequence BEIL1 is exact at Z., (T)(U), take Zy in
Cori(U,T) whose images in Cori(U xx U,T) coincide. We may assume
that X and U are integral, and that the étale map U — X is finite; let F
and L be their respective generic points. Then Z; € Corg(L,Tr) comes from
a cycle Zp in Corp(F,Tr) by [LTI, because if L lies in a Galois extension L'
and G = Gal(L'/F), then Z} lies in Corp(L', Tr)% = Corp(L, Tr). Thus by
there is a Zariski open V' C X and a cycle Zy in Cori(V,T) agreeing
with Zy in Cor(U xx V,T). But U is finite and flat over X, so each term in
Zy is also finite over X. Hence each term in Zy extends to a cycle in X x T
finite over X, i.e., to a finite correspondence in Cory(X,T). O

Corollary 6.3. Let F' be an étale sheaf with transfers. Then
Homghét(Cm«k)(Ztr (X), F) = HOIHPST (Ztr (X), F) = F(X)

Corollary 6.4. For any abelian group A, the A(n) are complexes of étale
sheaves. If 1/n € k, the motivic complex of étale sheaves Z/n(1) is quasi-
isomorphic to the étale sheaf p,,.

Proof. The Z(n) are étale sheaves with transfers by lemmas and B2 We
know that the Z;.(T) are sheaves of free abelian groups. Hence A ® Z,.(T)
are étale sheaves. We conclude that the A(n) are étale sheaves by the same
argument we used for the Z(n). The last assertion is just a restatement of
corollary EL§ using O

Exercise 6.5. Let 7 : X — S be a finite étale map, and m; the induced finite
correspondence from S to X. If F' is any étale sheaf with transfers, show
that 7} : F(X) — F(S) is the étale trace map of [Mil80, V.1.12]. Hint: If
Y — S is Galois with group G, and factors through X, then Cor(S, X) =
Cor(Y, X)% by 6.2. Show that the image of 7 in Cor(Y, X) is the sum Y f
of all S-maps from f:Y — X, and hence determines m; € Cor(S, X).

Locally constant étale sheaves form a second important class of étale
sheaves with transfers.

Definition 6.6. The full subcategory Et/k of Sm/k consists of all the
schemes of finite type over k which are smooth of dimension zero. Every
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S'in Et/k is a finite disjoint union of spectra of separable field extensions of
k.

It is well known (see [MiI80] and [SGA4, VIII 2.2]) that the category of
étale sheaves on Et/k is equivalent to the category of discrete modules over
the profinite group Gal(ksep/k). If F' corresponds to the Galois module M
and S = Spec(f) then F(S) = M¥, where H = Gal(ks.,/().

We have the following functors:
Shei(Et/k) == Sha(Sm/k),

where the restriction 7, is the right adjoint of 7*; they are both exact func-
tors.

Definition 6.7. An étale sheaf is locally constant if 7*7,F — F is an
isomorphism. We will write ShY for the full subcategory of She(Sm/k)
consisting of all locally constant sheaves.

Exercise 6.8. Let F' be the locally constant sheaf 7*M corresponding to
the G-module M. If X is connected, and [ is the separable closure of k in
HY(X,Ox), show that F(X) = M* where H = Gal(ks,/l). Conclude that
7. F is the Galois module M. Note that F(X) = M is also defined if X is
normal.

Lemma 6.9. The functors n* and m, induce an equivalence between the
category ShS and the category of discrete modules over the profinite group

Gal(kgep/ k).

Proof. If M is in She(Et/k), then M — mw*M is an isomorphism by
Ex. Thus 7* is faithful. By category theory, m*m,m* = 7* so for F
locally constant we have a natural isomorphism 7*7, F = F'. O

Exercise 6.10. Let L be a Galois extension of k, and let G = Gal(L/k).
Show that Z.(L) is the locally constant étale sheaf corresponding to the
module Z[G].

Lemma 6.11. Any locally constant étale sheaf has a unique underlying étale
sheaf with transfers.
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Proof. Let Z' € X x Y be an elementary correspondence and let Z be the
normalization of Z’ in a normal field extension L of F' = k(X) containing
K =k(Z"). If G = Gal(L/F) then we also have G = Autx(Z), and it is well
known that the set Homyx(Z,Z") of maps q : Z — Z' over X is in one-one
correspondence with the set of field maps Homp(K, L). The cardinality of
this set is the separable degree of K over F.

Let M be a Galois module, considered as a locally constant étale sheaf.
It is easy to check using exercise B8 that M (X) is isomorphic to M(Z')C.

Write ¢ for the inseparable degree of K over F. Then the transfer
map M(Y) — M(X) is defined to be the composite of M(Y) — M(Z'),
multiplication by 4, and the sum over all maps ¢ : Z — Z’' over X of
g M(Z'") — M(Z).

The verification that this gives M the structure of a presheaf with trans-
fers is now straightforward, and we refer the reader to 5.17 in [SV96] for
details. O

It is clear that the locally constant étale sheaves form an abelian subcat-
egory of Shg(Cory), i.e., the inclusion is an exact functor.

In order to describe the relation between presheaves and étale sheaves
with transfers (see [BI8)), we need two preliminary results.

If p: U — X is an étale cover, we define Z,,(U) to be the Cech complex

) Po—pP1+p2 Ztr(U XX U) po—p1 Ztr(U) O

Proposition 6.12. Let p : U — X be an étale covering of a scheme X.

Then Z.(U) is an étale resolution of the sheaf Zy.(X), i.e., the following
complex is exact as a complex of étale sheaves.

R 7, (U xx U) 278 7, (U) —2+ Z4 (X) — 0

Proof. As this is a complex of sheaves it suffices to verify the exactness of
the sequence at every étale point. Since points in the étale topology are
strictly Hensel local schemes, it is enough to prove that, for every Hensel
local scheme S over k, the following sequence of abelian groups is exact.

o = Ly (U)(S) — Zuin(X)(S) — 0. (6.12.1)

Here S is an inverse limit of smooth schemes .S;, and by abuse of notation
Zy-(T)(S) denotes lim Zy,.(T')(S;).
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To prove that (EIZT) is exact we need another reduction step. Let Z be
a closed subscheme of X x S which is quasi-finite over S. We write L(Z/5)
for the free abelian group generated by the irreducible connected components
of Z which are finite and surjective over S. L(Z/S) is covariantly functorial
on Z with respect to morphisms of quasi-finite schemes over S. Clearly, the
sequence (BIZT]) is the colimit of complexes of the form:

where Z;; = Z X x U and the limit is taken over all Z closed subschemes of
X x S which are finite and surjective over S. Therefore the proof of
will be completed once we show that the sequence (EIZZ) is exact for every
subscheme Z of X x S which is finite and surjective over S.

Since S is Hensel local and Z is finite over S, Z is also Hensel. Therefore
the covering Zyy — Z splits. Let s, : Z — Zy be a splitting. We set (Zy)% =
Zy Xz ... %Xz Zy. It is enough to check that the maps s, : L((Zy)5/S) —

L((Zy)%t'/S) are contracting homotopies where s, = L (51 x4 id (7, )-
This is the end of the proof of EI2 O

The proof shows that Z,,(U) is also a Nisnevich resolution of Z,,.(X), i.e.,
the sequence of is also exact as a complex of Nisnevich sheaves. We
can pinpoint why this proof holds in the étale topology and in the Nisnevich
topology, but does not hold in the Zariski topology. This is because:

e If S is strictly Hensel local (i.e., a point in the étale topology) and Z
is finite over S then Z is strictly Hensel.

e If S is Hensel local (i.e., a point in the Nisnevich topology) and Z is
finite over S then Z is Hensel.

e If S is local (i.e., a point in the Zariski topology) and Z is finite over
S then Z need not be local but will be semilocal.

Example 6.13. Let X be a connected semilocal scheme finite over a local
scheme S. X is covered by its local subschemes U;. If X — S does not
split, its graph I' defines an element of Z;.(X)(S) that cannot come from
DZ4(U;)(S), because I' does not lie in any S x U;. Hence @Zy,.(U;) — Zy (X)
is not a surjection of Zariski sheaves.
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We will see in that Tot(C,Z (U)) is a Zariski resolution of
Cil(X).

IfU = {U; — X} is a Zariski covering, we can replace the infinite complex
Z(U) of by the bounded complex

Zyw(U): 00— Zy(UN...NU,) — ... = ®iZ4y(U;) — 0.

Proposition 6.14. Let U = {U; — X} be a Zariski open covering of X.
Then Z.(U) is an étale resolution of Zy.(X), i.e., the following sequence is
exact as a complex of étale sheaves:

Proof. It n =2, we apply EI2to U = Uy [[Us. Since U xx U =U; [[(U1 N
Us) [ Us, we see that the image of Z;.(U*3) in Z; (U xx (v]) is Z (Ur) @

Z4,(Us) in the exact complex of BI2A It follows that Z;.(U) — Zy(X) is
exact for n = 2. For n > 2, the exactness follows by induction on n.

O

Example 6.15. If U/ is the cover of P! by A! = Speck[t] and Spec k[t™1],
and we mod out by the basepoint ¢ = 1, we obtain the exact sequence

0 — Zu(Gy) — 2Z(A', 1) — Zyy (P, 1) — 0.

Applying C, yields and exact sequence of complexes (see EZI3)). Recalling
that C,Z,(Al,1) ~ 0, we obtain quasi-isomorphisms of étale complexes (or
even Nisnevich complexes)

C Ly (P 1) ~ C. 74 (G,)[1] = Z(1).

Lemma 6.16. Let p : U — Y be an étale covering and f : X — Y a finite
correspondence. Then there is an étale covering p' : V. — X and a finite
correspondence 'V — U so that the following diagram commutes in Cory.

/
V / U
P P
X Y
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Proof. We may suppose that f is defined by the elementary correspondence
Z C X x Y. Form the pullback Z;; = Z xy U inside X x U. Since the
projection Zy — Z is étale and Z — X is finite, there is an étale cover V —
X sothat V xx Zy — V X x Z has a section s. But then s(V xx Zy) C V xU

over V and defines the required finite correspondence V' — U. O
1% Xx ZU ZU = X xU U
Vxx Z Z < XxY Y
V X

As in [Mil80] pp. 61-65, the inclusion i : Shg(Sm/k) — PreSh(Sm/k)
has a left adjoint ag, and ¢ o ag is left exact. Hence the category of étale
sheaves on Sm/k is abelian, and the functor ag is exact.

If F'is a presheaf with transfers, the following theorem shows that its étale
sheafification admits transfers. The same holds in the Nisnevich topology but
not in the Zariski topology. However, we will prove later (in ELTH) that if
Fis a homotopy invariant presheaf with transfers, its Zariski sheafification
admits transfers.

Recall that there is a forgetful functor ¢ : PST(k) — PreSh(Sm/k).

Proposition 6.17. Let ' be a presheaf with transfers, and write Fg for
agpF. Then Fs has a unique structure of presheaf with transfers such that
F — Fy is a morphism of presheaves with transfers.

Corollary 6.18. The inclusion functor Sheg(Cory) . PST(k) has a left
adjoint ag. The category She(Cory) is abelian, ag is exact and commutes
with the forgetful functor ¢ to (pre)sheaves on Sm/k.

The connections between these abelian categories, given by and B18
are described by the following diagram, where the ¢ are forgetful functors
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and both functors ag are exact.

PreSh(Sm/k) <—— PST(k)
1| |ae U] |ag

Shet(Sm/k) ~2= Sha(Cory,)

Proof of [0.17 Uniqueness. Suppose that two étale sheaves with transfers F}
and F; satisfy the conditions of the theorem. We already know that F;(X) =
Fy(X) = F4(X) for all X and we just need to check that Fi(f) = Fy(f) holds
when f: X — Y is a morphism in Cor. This is given if f comes from Sm/k.

Let y € Fi(Y) = F5(Y) = F4(Y). Choose an étale covering p : U — Y
so that y|y € Fiu(U) is the image of some u € F(U). Lemma yields the
following diagram.

!
1% f U
2 p
X / Y

Fi(p)Fi(f)(y) = Fi(f)Fi(p)(y) as the diagram commutes,
= F(f)(ylo) as p comes from Sm/k,
= F(f)(ylv) as y|y comes from F(U),
= () Fa(f)(y) as the diagram commutes,
= Fi(p") Fa(f)(y) as p' comes from Sm/k.

This implies that Fy(f) = F»(f) as p’ is a covering and F is an étale sheaf.
FEzistence. We need to define a morphism Fg(Y) — Fg(X) for each finite
correspondence from X to Y. We first produce a map

Fu(Y) — Homgp(Zy(Y), Fgy)

natural in Cory,.



29

For all y € F4(Y) there is an étale covering p : U — Y and an element
u € F(U) so that y and u agree in Fiu(U). By representability (see EZT),
u determines a morphism Z;.(U) — F of presheaves with transfers. By
shrinking U, we may arrange that the difference map sends u to zero in
F(U xx U). A chase in the commutative diagram below (where U% denotes
U x x U) will produce the map of sheaves [y] : Z.(Y) — Fx. The top row is
exact by .12

0 — Homgp(Zy(Y), Far) — Homgp(Zy, (U), Fsy) — Homgp(Zy(U%), Fit)
$ 4
HomPST(Ztr(U), F) — HomPST(Ztr(U_%), F)

We can now define a pairing Cor(X,Y) ® Fu(Y) — Fu(X). Let f be a
correspondence from X to Y and y € Fg(Y). By the map just described, y
induces a morphisms of sheaves [y] : Z.(Y) — Fg. Consider the composition:

f
Zo(X) —Lv 2, (V) 22 R,

Hence there is a map Z(X)(X) — Fg(X). The image of the identity map
will be the pairing of f and y. O

We conclude with an application of these ideas to homological algebra.
Proposition 6.19. The abelian category She(Cory) has enough injectives.

Proof. The category & = Shg(Cory) has products and filtered direct limits
are exact, because this is separately true for presheaves with transfers and
for étale sheaves. That is, S satisfies axioms AB5 and AB3*. By &3, the
family of sheaves Z;.(X) is a family of generators of S. It is well known (see
[Groh, 1.10.1]) that this implies that S has enough injectives. O

Example 6.20. Let F' be an étale sheaf with transfers. We claim that the
terms E"(F') in its canonical flasque resolution (as an étale sheaf, see [Mil80)]
p. 90) are actually étale sheaves with transfers. For this it suffices to consider
E = E°(F). Fix an algebraic closure k of k. For every X we define:

EX)= ][] F
zeX (k)

where X (k) is the set of k-points of X, and Fj denotes the fiber of F at Z.

If U — X is étale, E(U) is the product [[ F; over z € U(k). From this it
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follows that F is an étale sheaf, not only on X but on the big étale site of
Sm/k. 1t is also easy to see that F'(X) — E(X) is an injection.

In addition, E' is a presheaf with transfers and F' — E is a morphism in
PST. Forif Z C X x Y is an elementary correspondence from X to Y, we
define the transfer E(Y) — E(X)

=[] /- J] F=Ex

gey (k) zex (k)

by stating that the component for Z € X (k) is the sum over all § € Y (k)
such that z = (z,9) € Z(k) of the localized transfers F, — Fy. To see that
F — FE is a morphism in PST, we may take X to be strictly Hensel local,
so F(X) = E(X). Since this forces Y to also be strictly Hensel semilocal, so
F(Y) = E(Y), this is a tautology.

The same construction works in the Nisnevich topology, letting E(X) be
the product over all closed points = € X of F'(Spec (”)?M) (seeM33). However,
example shows that it does not work in the Zariski topology, because
the transfer F(X) — E(S) need not factor through the sum of the E(U;).

Lemma 6.21. If F' is any étale sheaf with transfers, then its cohomology
presheaves HY,(—, F') are presheaves with transfers.

Proof. The canonical flasque resolution F' — E*(F) of 20 is a resolution of
sheaves with transfers. Since the forgetful functor from PST (k) to presheaves
is exact, and H"(—, F') is the cohomology E*(F') as a presheaf, we see that
H"(—, F) is also the cohomology of E*(F') in the abelian category PST(k).

U

Example 6.22. By Z4 F' = G,, is an étale sheaf with transfers. By 2],
both the Picard group Pic(X) = HL(X,G,,) and the cohomological Brauer
group Br'(X) = H2,(X,G,,)trs are presheaves with transfers.

Lemma 6.23. For any F € Shg(Cory) and any smooth X and i € Z we
have:

ExtShet Cory,) (Z(X), F) = Hét(X7 F).

Proof. The case i = 0 is Hom(Z,,(X), F)) = F(X); this is &3 For ¢ > 0
it suffices to show that if F' is an injective étale sheaf with transfers then
H'(X, F) is zero. Consider the canonical flasque resolution E*(F) of example
Since F is injective, the canonical inclusion F' — E° must split, i.e., F
is a direct factor of EY in She(Cory). Since H: (X, F) is a direct summand
of H'(X, EY), it must vanish for 7 > 0. O
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If we restrict to the category She(Cory, R) of étale sheaves of R-modules
with transfer, E°(F) is a flasque sheaf of R-modules with transfer by
The proof of goes through word for word to prove the following variation.

Porism 6.24. For any F € Shg(Cory, R) and any smooth X and i € Z:
Efftfs*hét(cork,R)(Rtr(X)a F) = H,(X,F).

The same proof also shows that lemmas and hold for the Nis-
nevich topology (see [34). See [TriCal 3.1.8] for an alternative proof.

Exercise 6.25. Still assuming that cdg(k) < oo, let K be any complex
of étale sheaves of R-modules with transfer. Show that its hyperext and
hypercohomology agree in the sense that for any smooth X and i € Z:

Ext’(Ry (X), K) = HY(X, K).

If one is willing to extend the constructions of this paper to possibly sin-
gular schemes, the cdh topology would play a major role. The constructions
of this section can be carried out in the cdh topology as well.
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LECTURE 6. ETALE SHEAVES WITH TRANSFERS



Lecture 7

Relative Picard group and
Suslin’s Rigidity Theorem

In this lecture we introduce the relative Picard group Pic(X, X.,). When
X is a good compactification of X over S, its elements determine maps
F(X) — F(S) for every homotopy invariant F'. This pairing will be used to
prove Suslin’s Rigidity Theorem

Recall from [AZ7 and that if S is a smooth connected scheme and
p: X — S a smooth morphism then we write ¢(X/S,0) for the free abelian
group generated by the irreducible closed subsets of X which are finite and
surjective over S. In this lecture we will write Co(X/S) for ¢(X/S,0).

By [AT0, given a map S’ — S, there is a map Cy(X/S) — Co(X Xg
S’/S"), induced from

Co(X/S) — Z(X)(S) = Corg(S, X).
Definition 7.1. We define H{"(X/S) to be the cokernel of the map

0p—01

C(](X X AI/S X Al) — Co(X/S)
where 9; is induced by “t =4” : Speck — Al.

Example 7.2. If X =Y x; S then Co(X/S) = Cor(S,Y) = Z(Y)(S). In
addition, X x A’ =Y x; (S x A!) and the following diagram commutes:

C(](X X AI/S X Al) — C(](X/S)

_ l:

Ztr<Y>(S X AI) - Ztr(y)(s>

63
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Taking cokernels, we conclude (using 2226]) that:

H™(Y x §/8) = HyC,Zy (Y)(S) = Cor(S,Y) /A -homotopy.
In particular, this implies that two elements of C'or(S,Y’) are A'-homotopic
exactly when they agree in Hy" (Y x S/S5).

If S = Speck then H{™(X/S) is the cokernel H{"™(X/k) of
Zur(X)(A') — Zy,(X)(S) discussed in exercise 20, because Co(X/S) =
Zy(X)(Speck). Also by 20, there is a natural surjection Hy"(X/S) —
CHy(X). If X is projective, this surjection is an isomorphism.

Example 7.3. If S = Speck, then below shows that Hy"™(P'/S) =
Hy"™(A'/S) = Z but H"™(A' — {0}/S) = Z & k*.

Remark 7.4. In [SV96] the groups H:"9(X/S) are defined to be the homol-
ogy of the evident chain complex C,(X/S) with

Crn(X/S) = Co(X x A™/S x A™).
We will consider the singular homology H*"9(X/S) in lecture [l below when
S = Speck, and C.(X/S) = C.Z,(X)(S).

Let F be a PST. The map Tr : Co(X/S) ® F(X) — F(S) is defined to
be the inclusion Cy(X/S) C Corg(S, X) (see [ATN) followed by evaluation
on F(X).

Co(X/S) & F(X) —v F(S)

evaluate

Cori(S,X)® F(X)

Lemma 7.5. If F' is homotopy invariant presheaf with transfers then the
map Tr factors through Hy"™(X/S) ® F(X) — F(S).

Proof. Since F(X) = F(X x Al), we have a diagram

T
Co(X x AY/S x AN @ F(X) — F(S x A}

80—81 io—i1:O

Co(X/S) ® F(X) F(S).
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O

Example 7.6. If 0 : S — X is a section of p, regarded as an element of
Hy"™(X/S), then Tr(o,—) is the usual map o* : F(X) — F(S).

Remark 7.7. The pairing H™(X/S) ® F(X) — F(S) is fundamental. Tt
can be defined more generally for homotopy invariant presheaves equipped
only with transfer maps Trp : F(X) — F(S) for any relative smooth curve
X/S and any effective divisor D C X which is finite and surjective over S,
such that the transfer maps form a “pseudo pretheory”. This construction
applies to the K-theory presheaves K, (X), equipped with the transfer maps
of exercise 20, even though these are not presheaves with transfers.

In order to compute H™(X/S), it is useful to embed X in a slightly
larger scheme X.

Definition 7.8. A smooth curve p : X — S admits a good compactifica-
tion X if it factors as:

p

S

where j is an open embedding, X is a proper normal but not necessarily
smooth curve over S and Y = X — X has an affine open neighborhood in X.

If S is affine, for example, then X = A! x S admits P! x S as a good
compactification. Similarly, if C' is any smooth affine curve over k then
C x S — S admits C x S as a good compactification. The following result
implies that every point x of every X has an open neighborhood U which
has a good compactification over a generic projection X — A~

Lemma 7.9. Let p: X — A! be an étale map. If k is infinite, there exists
a linear projection A' — A=1 so that the composition X — A= is a curve
with a good compactification.

Proof. There is an open U C Al so that X is quasi-finite and surjective
over U. Choose a linear projection A! — A!~! so that the restriction to
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Al — U is finite; Al has good compactification Y = P! x A'"!. By Zariski’s
Main Theorem (as formulated in [EGAZ, 8.12.6]), the map X — Y may be
factored as an open immersion X —— X followed by a finite map p: X — Y.
Replacing X by its normalization, we may assume that X is normal. Note
that p is an affine map. Since Y is a good compactification of U, X is a good
compactification of X. O

Definition 7.10. If Y =+ X is closed we set Gxy = Ker(O% — i,05).
The relative Picard group is defined to be:

PiC(X’ Y)= Hém,(X, GX,Y)'
By [MiIR0] p. 124, we also have Pic(X,Y) = H}L(X,Gx.y).

By [SV96, 2.1], the elements of Pic(X,Y’) are the isomorphism classes
(L, t) of line bundles £ on X with a trivialization ¢ on Y. The group operation
is ®, ie., (L)@ (L V)=(LRLtT).

Remark 7.11. For X = SxP!' and Y = Sx{0, oo}, the “stalk” (i*Gxy)(Y)
of Gxy at Y is the group M*(P';0,00)(S) of lecture 4.

The cohomology of O* — 7,05 yields the exact sequence
O*(X) — O*(Y) — Pic(X,Y) — Pic(X) — Pic(Y).
Comparing this exact sequence for X and X x A! yields:
Corollary 7.12. If X is a normal scheme and Y is reduced, we have:
Pic(X,Y) = Pic(X x ALY x A!).

Let us write j for the open embedding of X = X — Y into X.

Lemma 7.13. If 1/n € k, there is a natural injection
Pic(X,Y)/n —— H3(X, jitn).

Proof. By Kummer Theory we have an exact sequence of étale sheaves:

0 Jiptn Gxy — Ggy — 0. (7.13.1)
Applying étale cohomology yields:
> . n . .
Hl(Xv.]!:U’TL) - Hl(Xv GX,Y) - Hl(Xv GX,Y) - Hgt(ij'Mn)
But the middle groups are both Pic(X,Y). O
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Example 7.14. Suppose that S = Speck and k is algebraically closed. If
X is a smooth connected curve, then Pic(X,Y’) is an extension of Pic(X) by
a finite product of |Y'| — 1 copies of k*. Hence Pic(X,Y)/n = H%(X, u,) =
Z/n.

Recall that Cy(X/S) is generated by closed subsets Z of X which are
finite and surjective over S. Because X is smooth, each such subset is an
effective Cartier divisor on X, and has an associated line bundle £ equipped
with a canonical map © — £. This map gives a trivialization of £ on X — Z,
which is a neighborhood of Y. Thus a good compactification X induces a

homomorphism )
Co(X/S) — Pic(X,Y).

When Y lies in an affine open neighborhood, this map is onto because every
trivialization on Y extends to a neighborhood of Y.

Exercise 7.15. In this exercise we make the lifting to Cy(X/S) explicit.
Suppose that £ is a line bundle on X with a fixed trivialization ¢ on an open
neighborhood U of Y. Show that ¢ gives a canonical isomorphism of £ with
a Cartier divisor £(D), i.e., an invertible subsheaf of the sheaf K of total
quotient rings of O. (See [Har77, 11.6].) Show that £(D) comes from a Weil
divisor D = > n;Z; on X with the Z; supported on X — U. Then show that
the map Co(X/S) — Pic(X,Y) sends > n;Z; to (L, ).

Because C1(X/S) — Pic(X,Y) factors through Pic(X x A', Y x A'),
shows that Cy(X/S) — Pic(X,Y) induces a homomorphism

H;™(X/S) — Pic(X,Y).

Theorem 7.16. Let S be a smooth scheme. If p : X — S is a smooth
quasi-affine curve with a good compactification (X,Y), then:

H™(X/S) —— Pic(X,Y).

Proof. The kernel of Cy(X/S) — Pic(X,Y) consists of f € K(X) which are
defined and equal to 1 on Y. Since X is quasi-affine over S, Y contains at
least one point in every irreducible component of every fiber of X over S.
Therefore the divisor D of tf+(1—t) defines an element of Co(X xA' /S x A')
with 9D = 0 and 9;D = (f). Hence (f) represents 0 in H;"?(X/S). This
proves that the map H{"™(X/S) — Pic(X,Y) is an injection, hence an
isomorphism. O
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Theorem [LT6 also holds when X is not quasi-affine over S, but the proof
is more involved.

Corollary 7.17. If F is a homotopy invariant presheaf with transfers, there
1S a pairing B
Pic(X,Y)® F(X) — F(9).

Example 7.18. If X is a smooth curve over k and 1/n € k, then any two ge-
ometric points x, 2’ : Spec k — X induce the same map F(X) — F(Speck).
Here F'is any homotopy invariant presheaf with transfers satisfying nF = 0.
Indeed, [z] = [2'] in Pic(X,Y)/n by example [[14 This phenomenon is
known as “rigidity,” and is a simple case of Theorem below.

Corollary 7.19. Let p : X — S be a smooth curve with a good compactifi-
cation. Assume that S is Hensel local and let Xy — Sy be the closed fiber of
p. Then for every n prime to char k the following map s injective:

Hy™(X/S)/n — Hy™(Xo/S)/n.

Proof. Kummer Theory yields the exact sequence [LT3 Tl of étale sheaves, and
similarly for (X, Yy). Applying étale cohomology yields:

> . > n S S .
Hl(ij!:un) - Hl(XvGX,Y) - Hl(XvGX,Y) - He?t(ij!:un)

~

. . n . .
H'(Xo, jiptn) — H'(Xo,Gxy) — H'(Xo,Gxy) — HE(Xo, jiftn)-

Since H%(X, jipn) = H*(X, i), the right vertical map is an isomorphism by
proper base change with compact supports (see [Mil8(0, VI.3.2]). We have a
diagram:

Pic(X,Y)/n —— HZ(X, jitn)

>~

Pic(Xo, Yo)/n < H2(Xo, jittn).

Corollary now follows from theorem O
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It follows from that every locally constant étale sheaf F'is homotopy
invariant, because H%(X x A', 0) = H%(X, O) ®4 k[t]. The following result
shows that the converse is true for torsion sheaves. (Cf. [SVI6, 4.5].)

Theorem 7.20. (Suslin’s “Rigidity Theorem”) Let F' be a homotopy invari-
ant presheaf with transfers, such that the groups F(X) are torsion of exponent
prime to char k. Then Fg is locally constant.

Proof. Let Fy = m,*(F) be the locally constant sheaf for the group M =
F(ksep). We want to show that the adjunction Fyy — F' is an isomorphism of
étale sheaves. It suffices to check on stalks. Since O%, contains a separable
closure of k, we may assume that k is separably closed. In this case
asserts that F is the constant sheaf for the group M = F(Speck). Since X
is smooth at z, (’)ﬁgm is isomorphic to the Henselization of A! at {0}. Thus
the Rigidity Theorem is a consequence of proposition [L21] below. O

Proposition 7.21. Let S; be the Henselization at {0} in Al over a separably
closed field k. Assume that F is as is[7.20 Then F(S;) = F(Speck).

Proof. The hypothesis on F' is inherited by F(X), = {x € F(X) : nz = 0}.
Therefore we may assume that F' has exponent n for some prime n.
We use the following sequence of inclusions:

Speck =S, C ... C S, C S,

By induction on [, it is enough to prove that the map F (i) : F(S;) — F(S;_1)
is an isomorphism. For this it suffices to prove that F(i) is an injection,
because it is split by the projection 7

™
Si1 == S
(3

But F(S;) = colimx ;) a0y F'(X) where the colimit is taken over all
diagrams:

S e x LA,

It suffices to show for every X that if ¢ € F(X) has if7*p = 0 then 7*¢ = 0.
By lemma there is a curve X — A;_; with a good compactification. Let



70 LECTURE 7. RELATIVE PICARD GROUP AND ...

X' be the pullback in the following diagram:

i

Si—1 Si

X/

Id

Q)

Sl Al_l

Si—1

The maps 7 and 7wi;m; : S; — X induce two sections sq, $o : S; — X' of X/ —
S; which agree on the closed fiber Xg = X x5 .Sp. Given ¢ € F(X) we need
to show that 7fifm*p = 7*¢. But ¢ = si¢*(p) and 777" p = s5q*(v).
The s; coincide on the closed point of S; by construction. So we are left to
prove that s*(¢) = (¢')*(¢) for all ¢ € F(X') and any s,s" : S, — X’ with

sop = 5. Consider the following diagram:

(T =Ty) @i s* (1) — s (1)
Co(X'/8) ® F(X') —» Ho(X'/S) @ F(X') Ir F(S)
Tr
Hy(X(/So) ® F(X') F(Sy)

By assumption, the element (I'y — I'y) ® v in the top left group goes to
zero in Hy(X(/Sy) ® F(X'). Hence it vanishes in Hy(X'/S;) ® F(X') by the
immersion of Hy(X'/S)/n in Ho(X(/So)/n of [TA Therefore s*(¢)) — s (¢)
vanishes in F'(5)). O

We conclude this lecture with a description of the behavior of the relative
Picard group for finite morphisms. We will need this description in the proof
of 0.9
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Definition 7.22. Let (Y,Y,.) and (X, X,.) be two good compactifications,
say of Y and X, respectively. Any finite map f : ¥ — X which restricts
toamap f:Y — X, yields a map f, : O*(Yo) — O*(X) constructed as
follows.

Consider a € O*(Yy). We may extend a to & € O*(U) where U is an
affine open neighborhood of Y. Since f is finite, we may assume that U =
f~YV), where V is an open neighborhood of X,. Since V is normal, there
is a norm map N : O*(U) — O*(V) (see E4). We define f.(a) = N(@)|x..-
By below, f.(«) is independent of the choice of the extension a&.

Exercise 7.23. Let f: U — V be a finite morphism of normal schemes and
let Z C V be a reduced closed subscheme. If « € O*(U) and o = 1 on the
reduced closed subscheme f~(Z), show that N(a) =1 on Z.

Lemma 7.24. Let (YY) and (X, Xo) be good compactifications of Y and
X, respectively. Let f be a finite map f :Y — X which restricts to a map
f:Y — X. Then the following diagram is commutative:

O (Vo) — Pic(V, Vo) — Hy(Y/S)

|-
O*(Xo) — Pic(X, Xoo) — Ho(X/S),

where f. was defined in [T.29 and the right vertical map is induced by the
push-forward of cycles.

Proof. Choose a € O*(Yy,) and extend it to a rational function ¢ on Y which
is regular in a neighborhood of the form f~1(V). By definition, f.(a) extends
to the regular function N(¢) on V. The horizontal maps send « and f,(«)
to (Oy,a) and (Og, f.a). Let D and D' be the Weil divisors on Y and X
associated to t and N (t), respectively. We may regard D and D’ as classes in
Co(Y/S) and Co(X/S). By [LIH, D and D’ represent the images of (Oy, «)
and (Ogx, f.a) in Hy(Y/S) and Ho(X/S), respectively. The right vertical
map send D to D' because D' = div(Nt) is the push-forward of D = div(t)
(see [Ful84l 1.4]). O
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Lecture 8

Derived tensor products

The goal of this lecture is to define a tensor product on the derived category of
étale sheaves with transfer, starting with the tensor product X®Y = X xY
on Cory, defined in[LY For this we first need to build a total tensor product
on the category PST(k), and this construction makes sense in somewhat
greater generality.

Let A be a small additive category. We define Z(.A) to be the category
of all additive presheaves on A, i.e., all contravariant additive functors F' :
A — Ab. It is an abelian category. The Yoneda embedding h : A — Z(.A)
allows us to define the additive category A® as the closure of A under infinite
direct sums in Z(A). If X; are in A, we will consider X = @X; to be the
object of A% corresponding to the presheaf hxy = @hy, in Z(A).

More generally, if R is a ring, we define R(A) to be the (abelian) category
of all additive functors F' : A — R-mod. By abuse of notation, we will write
hx for the functor A — R ®7; Homy4(A, X) and call it “representable”.

Lemma 8.1. Every representable presheaf hx is a projective object of R(.A),
every F in R(A) has a projective resolution by representable functors, and
every projective object of R(A) is a direct summand of a representable func-
tor.

Proof. Since Hompa)(hx, F) = F(X), each hx is a projective object in
R(A). Moreover every F in R(A) is a quotient of some hy, X € A%, because

of the natural surjection
B P mr :

XinA zeF(X)
x#0

73
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Now suppose that A has an additive symmetric monoidal structure ®,
such as A = Corg. (By this, we mean that ® commutes with finite direct
sums; see BA3) We may extend ® to a tensor product on A® in the obvious
way, and this extends to tensor product of projectives. We now extend ® to
a tensor product on all of R(A).

If F'and G are in R(A), we can form the presheaf tensor product (F ®pr
G)(X) = F(X)®rG(X). However, it does not belong to R(A), since FQrG
is not additive. In order to get a tensor product on R(A), we need a more
complicated construction.

Our construction of ® is dictated by the requirement that if X and Y
are in A, then the tensor product hx ® hy of their representable presheaves
should be represented by X ® Y. As a first step, note that we can extend
® to a tensor product ® : A® x A% — A% commuting with &. Thus if L;
and Lo are in the category Ch™(.A®) of bounded above cochain complexes
(+++— F" - 0 — ---), the chain complex L; ® Ly is defined as the total
complex of the double complex L] ® L3.

Definition 8.2. If F' and G are objects of R(.A), choose projective resolutions
P, — F and Q, — G and define F@" G tobe P®Q, i.e., Tot(P,®Q,). We
define the tensor product and Hom presheaves to be:

F®G = Hy(F&"QG)
Hom(F,G) : X — Hompga)(F ® hx,G)

Since any two projective resolutions of F' are chain homotopy equivalent,
the chain complex F'®@" G is well-defined up to chain homotopy equivalence,
and similarly for Hom(F,G). In particular, since hy and hy are projective,
we have hy @" hy = hx ® hy = hxgy for all X and Y in A®.

The following result implies that R(.A) is an additive symmetric monoidal

category (see BAZ).

Lemma 8.3. The functor Hom(F, —) is right adjoint to F®—. In particular,
Hom(F, —) is left exact and F' ® — is right exact.

Proof. Because R(A) has enough projectives, it suffices to observe that
HomR(A)(hX, HOm(hy, G)) = G(X ® Y) = HOIIlR(A)(hX ® hy, G) U

Example 8.4. If A is the category of free R-modules over a commutative
ring R, R(A) is equivalent to the category of all R-modules; the presheaf
associated to M is M®pr, and Hom and ® are the familiar Hompg and ®p.
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Exercise 8.5. If F; and G; are in R(A), show that there is a natural map
Hom(Fy, Gy) @ Hom(Fy, G2) — Hom(Fy ® Iy, G1 ® Ga),

compatible with the monoidal pairing Hom4(U x Aj, X;) ® Hom(U X
AQ,XQ) — HOI’II_A(UXUXAl XAQ,Xl XXQ) — HOITlA(UXAl XAQ,Xl XXQ).

Remark 8.6. If the (projective) objects hx are flat, i.e., hx ® — is an exact
functor, then ® is called a balanced functor ([Wei94l 2.7.7]). In this case
F @" G agrees (up to chain equivalence) with the usual left derived functor
L(F ® —)G. But we do not know when the hx are flat. It is true in example
KA but probably not true in PST = Z(Cory,).

We can now extend ®% to a total tenmsor product on the category
Ch™ R(A) of bounded above cochain complexes (--- — F" — 0 — ---).
This would be the usual derived functor if ® were balanced (see [Wei94)
10.6]), and our construction is parallel. If C'is a complex in Ch™ R(A), there

~

is a quasi-isomorphism P C with P a complex of projective objects.
Any such complex P is called a projective resolution of C, and any other
projective resolution of C' is chain homotopic to P; see [Wei94l, 5.7]. If D is
any other complex in Ch™R(A), and Q — D is a projective resolution, we
define

Ce"D=PxQ.

Because P and @ are bounded above, each (P ® Q)" = @;4;—n P’ @ Q7 is
a finite sum, and C' ®"“ D is bounded above. Because P and @ are defined
up to chain homotopy, the complex C' ®" D is independent (up to chain
homotopy equivalence) of the choice of P and (). There is a natural map
C®“D — C® D, which extends the map F ®@“G — F® G of definition

Lemma 8.7. Let C,C" and D be bounded above complexes of presheaves.

1. If C and D are complexes over A®, or complexes of projectives, then
C&“D—>C®D is a chain homotopy equivalence.

2. If f:C . (C"isa quasi-isomorphism of complexes, then C @ D —
C" ®@" D is a chain homotopy equivalence.

Proof. If C'is a complex over A®, it is a complex of projectives. We may
take P = C in the definition of ®“: C @D = C® Q. If D is also a complex
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of projectives, we may take () = D as well. Part 1 is now immediate. In part
2, we may take P to be a projective resolution of both C' and C’, so that
C*D=C""D=PxQ. O

Proposition 8.8. The derived category D™ R(A), equipped with @, is a
tensor triangulated category.

Proof. The category P of projective objects in R(A) is additive symmetric
monoidal, and D~ R(A) is equivalent to the chain homotopy category K~ (P)
by [Wei94), 10.4.8]. By BA4l this is a tensor triangulated category under ®.
The result now follows from the natural isomorphism ® = @ in P of & O

Definition 8.9. If C' and D are bounded above complexes of presheaves,
there is a canonical map from the presheaf tensor product C ®z D to the
tensor product C'® D. By right exactness of ® g and ® (see B3), it suffices to
construct a natural map of presheaves hy ®g hy — hxgy. For U in A, this
is just the monoidal product in A, followed by the diagonal A : U — U Q@ U:

hx(U) ®g hy (U) = Hom (U, X) ® g Hom (U, Y) —

Hom (U® U, X ®Y) 2L Hom (U, X ® Y) = hxgy (U).

Having disposed with these generalities, we now specialize to the case
where A is Cory, and ® is the tensor product X ® Y = X x Y of LY We
have the Yoneda embedding

Cory, C Corf Cc PST(k).

We will write ®" for the tensor product on PST = Z(Cory), or on
PST(k,R) = R(Cory), and ®7 for ®"“. Thus there are natural maps
CRrD—C"D.

Example 8.10. By lemma Rl hyxy = R;.(X) is projective and
Rtr(X> ®tr Rtr(Y) = RtT(X X Y)

Similarly if (X, z;) are pointed schemes then the Ry.(X;,x;) are projective
and from we see that

Rtr(Xlaxl) ®tr e ®tr Rtr(Xn7 Zl,’n) = Rtr((Xl,LUl) FANRA (Xn,xn))

In particular, Ry (G,,)2" ™ = R, (G7).
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The next example, in which R = Z, shows that ® does not behave well
on locally constant sheaves.

Example 8.11. The complex Z —— Z is a projective resolution of Z/n, so
we have Z/n @ Z.(X) = Z/n ®z Zy(X) = (Z/n)(X) by B4

If V—=1¢ kandl = k(v/—1),let Z. = Z4(1)/Z denote the locally constant
sheaf corresponding to the sign representation of G = Gal(l/k). We see from
B7that Z/n®Y Z. is quasi-isomorphic to the complex (Z/n) @“(Z — Z4.(1)),
ie.,

0—Z/n— (Z/n)u(l) — 0.

Hence the presheaf (Z/n) @' Z. sends Speck to 0 and Specl to Z/n. If

n = 4, this is not an étale sheaf because (Z./4Z.)¢ # 0. It is easy to see,
however, that its sheafification is the locally constant étale sheatf:

((Z/4) @™ L) ,, = pa.

The étale sheaf 4 is the tensor product (Z/4) ®¢ Z. of the two underlying
étale sheaves.

Definition 8.12. If F' and G are presheaves of R-modules with transfer, we
write F @Y, G for (F @ G)4, the étale sheaf associated to F @ G. If C
and D are bounded above complexes of presheaves with transfer, we shall
write C ®Y D for (C ®" D)y, and C ®F 4, D for (C ®F D)y ~ P ®F Q,
where P and () are complexes of representable sheaves with transfers, and
P~ C and Q ~ D. There is a natural map C' ®7 , D — C ®; D, induced
by C®Y — C @™ D.

Lemma 8.13. If I, F' are étale sheaves of R-modules with transfer, and F
is locally constant, then the map of [8 induces an isomorphism

F®qF — Fal F

Proof. Let F correspond to the discrete Galois module M. As M = UMY
and ® commutes with colimits, we may assume that M = M for some
open normal H of Gal = Gal(ks.p/k). Thus M is a G-module. Choose a
presentation over R[G]:

DR[G]* — @R[G)’ — M — 0.
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As ®4 and ®Y, are both right exact, we may assume M = R[G] and F' =
Ry (X). If L = (k)" and T = Spec(L) then F = Ry, (T) by exercise G110
But then F ®@" F' = Ry, (T x X), so it suffices to observe that Ry, (T) ®g
Ry (X) — Ry, (T x X) is an isomorphism. Since T'xY — Y is an étale cover,
it suffices to observe that for Y over T'

Rir(T) ®¢ Rir(X)(Y) = R[G] @ Cor(Y, X) =
~ R®@z Cor(Y, T x X) = R, (T x X)(Y). O

We are now going to show (in BTH) that the tensor product ®Y , induces
a tensor triangulated structure on the derived category of étale sheaves of R-
modules with transfer. Using proposition B8 we have C®Y ,, D = D®Y ,,C,
and it suffices to show that ®7 ,, preserves quasi-isomorphisms.

As a first step, fix Y and consider the right exact functor ®(F) =
Ry (Y)®% F, from the category PST(k, R) of presheaves of R-modules with
transfer to the category of étale sheaves of R-modules with transfer. Its left
derived functors L, ®(F') are the homology sheaves of the total left derived
functor R;(Y) ®7 4 F. If C is a chain complex (bounded below in homo-
logical notation), the hyperhomology spectral sequence (see [Weid4l, 5.7.6])
is

Ez%,q = L, (H,C) = Lyp4q (C).

Example 8.14. If U — X is an étale cover, consider the augmented Cech
complex

C: ...—= Ry(UxxU)— R, (U) = Ry (X) — 0.

Since Cy is exact by BIZ, each homology presheaf H,(U/X) = Hq(C')vsat—
isfies Hy(U/X )& = 0. By definition, Ry (Y) ®" C is the augmented Cech
complex

.= Ry (UxxUXY)—> Ry (UXY)— Ry (X XY)—0
for the étale cover U x Y — X x Y, so R, (Y) & C is again exact by
Thus L, ®(C) = 0 for all n. In particular, the 0*" homology presheaf
Hy(U/X) satisfies

® Ho(U/X) = Ry, (Y) ®% Ho(U/X) = Hy (R (Y) ®F, C’) =0.
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The following lemma shows that in fact every derived functor L, & van-
ishes on Hy(U/X).

Lemma 8.15. Fiz Y and set ® = R;,.(Y)®Y,. If F is a presheaf of R-modules
with transfer such that Fg = 0, then L, ®(F) = 0 for all n.

Proof. Suppose that Fy = 0. Each map Ry (X) — F is defined by an
x € F(X), and there is an étale cover U, — X such that x vanishes in
F(U,). Thus the composition Ry, (U,) — Ry.(X) — F is zero, i.e., the given
map factors through the cokernel Hy(U,/X) of Ry.(U,) — Ry (X). Tt follows
that the canonical surjection @x Ry (X) — F factors through a surjection
®x.Ho(U,/X) — F. If K denotes the kernel of this surjection then K4 = 0.

We now proceed by induction on n, noting that L, & = 0 for n < 0. For
n = 0, we know that ® Hy(U,/X) = 0 by example Since @ is right
exact, this yields ®(F) = 0. For n > 0, we may assume that the lemma
holds for L, & when p < n. From the exact sequence

®xz(Ln ®)Ho(Uy/X) — L, ®(F) — L, &(K)

we see that it suffices to prove that (L,, ®)Ho(U/X) = 0. We saw in BTl that
Hy(U/X)a =0, s0 L, ® Hy(U/X) = 0 by the inductive assumption. Hence
the hypercohomology sequence for the complex C' collapses to yield

L, &(C) 2 (L, ®)Ho(C) = (L &) Ho(U/X).

But we saw in example that L,, ®(C) = 0, whence the result. O
Now we prove that ®’5L"7ét preserves quasi-isomorphisms.

Proposition 8.16. Let f : C — C' be a morphism of bounded above
complexes of presheaves of R-modules with transfer. If f induces a quasi-
isomorphism Cg — C, between the associated complexes of étale sheaves,
then C @7 4 D — C" @7 4 D is a quasi-isomorphism for every D.

Proof. 1If P . (Cisa projective resolution of presheaves, then Py — Cg
is a quasi-isomorphism of complexes of étale sheaves. Thus we may assume
that C', C’ and D are complexes of representable presheaves. If A denotes
the mapping cone of C' — C’, it suffices to show that A®Y ,, D = A®% D is
acyclic. As each row of the double complex underlying A ®%, D is a sum of

terms A®Y Ry,.(Y), it suffices to show that A®Y, R;,.(Y) is acyclic. As in the
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proof of BTH, its homology sheaves are the hyper-derived functors LL,, ®(A),
® = @Y R-(Y). In the hypercohomology spectral sequence

E;iq = L, ®(HA) = Lpq ©(A)

the presheaves H,A have (H,A)s = 0 because Ay is acyclic. By lemma
we have L, d(H,A) = 0 for all p and ¢q. Hence the spectral sequence collapses
to yield L,, (A) = 0 for all n, i.e., LO(A) ~ R, (V) ®Y A is acyclic. O

Corollary 8.17. The derived category of bounded above complexes of étale
sheaves of R-modules with transfer is a tensor triangulated category.

Proof. Combine with B8 and O

Lemma 8.18. Let I be a locally constant étale sheaf of flat R-modules. Then
the map E ®’5L’:ét F — E®Y F is a quasi-isomorphism for every étale sheaf
with transfers E.

Proof. Suppose first that £ = Ry, (Y). Choose a resolution C' — F' in the
category of locally constant sheaves in which each C,, is a sum of representa-
bles Ry (Ly,o) for finite Galois field extensions L, , of k. (This is equivalent
to resolving the Galois module M corresponding to F' by Galois modules
R|G, 4], and the existence of such a resolution of M is well known.) By
proposition BTH, £ ®Y C = E ®7 ,, C is quasi-isomorphic to £ ®7 ., I'. By
lemma BT3]

E@ZC:E@étc—z’E(gétF‘:—E@ZF'

Hence the result is true for £ = Ry,.(Y).
In the general case, choose a projective resolution P — F in the category
of presheaves of R-modules with transfer. Then we have quasi-isomorphisms

E®’ZétF:P®’ZétF—z>P®Z§Fi>P®étF,

Because sheafification is exact, P — F is also a resolution in the category of
étale sheaves of R-modules. Since F' is flat in this category, we have the final
quasi-isomorphism:

Py F —>E®yF +— EQYF. O
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It is clear that also holds if E is a bounded above complex of étale
sheaves with transfers.

Corollary 8.19. In the derived category of étale sheaves of Z/m-modules
with transfer, the operation M — M(1) = M ®7 ., Z/m(1) is invertible.

Proof. Indeed, if i}, is the Pontrjagin dual of p,,, then combining RTS8 BT3
and ELY yields:

3 E3
i, ®% Z/m(1) =

fo @t Z/m(1) 1, R Z)m(1) = i, @ep i =2 Z/m.

0

Exercise 8.20. If F and I are bounded above complexes of locally constant
étale sheaves of R-modules, show that E®Y , F' is quasi-isomorphic to EQLE,
their total tensor product as complexes of étale sheaves of R-modules. (Hint:

Use RI3 B10, and BI8)
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Appendix 8A - Tensor
Triangulated Categories

The notion of a tensor triangulated category is a generalization of the tensor
product structure on the derived category of modules over a scheme, which
played a central role in the development of the subject.

Definition 8A.1. A tensor triangulated category is an additive category
with two structures: that of a triangulated category and that of a symmetric
monoidal category. In addition, we are given natural isomorphisms r and [

of the form N N
Clll® D ?_D» (C ® D)[1] ﬁ C ® DI[1],

which commute in the obvious sense with the associativity, commutativity
and unity isomorphisms. There are two additional axioms:

(TTC1) For any distinguished triangle Cy C1 Cy 0 Co[1] and any

D, the following triangles are distinguished:
l(0® D)

D®d
D®C0—»D®Cl—»D®Cgr( @ 9)

(D ® Co)[1].
(TTC2) For any C' and D, the following diagram commutes up to multiplication
by —1, i.e., rl = —lr:

Cl] @ D[1] — (C[1] @ D)[1]
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This description is not minimal. For example the commutativity iso-
morphism 7 : C ® D =2 D ® C allows us to recover r from [ and vice
versa using the formula 77 = r. In addition, {c p can be recovered from
lip: 1[1] ® D = D[1]. Moreover, if either of the two triangles in (TTC1) is
distinguished, then both are distinguished.

The definition of tensor triangulated category that we have given is suffi-
cient for our purposes. However, it is possible to add extra axioms in order to
work with a richer structure. For example, many more axioms are postulated
by May in [May01].

Exercise 8A.2. Show that the canonical isomorphisms 'r7, 7/[' : C[i] ®
D[j] & (C ® D)[i + j] differ by (—1)¥, and are interchanged by the twist
isomorphism 7 on C' ® D and C[i] ® D[j].

Definition 8A.3. Let A be an additive category with a symmetric monoidal
structure ®. We say that A is an additive symmetric monoidal category
if (JTA;) ® B=]][(A; ® B) for every finite direct sum [[ 4; in A.

If C" and D are bounded above complexes in A, the tensor product C'® D
has (C®D)" = @p4q=nC? @ D? and differential d® 1+ (—1)?®d on C? ® D1.
It is associative.

We define the twist isomorphism 7 : C ® D — D ® C' componentwise,
as (—1)P? times the natural isomorphism C? ® D? — D?® C? in A. It is a
straightforward exercise to verify that the category Ch™(A) is an additive
symmetric monoidal category.

The degree n part of each of C'® D[1], (C' ® D)[1], and C[1] ® D are the
same, and we define lc p to be the canonical isomorphism. The map r¢ p
is multiplication by (—1)? on the summand C? ® D9. A routine calculation
verifies the following.

Proposition 8A.4. Let A be an additive symmetric monoidal category.
Then the chain homotopy category K~ (A) of bounded above cochain com-
plexes is a tensor triangulated category.

Example 8A.5. (See [Ver96].) Let A be the category of modules over a
commutative ring, or more generally over a scheme. Then not only is K~ (A)
a tensor triangulated category, but the total tensor product ®* makes the de-
rived category D~ (.A) into a tensor triangulated category. In effect, D~ (.A) is
equivalent to the tensor triangulated subcategory of flat complexes in K™ (A).
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Example 8A.6. The smash product of based topological spaces leads to
another example. If A — X — X/A — SA is a cofibration sequence, there
is a natural homeomorphism (X/A)AY = (X AY)/(AAY); see [Whi78|,
I11.2.3]. The suspension SX = S' A X has homeomorphisms

XA (SY) —= S(XAY) ~— (SX)AY
satisfying (TTC1) and (TTC2) up to homotopy. It follows easily that the
stable homotopy category, which is triangulated by [Wei94l 10.9.18] and a
symmetric monoidal category by [AdaT74l 111.4], is a tensor triangulated cat-

egory.

If W is a saturated multiplicative system of morphisms in a triangulated
category D, closed under &, translations, and cones, Verdier proved in [Ver96]
that the localization D[IW '] is also a triangulated category.

Proposition 8A.7. Let D be a tensor triangulated category. Suppose that
if C — C"isin W then C®@ D — C'"® D is in W for every D in D. Then
the localization D[W ™ is also a tensor triangulated category.

Proof. Because each ® D : D — D preserves W, ® induces a symmetric
monoidal pairing D[W™!] x D[W~!] — D[W '] by the universal property
of localization (applied to W x W). Similarly, the natural isomorphisms r
and [ descend to D[W™!]. Axiom (TTC2) is automatic, and axiom (TTC1)
may be routinely verified for Verdier’s description of distinguished triangles
in D[W™1]. O

Exercise 8A.8. Let T be an invertible object in a symmetric monoidal
category C, i.e., an object such that T"® U = 1 for some U. It is well known
that endomorphisms of 1 commute; show that the same must be true for
endomorphisms of 7. Then show that the cyclic permutation of T® (T'®T)
must equal the identity morphism.

Let T be an object in a symmetric monoidal category (C, ®,1). Let C[T ]
denote the category whose objects are pairs (X, m) with X in C and m € Z;
morphisms (X, m) — (Y,n) in C[T~'] are just elements of the direct limit
lim; oo Hom(X ® T®™* Y @ T®"*) where the bonding maps are given by
the functor T : C — C. Composition is defined in the obvious way, and
it’s easy to check that C[T~'] is a category. There is a universal functor
C — C[T'] sending X to (X,0). Note that (X, m) = X @ T®™ in C[T "] for
m > 0.
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Exercise 8A.9. Let T be an object in a tensor triangulated category C.
Show that C[T~'] is a triangulated category, and that C — C[T™'] is trian-
gulated.

In order for the formula (X, m) ® (Y,n) = (X ® Y, m + n) to extend to
a bifunctor on C[T~!], we need to define the tensor f ® g of two C[T']-
morphisms in a natural way. In general, C need not be symmetric monoidal,
as exercise RA.8 above shows.

Proposition 8A.10. Let T be an object in a symmetric monoidal category
(C,®,1) such that the cyclic permutation on T® is the identity in C[T~1].
Then (C[T™',®,1) is also a symmetric monoidal category.

Proof. The hypothesis implies that permutations on 7T®" commute with each
other for n > 3. The many ways to define f@ gon X T @ Y @ T™"
are indexed by the (i, 7)-shuffles, and differ only by a permutation, so f ® g
is independent of this choice. Therefore the tensor product is a bifunctor
on C[T7!]. The symmetric monoidal axioms may now be routinely verified
as in [Ada74, 111.4]. The hexagonal axiom, that the two isomorphisms from
XY ®Z) to(Z®X)®Y) agree, follows because the cyclic permutation
on T®3 is the identity. O

Corollary 8A.11. Let T be an object in a tensor triangulated category C
such that the cyclic permutation on T®3 is the identity in C[T~']. Then
C[T~] is a tensor triangulated category.

Proof. By BA and BAT0, C[T~'] is both triangulated and symmetric
monoidal. The verification of the remaining axioms is straightforward. [

Exercise 8A.12. Let T be an object in a tensor triangulated category D
such that Hom(X,Y) - Hom(X ® T, Y ® T') is an isomorphism for every X
and Y in D. Show that D[T~!] is a tensor triangulated category.



Lecture 9

Al-weak equivalence

In this section we define the notion of Al-weak equivalence between bounded
above cochain complexes of étale sheaves with transfers, and A'-local com-
plexes. The category DMZ?’_ is obtained by inverting Al-weak equivalences.
The main result in this lecture (32) is that when we restrict to sheaves of
Z/n-modules the category DMZ?’_ is equivalent to the derived category of
discrete Galois modules for the group Gal(ks.,/k). We will use these ideas
in the next lecture to identify étale motivic cohomology with ordinary étale
cohomology.

Since quasi-isomorphic complexes will be Al-weak equivalent, it is appro-
priate to define the notion in the derived category D~ = D~ (Shg(Cory, R))
of étale sheaves of R-modules with transfer. In D™, we have the usual shift,
and

A—Le B+ cone(f) — A[l]

is a distinguished triangle for each map f. We refer the reader to [GMSS]
or [Wei94] for basic facts about derived categories. We will also need the
notion of a thick subcategory, which was introduced by Verdier in [Ver96].
We will use Rickard’s definition (see [Ric89]); this is slightly different from,
but equivalent to, Verdier’s definition.

Definition 9.1. A full additive subcategory £ of D~ is thick if:

1. Let A — B — C — A[l] be a distinguished triangle. Then if two out
of A, B,C are in &£ then so is the third.

2. if A® B is in £ then both A and B are in £.

87



88 LECTURE 9. Al-WEAK EQUIVALENCE

If £ is a thick subcategory of D™, we can form a quotient triangulated
category D~ /€ as follows (see [Ver06]). Let We be the set of maps whose
cone is in &; Wg is a saturated multiplicative system of morphisms. Then
D~ /£ is the localization D~[W; '], which may be constructed using calculus
of fractions; see [Wei94, 10.3.7]. In particular, a morphism f : C — '
becomes an isomorphism in D~[W '] if and only if f is in We.

Definition 9.2. A morphism f in D~ is called an Al-weak equivalence if
fisin Wy = Wg,, where & is the smallest thick subcategory so that:

1. the cone of Ry (X x A') — R;.(X) is in &, for every smooth scheme
X.

Y

2. &, is closed under any direct sum that exists in D™.
We set DMS ™ (k, R) = D~ [W; 1.

It is clear that the notion of Al-weak equivalence in D~ =
D~ (Sh(Cory, R)) makes sense for other topologies. For the Nisnevich topol-
ogy, the localization DMS. (k, R) of D~ is the triangulated category of
motivic complexes introduced and studied in [TriCal.

Lemma 9.3. The smallest class in D~ which contains all the Ry, (X) and is
closed under quasi-isomorphisms, direct sums, shifts, and cones is all of D™.

Proof. First we show that for any complex D,, if all D,, are in the class, then
so is D,. If 3, D is the brutal truncation 0 — D,, — D,,_; — --- of D,, then
D, is the union of the (,D. Each (,D is a finite complex, belonging to the
class, as an inductive argument shows. Since there is an exact sequence

it follows that D, is in the class.

Thus it suffices to show that each sheaf F' is in the class. Now there is
a resolution L, — F' by sums of the representable sheaves Ry.(X), given by
lemma Since each L, is in this class, so is L, and hence F'. O

Lemma 9.4. If f : C — C" is an A'-weak equivalence, then for every D the
map f ®Id:C QY , D — C'QF 4 D is an A'-weak equivalence.
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Proof. Since ®7,, commutes with cones and f is an A'-weak equivalence
if and only if its cone is in &, it suffices to show that if C' is in £, then
C®7 ¢ Disin & for any D.

If D = Ry, (X), consider the subcategory £ of all C' in D~ such that
C®Y 4 Disin &. £ is closed under direct sums and it is thick. Moreover, if
Y is a smooth scheme, then £ contains the cone of Ry (Y x A!) — R,.(Y).
Therefore £, C £.

Now fix C' in &, and consider the full subcategory D of all D in D~ such
that C'®7 ., D is in E,. D is closed under direct sums, it is thick and we have
seen that it contains Ry,.(X) for all X. By @3 we conclude that D =D~. O

Corollary 9.5. The product ®7 ., endows DMS " (k, R) with the structure
of a tensor triangulated category.

Proof. Given BT this follows from [I4] and proposition O

Remark 9.6. The category DM (k, R) is obtained from DMS"~ (k, R) by
inverting the Tate twist operation M +— M (1) = M ®Y ,, R(1). If R = Z/m,
then the Tate twist is already invertible by BRI, so we have

DM, (k, Z/m) = DMS~ (k, Z/m).

For any coefficients R, it will follow from BA.TTl and below that
DM, (k, R) is always a tensor triangulated category.

f
Definition 9.7. Two morphisms F' — G of sheaves of R-modules with

g
transfer are called A'-homotopic if there is a map h : F @ R,.(A') — G
1
so that the restrictions of h along R =% Ry.(A') coincide with f and g.
0
If G is an étale sheaf, h factors through (and is determined by) a map
Fo @7 4 R (A') — G.

Example 9.8. Suppose we are given two maps f,g : X — Y such that the
induced maps Z(X) — Z,(Y) are A'-homotopic in the sense of By
the Yoneda lemma, this is equivalent to saying that f and g are restrictions
of some h € Cor(X x A'Y), i.e., that f and g are A'-homotopic maps in
the sense of

Lemma 9.9. Let f,g : F — G be two maps between étale sheaves with
transfers. If f and g are A'-homotopic, then f = g in DMZ?’_(]{?, R).
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Proof. Any two sections of A’ — Speck yield the same map R — R;.(A!)
in the localized category DM?:E’_(k, R), namely the inverse of the Al-weak
equivalence Ry.(A') — R. Therefore the maps:

Fx0 1 ¢ h
F—R,(A)®[4F —G
Fx1 ’

are the same in the localized category. O

There is a mistake in the proof of the corresponding Lemma 3.2.5 in
[TriCal as the proof there assumes that Z,,.(A') is flat in Coory. If we replace
® by ®, in loc. cit., the proof goes through as written.

Corollary 9.10. Every A'-homotopy equivalence is an A*-weak equivalence.

Our next goal is to show that, F' — C, F is always an Al'-weak equivalence
(see I below). Hence F 2 C,F in DMS (k, R).

Lemma 9.11. Let B — B’ be a map of double complexes which are vertically
bounded above in the sense that there is a Q) so that B*? = (B')*4 = 0 for
all ¢ > Q. Suppose that all rows are weak equivalences and that Tot(B) and
Tot(B') are bounded above.

Then Tot(B) — Tot(B') is an A'-weak equivalence.

Proof. Let S(n) be the double subcomplex of B consisting of the B for
g > n. Then Tot S(n + 1) is a subcomplex of Tot S(n) whose cokernel is a
shift of the n-th row of B. If S’(n) is defined similarly, then each Tot S(n) —
Tot S’(n) is an Al-weak equivalence by induction on n. Now She(Cory, R)
satisfies (AB4), meaning that @, and hence Tot, is exact. Hence there is a
short exact sequence of complexes

id—shift

0 —s @TotS(n) = @TotS(n) —— Tot B —0
n=1 n=1
and similarly for B’. Since & Tot S(n) — @ Tot S’(n) is an Al-weak equiva-
lence, so is Tot B — Tot B’. O

Corollary 9.12. If f : C — C" is a morphism of bounded above complezes,
and f, : C,, — C! is in Wy for every n, then f is in Wy.

Proof. This is a special case of BLTTl O]
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Lemma 9.13. For every F and everyn, the map F —— Hom(R,, (A"), F) =
Cn(F) is an A'-homotopy equivalence. A fortiori, it is an A'-weak equiva-
lence.

~Y

Proof. Since A™ is isomorphic to A" as a scheme, we have C,(F) =
C1C,—1(F). Thus we may suppose that n = 1. We define a map m : C1F —
C5F as follows. For each X, the map

mx : O1(F)(X) = F(X x A') — F(X x A?) = Cy(F)

is induced by the multiplication map A? — A! by crossing it with X and
applying F. Since CoF = Hom(R; (A'),CiF), the adjunction of as-
sociates to m a map h : C1F @7 R, (A') — C,F. Similarly the inclu-
sions A' x {i} C A? induce maps 7; : CoFF — C,F, and the compositions
mm : C1F — C,F are adjoint to the restriction of h along i : R — Ry.(Al).
Hence h induces an A'-homotopy between the identity (n;m) and the com-
posite

CIF —’80 F i > CIF7

corresponding to nym. Since Jys is the identity on F', s and Jy are inverse
A'-homotopy equivalences. They are A'-weak equivalences by O

Lemma 9.14. For every bounded above complex F' of sheaves of R-modules
with transfer, the morphism F — C.(F) is an A'-weak equivalence. Hence
F = C,(F) in DMS (k, R).

Proof. By @11l we may assume that F' is a sheaf. Consider the diagram
whose rows are chain complexes

-0 -0 - F
I -
0 - F - F 0 - F
Al {2A1 lZAI
CyF CWF )

The first two rows are quasi-isomorphic. Now F=~,:C,(F) by I3 Using
T2, we see that the second and third rows are Al-weak equivalent. O
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Example 9.15. The identity map on O is Al-homotopic to zero by and
[I4 Hence O is isomorphic to zero in DMS"" (k). When chark = £ > 0
the Artin-Schrier sequence of étale sheaves [Mil80) IT 2.18(c)]

0 7.0 0% o0 0
shows that Z/¢ = 0 in DMS"~ (k). Here R may be either Z or Z//.

Definition 9.16. An object L in D~ is called Al-local if for all Al-weak
equivalences K — K’ the induced map Hom(K’, L) — Hom(K, L) is bijec-
tive.

Lemma 9.17. An object L in D~ is Al-local if and only if
Hom(R;, (X)[n], L) — Hom(R: (X x AY)[n], L) is an isomorphism for all
X and n.

Proof. Let KC be the full subcategory of all K for which Hom(K[n],L) = 0
for all n. Clearly, K is a thick subcategory of D™ and it is closed under direct
sums and shifts. Under the given hypothesis, I contains the cone of every
map Ry, (X x A') — R, (X). By definition, £, is a subcategory of K, i.e., L
is Al-local. O

Lemma 9.18. If f : K — K’ is an A'-weak equivalence and K, K' are A'-
local then f is an isomorphism in D™, i.e., a quasi-isomorphism of complexes
of étale sheaves with transfers.

Proof. By definition, f induces bijections Hom(K’, K) = Hom(K, K) and
Hom(K', K') = Hom(K, K'). Hence there is a unique g : K’ — K so that
fg= 1k, and f(g9f) = (fg)f = f implies that gf = 1. O

Corollary 9.19. If I is A'-local then F = C,F in D~.

Lemma 9.20. IfY is A'-local then for every X in D~
HomDMzifﬁ(k’R) (X,Y) = Homp- (X,Y).

Proof. By the calculus of fractions [Wei94, 10.3.7], the left side consists of

equivalence classes of diagrams X <——— K —— Y with s in W,. It suffices
to show that if K — K’ is an Al-weak equivalence then Hom(K')Y) =
Hom(K,Y). But this holds since Y is A'-local. O
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Definition 9.21. An étale sheaf with transfers F is strictly A'-homotopy
invariant if the map HZ(X, F) — HZ(X x A', F) is bijective for all smooth
X and every n € N. In particular for n = 0 we must have that F' is homotopy

invariant (214)).

Lemma 9.22. (|SGAY, XV 2.2]) If R is of torsion prime to char k then any
locally constant sheaf of R-modules is strictly A'-homotopy invariant.

Lemma 9.23. Let F' be an étale sheaf of R-modules with transfers. Then F
is Al-local if and only if F is strictly A'-homotopy invariant.

Proof. By or 6241, we have
Homp- (R (X), F[i]) = Ext ghét(Cork,R)(RtT(X)7 F) = Hét(Xv F)

for every smooth X. Since R;.(X x A')[n] — R4 (X)[n] is an Al-weak
equivalence for all n, shows that F'is Al-local if and only if the induced
map

Hz"(X, F) = Hom(Ry (X)[n], F) — Hom(Ro (X xA)[n], F) = Hz"(XxA!, F)

is an isomorphism, that is, if and only if F is strictly A'-homotopy invariant.
O

Here is a special case of which includes the sheaves u®7. It follows
by combining with @23

Corollary 9.24. Let M be a locally constant étale sheaf of torsion prime to
chark. Then M is A'-local.

We now make the running assumption that R is a commutative ring and
that cdr(k) < o0, i.e., k is a field having finite étale cohomological dimension
for coefficients in R. This assumption allows us to invoke a classic result from
[SGAA].

Lemma 9.25. (|SGAJ), [Mil80)]) Let X be a scheme of finite type over k. If
k has finite R-cohomological dimension d then cdp(X) < d+ 2dimy X .

Corollary 9.26. Ext"(R;(X), F') =0 when n > 0.

Proof. Ext" (R, (X), F) = HL(X, F) by 6241 O
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If C'is a chain complex of sheaves, each cohomology H™(C') is a presheaf.
We write a,H"(C') for its associated sheaf.

Lemma 9.27. For every (bounded above) chain complex C there is a
bounded, convergent spectral sequence:

B = Ext?(R, (X), ae H(C)) = Homp- (R, (X), Clp + q]).

Proof. This is well-known; see [Wei94, 5.7.9]. The spectral sequence is
bounded, and hence converges, by O

Proposition 9.28. Let C' be a bounded above cochain complex of étale
sheaves of R-modules with transfer, where cdr(k) < oo. If the sheaves
ag H"(C) are all strictly A*-homotopy invariant, then C is Al-local.

Proof. Let C be a complex of étale sheaves with transfers. By BLT1 it suffices
to prove that cone(f) is in this class when f is the projection Ry (X x Al) —
Ry (X). The map f induces a morphism between the spectral sequences
of for X and X x Al'. Because the sheaves L = agyHC are strictly
A'-homotopy invariant, they are Al-local by @23 Thus

Ext? (R, (X), L) = Homp- (R (X)[—p], L)
=~ Homp- (R (X x AN [—pl], L) = Ext? (R, (X x A'), L).

Hence the morphism of spectral sequences is an isomorphism on all E5 terms.
By the Comparison Theorem [Wei94, 5.2.12], f induces an isomorphism from

Homp- (R (X)[n],C) to Homp- (R (X x Al)[n],C) for each n. Done. O

Lemma 9.29. If K is a bounded above complex of étale sheaves of Z/n-
modules with transfer and 1/n € k, then Tot C\(K) is A'-local.

Proof. Set C' = Tot C,(K). By BEI8 each H'C is an A'-homotopy invariant
presheaf of Z/n-modules with transfers. By the Rigidity Theorem [[20 the
sheaf ag H'C is locally constant. By B2, ag,H'C' is strictly Al-homotopy
invariant. Finally, lets us conclude that C' is Al-local. O

Corollary 9.30. If 1/n € k then Z/n(q) is A'-local for all q.

Proof. Take K to be (Z/n),G)[—q|; Z/n(q) = C.K by definition Bl O
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Definition 9.31. If 1/n € k, let £ denote the full subcategory of D~ con-
sisting of Al-local complexes of Z/n-modules with transfer. If F and F are
A'-local, we set E @, F = Tot C.(E @ ., F). By @23, E ®, F is A'-local,
S0 ®, is a bifunctor from £ x £ — L.

Recall from that the category of locally constant étale sheaves of
Z/n-modules is equivalent to the category Mod(G,Z/n) of discrete Z/n-
modules over the Galois group G = Gal(ksep/k). Let D™ (G, Z/n) denote the
(bounded above) derived category of such modules. There is a triangulated
functor 7* from D~ (G,Z/n) to D= = D~ (She(Corg, Z/n)).

Theorem 9.32. If 1/n € k, (L,®,) is a tensor triangulated category and
the functors

D~ (G,Z/n) —— L — D~ [W;!] = DM (k, Z/n)
are equivalences of tensor triangulated categories.

Proof. Clearly, L is a thick subcategory of D~. By @20, the functor £ —
D~ [W, '] is fully faithful. By @29, every object of D~[W, '] is isomorphic to
an object of £. Hence L is equivalent to D~[W, '] as a triangulated category.

By @3, DMEf’_(kJ, Z/n) is a tensor triangulated category. Using the first
part of this proof, we conclude that L is a tensor triangulated category as well.
Moreover, if £ and F are A'-local, then E ®, F is isomorphic to E QY ; F
in D~[W, '] by @I4 so the induced tensor operation on £ is isomorphic to
K.

Next we consider 7*. It is easy to see from and that 7* induces
an equivalence between D~ (G, Z/n) and the full subcategory of complexes
of locally constant sheaves in D~. By exercise B20, 7* sends @7 /n 1O T o
It suffices to show that every Al-local complex F' is isomorphic to such a
complex. By T4l @29 and F — C,F is a quasi-isomorphism. By
P8, each agyH'F is A'-homotopy invariant. By the sheaves ag H'F
are locally constant. Hence the canonical map F — 7n*m,F is a quasi-

isomorphism of complexes of étale sheaves. But m,F' is a complex of modules
in Mod(G,Z/n). O



96

LECTURE 9. Al-WEAK EQUIVALENCE



Lecture 10

Etale motivic cohomology and
algebraic singular homology

There are two ways one might define an étale version of motivic cohomology.
One way, which is natural from the viewpoint of these notes, is to use the
morphisms in the triangulated category DM, namely to define the integral
cohomology group indexed by (p, q) as HomDMgt(Ztr(X ), Z(q)[p]), and simi-
larly for cohomology with coefficients in an A. The second approach, due to
Lichtenbaum, is to take the étale hypercohomology of the complex Z(q).

Definition 10.1. For any abelian group A, we define the étale (or Licht-
enbaum) motivic cohomology of X as the hypercohomology of A(q):

Hp(X, A) = Hg (X, Alg)x..)-

If ¢ < 0 then H(X,A) = 0, because A(q) = 0. If ¢ = 0 then
HP(X, A) = H? (X, A), because A(0) = A.

The two definitions agree in some cases of interest. We will see
in [0 below that HYY(X,Z/n) = HomDMTt(Ztr(X),Z/n(q)[p]) when
1/n € k. Even further on, in [ZZI we will see that HPY(X,Q) =
Homypy, - (Z4(X),Q(q)[p]). However, the two definitions do not agree
for (-torsion coefficients, for ¢ = char(k). Indeed, for ¢ = 0 we have
HomDMgt(Ztr(X ),Z/¢[p]) = 0 in characteristic ¢ by BIH yet the groups
HY(X,7Z/0) = HY(X,7/¢) can certainly be nonzero.

By proposition we have HV'(X,Z/n) = H?(X, u,) when 1/n € k.
Here is the generalization to all q.

97
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Theorem 10.2. Let n be an integer prime to the characteristic of k then:
HPY(X,Z/n) = H(X, ") ¢>0,p€Z

By there is a quasi-isomorphism p,, — Z/n(1) of complexes of étale
sheaves. Because p, and the terms of Z/n(1) are flat as sheaves of Z/n-
modules, there is a morphism p&? — (Z/n)(1)®? in the category of complexes
of étale sheaves of Z/n-modules. Combining with the multiplication of B0l
gives a map

pn ! —— (Z/n)(1)%" — (Z/n)(q).

We may now reformulate theorem [ as follows.

Theorem 10.3. The map p2? — Z/n(q) is a quasi-isomorphism of com-
plexes of €tale sheaves.

Proof. The theorem is true for ¢ = 1 by 64 By @241 and @229, both x2? and
Z/n(q) are A'-local. We will show that the map u®? — Z/n(q) is an Al-weak
equivalence in below. By B1§ it is also a quasi-isomorphism. O

Let R be any commutative ring. Recall that R(n) = R ®z Z(n). Clearly,
the multiplication map Z(m) ®z Z(n) — Z(m + n) of BI0 induces a map
R(m) ®g R(n) — R(m + n).

Proposition 10.4. The multiplication map R(m)®R(n) — R(m+n) factors
through a map p : R(m) " R(n) — R(m + n).

mult.

R(m) ®r R(n) R(m +n)

)

R(m) @ R(n)

Proof. We first reinterpret the left vertical map in simplicial language. Re-
call that by definition Bl, R(n)[n] = C.(Ry(G)")). Let us write A7 for
the underlying simplicial presheaf, viz., A}(U) = Zy(G)")(U x A®), and
write the associated unnormalized chain complex as A?. By B9 we have
a natural map of bisimplicial presheaves A™ @p A7 — AT @ A" and a

)

map of their diagonal chain complexes, (A™ ®@g A"), — (A™ Q" A™),. Asin
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BI0, the Eilenberg-Zilber theorem yields quasi-isomorphisms V fitting into
a commutative diagram:

= v
R(m) ®g R(n)[m +n] — AT @r A} — (A" @r A").
.9 .9 3.9

- v
R(m) @ R(n)[m +n] — A™ @' A» ~» (A™ @' A™),.

Comparing with BI0, we see that if suffices to find a simplicial map for all
X and Y,

dlag(CoRtr(X) ®tr CoRtr(Y)) - CoRtr(X X Y) (1041)

compatible with the corresponding construction for ®z. The map p will
be the composite of V and the map induced by [LAT]

Let F be any presheaf with transfers. Definitions and im-
ply that C,(F) = Hom(R; (A"),F) as presheaves and that C,(F) =
Hom(R;-(A}), F') as simplicial presheaves. Using these identifications, we
define the map [[LZT] in degree n as the composition:

Co(Re (X)) @ (R (Y)) =
Hom(Ryy(A"), Ry (X)) @ Hom(Riy(A"), Rir(Y)

diagonal

M(Rtr(An X An), Rtr(X X Y)) —_— M(Rtr(An)aRtr(X X Y)) =
Cn(Riy (X X Y)).

Since Hom(Ry (A" X A™), Ry (X X Y))(U) = R (X xY)(U x A™ x A™), the
above composition is the right vertical composition in the following commu-
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tative diagram (see BH):

Ru(X)(U x A™) @ Ry (V)(U x A7) (CuRoy (X) &7 CuRyr(V))(U)
®
diag(U)

Ry (X xY)(U xU x A" x A™)

Ry (X xY)(U x A™ x A")

diag(A"
diag(U x A™) B(A")

R (X x Y)(U x A™).

Since the left composite is the degree n part of construction B9, this shows
that the triangle in [L4 commutes. O

Proposition 10.5. The map Z/n(1)%2% — Z/n(q) is an A'-weak equiva-
lence in D~ (She(Coryg, Z/n)).

Proof. The assertion follows from the diagram in figure [T, remembering

that by definition Z/n(q) is Cx(Z/n)-(GL)[—q]. O
2/n(1)°%1 - Z/n(a)
~, (AT T4l ~an
(Z/n)ir(Grn) [-1)7 (Z/n)er (G [~

. 10

(Z/n)ir(G))®" [~q]

Figure 10.1: The factorization in proposition
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Proposition 10.6. The map p%? — Z/n(q) is an A'-weak equivalence in
D_(Shét(CO’f’k, Z/n))

Proof. Consider the following diagram, in which ®" and ®Y" are to be un-
derstood in Z/n-modules.

~

it —— Z /(1)1
~ J3 M1 o p

pea pE"t —— 7,/n(1)%" o Z/n(q)

We already know that the top map is a quasi-isomorphism by and
Lemma proves that the bottom left map 2 — "% is a quasi-
isomorphism. Lemma proves that the left vertical map is a quasi-
isomorphism. Hence the assertion follows from proposition [ O

Recall that when 1/n € k we have DMy, = DMS ™ (k, Z/n).
Proposition 10.7. If1/n € k then HY(X,Z/n) = Homp,y;— (Zer (X), Z/n(q) p))-
Proof. Since A = Z/n(q) is A'-local by B30, the right side is
Hompy (Zi(X), Z/n(q)[p]) =Homp- (2 (X), Z/n(q) [p])
= Ext?(Z (X), Z/n(q)).
By 623, this Ext group is HY,(X,Z/n(q)), which is the left side. O

As a bonus for all our hard work, we are able to give a nice interpretation
of Suslin’s algebraic singular homology. Recall that R;.(X) = Z;.(X) ® R.

Definition 10.8. We define the algebraic singular homology of X by:
H™(X,R) = Hy(C,(Ry(X))(Spec k).

By remark [T H™(X,Z) agrees with the group H™(X/Speck) of
lecture [l As an exercise the reader should check that:

H™(Speck, R) = Hjﬁyg(Gqu> R)
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Notice that Ry.(G)?) is well-defined even though G/ is not a scheme.

The following theorem was first proven in [SV96l, 7.8] under the assump-
tion of resolution of singularities on k. The proof we give here doesn’t need
resolution of singularities, so it extends the result to fields of positive char-
acteristic.

Theorem 10.9. Let k be a separably closed field and X a smooth scheme
over k, and let | be a prime number different from char k. Then there exist
natural isomorphisms for all i:

H™(X, Z/1)" = Hy(X, Z/1)
where the * denotes the dual vector space over Z/1.

It is amusing to note that this implies that H’,(X,Z/l) is finite, because
it is a countable-dimensional dual module.

To prove .9, we need one more lemma. To clarify the role of the coeffi-
cient ring R, we will write D for D™ (She(Cory, R)), so that D is just the
usual derived category of Shg (Cory).

Lemma 10.10. Let k be a separably closed field and C' a bounded above chain
complex of étale sheaves of R-modules with transfer. Assume that the coho-
mology sheaves of C' are locally constant and projective (as R-modules). Then
for any n € Z we have:

HomDE(C, R[n]) = Hompg_moa(H"(C)(Speck), R)

Proof. For simplicity, let us write Ext* for Ext in the category Shg (Cory, R).
(There are enough injectives to define Ext by ET9)
If P is a summand of &R, then Ext"(P, R) injects into

Ext™(@.R, R) = [[ Ext"(R, R) = [ [ Ext™ (R, (Speck), R).

But Ext "(Ry.(Speck), R) = HZ (Spec k, R) by E:224 and this vanishes if n # 0
as k is separably closed. If n = 0, this calculation yields Ext’(R, R) = R and
Ext"(P, R) = Homg_moa(P, R).

Now recall that Ext"(F,R) = HomDé(F , R[n]) for every sheaf F'; see
[Wei94l 10.7.5]. More generally, if R — I* is an injective resolution then the
total Hom cochain complex R Hom(C, R) of Hom*(C, I[n]) satisfies

H"RHom(C, R) = Homy, - (C, R[n]).
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(See [Wei94, 10.7.4].) Since Hom™(C, I[n]) is a bounded double complex, it
gives rise to a convergent spectral sequence which, as in [Wei94, 5.7.9], may
be written

B} = Ext"(HC, R) = H"""RHom(C, R) = Homp,_(C, R[p + q)).

The assumption on HYC' makes the spectral sequence collapse to yield
Ext’(H"C, R) = Homy, - (C, R[n]), whence the result. O

Proof of [II13. Taking R = 7 /I, this means that all R-modules are projective.
Consider the diagram:

~Y

HomR_mod(Hng(X, R), R)

Homp, (C.(Rir (X)), R[n])
l%
Homy, - (Rer(X), R[n])

>~

- H (X, R).

By 218, each H" = H"C,R;.(X) is a homotopy invariant presheaf of Z/I-
modules with transfer. Hence the sheaves as H™ are locally constant by the
Rigidity Theorem Hence the top map is an isomorphism by
Since R is Al-local by @24l the left map is an isomorphism by @14 The
bottom map is an isomorphism by 6241 O

Corollary 10.11. Let k be a separably closed field and X a smooth scheme
over k, and let n be an integer relatively prime to chark. Then there exist
natural isomorphisms for all i:

H;™(X,Z/n)" = Hy (X, Z/n)
where the * denotes the Pontrjagin dual Z/n-module.

Proof. Using the sequences 0 — Z/l — Z/lm — Z/m — 0, the 5-lemma
shows that we may assume that n is prime. O
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Lecture 11

Standard triples

For all of this lecture, F' will be a homotopy invariant presheaf with transfers.

Our goal in this lecture is to prove the following result, which is one
of the main properties of homotopy invariant presheaves with transfers. It
(or rather its corollary [T2) will be used in subsequent lectures to promote
results from the Nisnevich topology to the Zariski topology. It depends
primarily upon the relative Picard group introduced in lecture [1

Recall that a subgroup A of an abelian group B is called pure if nA =
nB N A for every integer n. A homomorphism f : A — B of abelian groups
is called pure injective if it is injective and f(A) is a pure subgroup of B.

Proposition 11.1. For any smooth semilocal S over k, any Zariski dense
open subset V. C S, and any homotopy invariant presheaf with transfers F,
the map F(S) — F(V) is pure injective.

Proposition [Tl is a consequence of a more precise result, proposition
[[T3, whose proof will take up most of this lecture.

Proof. The semilocal scheme S is the intersection of a family X, of smooth
varieties of finite type over k and V' is the intersection of dense open sub-
schemes V,, C X,. Hence F(S) — F(V) is the filtered colimit of the maps
F(X,) — F(V,). Since all these maps are injections by [T3} their colimit is
an injection. If a € F(X,) equals nb € F(V,) for some b € F(V,), then the
image of a in F(U,), and hence in F(S), is n-divisible. O

Passing to the direct limit over all such V', we see that F'(S) injects (as
a pure subgroup) into the direct sum of the F'(Spec E;), as F; runs over the
generic points of any semilocal S. In particular, we have:

105
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Corollary 11.2. Let F' be a homotopy invariant presheaf with transfers. If
F(Spec E) =0 for every field E over k, then Fzq. = 0.

Theorem 11.3. Let X be smooth of finite type over a field k and let V
be a dense open subset. Then for every finite set of points x1,...,x, € X
there exists an open neighborhood U of these points such that F(X) — F(U)
factors through F(X) — F(V). That is, there is a map F(V) — F(U) such

that the following diagram commutes.

F(X)

F(V) F(U)

Example 11.4. If V' & X is a dense open subset, then F' = Z,(X)/Z (V') is
a presheaf with transfers, but F'(X) — F(V) is not injective. (1x is nonzero
in F(X) but vanishes in F'(V').) This shows that homotopy invariance is
necessary in

To prepare for the proof of proposition [T3, we need a technical digres-
sion.

Definition 11.5. A standard triple is a triple (X _F. S, Xoo, Z) where
p is a proper morphism of relative dimension 1 and Z and X are closed
subschemes of X. The following conditions must be satisfied:

1. S is smooth and X is normal,

2. X — X, is quasi-affine and smooth over S,

3. ZNXs =0,

4. XU Z lies in an affine open neighborhood in X.

Given a standard triple as above, we usually write X for X — X.. Note that
X is a good compactification of both X and X — Z (see [LR) by parts 2 and
4.

Conversely, if X is a good compactification of a smooth quasi-affine curve
X — S (see[[q), then (X, X — X,0) is a standard triple.
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We will see in [[L.T7 below that any pair of smooth quasi-projective vari-
eties Z C X is locally part of a standard triple, at least when k is infinite.

Remark 11.6. (Gabber) Parts 4 and 2 imply that S is affine, and that Z
and X, are finite over S. Indeed, X, is finite and surjective over S by part
2, and affine by part 4, so Chevalley’s theorem ([Har77, III Ex.4.2]) implies
that S is affine.

We will make use of the following observation. Recall from [ZT0 that
Pic(X, X, is the group of isomorphism classes of pairs (£, s) where L is a
line bundle on X and s is a trivialization on X...

Given a standard triple (X, X, Z), any section x : S — X of p defines
an element [z] of Pic(X, X ). Indeed, there is a homomorphism Cy(X/S) —
Pic(X, Xoo).

Remark 11.7. Let F' be a homotopy invariant presheaf with transfers.
Given a standard triple (X, X, Z), by [[H there is a pairing:

(,):Pic(X, X)) ® F(X) — F(S).

Let 2 : S — X be a section of p. If [z] is the class of  in Pic(X, X,), then
([2], f) = F(x)(f) for all f € F(X).

Lemma 11.8. Let (X, X, Z) be a standard triple over S and X = X — X .
Then there is a commutative diagram for every homotopy invariant presheaf
with transfers F.

Pic(X, Xo [[2) ® F(X) — Pie(X, X [[ 2) ® F(X - 2)

Pic(X, Xo0) ® F(X) F(S)

Proof. Be definition, X is a good compactification of both X and X — Z.
Thus the pairings exist by [LH (or [[I6) and are induced by the transfers
pairing Cor (S, X) ® F(X) — F(S). Commutativity of the diagram is a
restatement of the fact that any presheaf with transfers is a functor on Cory.

]
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Corollary 11.9. If x : S — X is a section and [x] € Pic(X, X) lifts to
A € Pic(X, X [[Z2), there is a commutative diagram:

F(X) — F(X = 2)

[]

F(S).

Moreover, if N € Co(X — Z/S) C Cor(S,X — Z) is any representative of A
(see [T10 and [[ATI0), the composition of N with the inclusion X — Z C X
is Al-homotopic to x in Cor(S, X).

Exercise 11.10. Use example [[.T4 with F' = O* to show that there can be
more than one lift A : F(X — Z) — F(S).

More generally, observe that any unit s of O(Z) gives a trivialization of
O(X) on Z; combining this with the trivialization 1 on X, gives an element
o(s) = (0,1]]s) of Pic(X, Xo [ Z). Show that Ao (s) is also a lift of [z] to
Pic(X, Xo [] Z), and that every other lift has this form for some s € O*(Z).

Definition 11.11. A standard triple is split over an open subset U C X if
Laluxsz is trivial, where L is the line bundle on U x g X corresponding to
the graph of the diagonal map.

Example 11.12. For any affine S, the standard triple (S x P!, S x 0o, S x 0)
is split over any U in X = S x A!. Indeed, the line bundle L4 is trivial on
all of X x X.

Exercise 11.13. Let X be a smooth projective curve over k, with affine
open X = Spec(A) and set X, = X — X. Then (X, X, Z) is a standard
triple for every finite Z in X. Let Pj, ... be the prime ideals of A defining the
points of Z, and suppose for simplicity that A/P; = k for all i. Show that
the standard triple splits over D(f) if and only if each P; becomes a principal
ideal in the ring A[1/f].

In particular, if X = P!, the triple splits over all X because in this case
A is a principal ideal domain.

Lemma 11.14. Any finite set of points in X has an open neighborhood U
such that the triple is split over U.
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Proof. The map f : X xg Z — X is finite, as Z is finite over S. Given
points 7; € X, each f~!(z;) is finite. Now the line bundle Lx is trivial in
some neighborhood V' of U, f ~1(z;), because every line bundle on a semilocal
scheme is trivial. But every such V' contains an open of the form U xg Z,
and the triple is split over such a U. O

Proposition 11.15. Consider a standard triple split over an affine U. Then
there is an Al-equivalence class of finite correspondences \ : U — (X — Z)
such that the composite of X with (X — Z) C X is A'-homotopic to the
incluston U C X.

In particular, F(X) — F(U) factors through A\ : F(X — Z) — F(U):

F(X)— F(X = 2)

IA
F(U).

Proof. Pulling back yields a standard triple (U xg X, U xg X, U x5 Z) over
the affine U. The diagonal A : U — U xg X is a section and its class in
Pic(U x5 X,U xg Xo) is represented by the line bundle La. If the triple
is split over an affine U, then £ has a trivialization on U xg Z as well, so
[A] lifts to a class A in Pic(U xg X,U x5 (Xoo ][ Z)). By and [CT6, A
is an Al-equivalence class of maps in Cor(U, X — Z). By we have a
commutative diagram

UxﬂX—ZﬂﬁLX—Z

|

U Xg X X
and it suffices to observe that proA : U — U xg X — X is the inclusion. [

U

A different splitting (trivialization on U X g Z) may yield a different lifting
N. By exercise [LI0, N = A\ + o(s) for some unit s of O(U xg Z).

Exercise 11.16. Suppose that A\ is represented by an element D of
Cor(U, X —7Z) = Cy(U x (X — Z2)/U), as in exercise Show that the
element D —[A(U)] of Cor(U, X) is represented by a principal divisor (f) on
U x X, with f equal to 1 on U x X.
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Theorem 11.17. Let W be a connected quasi-projective smooth scheme over
an infinite field k, Y a proper closed subset of W and yi,...,y, € Y. Then
there is an affine open neighborhood X of these points in W and a standard
triple (X — S, Xoo, Z) such that (X, X NY) 2 (X — X, Z).

Proof. (Mark Walker) We may assume that W is affine, a closed (d + 1)-
dimensional subscheme of A”. Embed A" in AV by

(T1,. .., Tp) — (xl,...,a:n,atf,atle,...,xia:j,...,xfl).

Given a closed point € W, Bertini’s Theorem (see [SGA4, XI.2.1]) implies
that the general linear projection p : AN — A? is smooth near each point of
W lying on p~(p(x)). It is also finite when restricted to Y, because Y has
dimension < d.

Let W denote the closure of W in PV, H = PN — AN, and W, = WNH.
The general projection defines a rational map p: W - ~ P4 whose center C
is finite, because C lies in the intersection of W, with a codimension d linear
subspace of H. Let X; be the closure of the graph of p : (W — C) — P? in
W x P? Then W is naturally an open subscheme of X; and X; — W has
finite fibers over A<,

The singular points 3 of the projection X; — P? are closed, and finite
over each p(y;) because p is smooth near W N p~*(p(y;)). Therefore there is
an affine open neighborhood S in A? of {p(y;)} over which ¥ is finite and
disjoint from Y. Define X to be p~'(S)NW —X; by construction p: X — S
is smooth. Define X C X; to be the inverse image of S, and X, = X — X.
Then X NY — S and X, — S are both finite.

It remains to show that X [[(XNY) lies in an affine open neighborhood
of X. As X is projective over S, there is a global section of some very ample
line bundle £ whose divisor D misses all of the finitely many points of X
and X NY over any p(y;). Because £ is very ample and S is affine, X — D
is affine. Replacing S by a smaller affine neighborhood of the p(y;), we can
assume that D misses X, and X NY, i.e., that Xoo and X NY liein X — D,
as desired. O

Porism 11.18. If £k is finite, the proof shows that there is a finite extension
k" and an affine open X' of the points in W x; Spec k" so that (X', X' NY")
comes from a standard triple over k', where Y’ =Y x,, Speck’. In fact, for
each prime [ we can assume that [k : k] is a power of [.

Finally, we will use IT.T5, [T.T4 and [T.I7 to prove T3
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Proof of [1.3. We first assume that k is infinite. Since we may replace V' by
V —{zy,...,2,}, we may assume that the closed points z1, ..., z, of X lie in
Z = X —V. We can use [[LLT1 to shrink X about these points to assume that
there exists a standard triple with X = X — X . By [[LI4 the triple splits
over an open neighborhood U of the points. As X is quasi-projective, we
may shrink U to make it affine. By ITT.TH we get the map F(X —Z) — F(U)
factoring F'(X) — F(U).

If & is finite, we proceed as follows. We see by porism that there
is an open X’ of X X; Spec(k’) fitting into a standard triple over k. The
argument above shows that there is an open neighborhood U of zq,...,x,
(depending on k') such that if U" = U x; Spec(k’) and V' =V x;, Spec(k’),
then F(X') — F(U’) factors through a map & : F(V') — F(U’). Let
O(K') : F(V) — F(U) be the composite of & and the transfer F(U’) — F(U).
By LT, [£' : k] times F(X) — F(U) factors through ®(k’). By [ITI8, we
can choose two such extensions k' k" with [k’ : k] and [E” : k] relatively
prime. Shrinking U, we may assume that F'(U) is the target of both ®(£')
and ®(k”). But then F(X) — F(U) factors through a linear combination of
O(k') and ®(K"). O
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Lecture 12

Nisnevich sheaves

We have already mentioned the Nisnevich topology several times in previous
lectures, as an alternative to the étale and Zariski topologies. In this lecture
we develop some of its more elementary properties.

We begin by recalling the definition of the Nisnevich topology (see
[Nis89]). A family of étale morphisms {p; : U; — X} is said to be a Nisnevich
covering of X if it has the Nisnevich lifting property:

e for all z € X, there is an ¢ and a u € U; so that p;(u) = x and the
induced map k(x) — k(u) is an isomorphism.

It is easy to check that this notion of cover satisfies the axioms for a
Grothendieck topology (in the sense of [Mil80, I.1.1], or pre-topology in the
sense of [SGA4]). The Nisnevich topology is the class of all Nisnevich cover-
ings.

Example 12.1. Here is an example to illustrate the arithmetic nature of a
Nisnevich cover. When char k # 2, the two morphisms Uy = A'—{a} =< A’

Z’—>Z2

and U; = A' — {0} — A! form a Nisnevich covering of A! if and only if
a € (k*)%. They form an étale covering of A! for any nonzero a € k.

Example 12.2. Let k be a field. The small Nisnevich site on Spec k consists
of the étale U over Speck, together with their Nisnevich coverings. Every
étale U over Speck is a finite disjoint union [[ Spec!; with the [; finite and
separable over k; to be a Nisnevich cover, one of the [; must equal k. Thus a
Nisnevich sheaf F' on Spec k merely consists of a family of sets F'(I), natural
in the finite separable extension fields [ of k. In fact, each such [ determines
a “point” of (Speck)nis in the sense of [SGA4L IV 6.1].
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From this description it follows that Spec k has Nisnevich cohomological
dimension zero. This implies that the Nisnevich cohomological dimension of
any Noetherian scheme X is at most dim X; see [KS86].

Lemma 12.3. If{U; — X} is a Nisnevich covering then there is a nonempty
open V- C X and an index i such that U;ly — V' has a section.

Proof. For each generic point x of X, there is a generic point u € U; so that
k(x) = k(u). Hence U; — X induces a rational isomorphism between the
corresponding components of U; and X, i.e., U; — X has a section over an
open subscheme V' of X containing . O

Example 12.4. A Hensel local ring (R, m) is a local ring such that any
finite R-algebra S is a product of local rings. It is well-known (see [Mil80,
1.4.2]) that if S is finite and étale over R, and if R/m = S/m; for some
maximal ideal m; of S, then R — S splits; one of the factors of S is isomorphic
to R. If {U; — Spec R} is a Nisnevich covering then some U is finite étale, so
U; — Spec R splits. Thus every Nisnevich covering of Spec R has the trivial
covering as a refinement. Consequently, the Hensel local schemes Spec R
determine “points” for the Nisnevich topology.

As with any Grothendieck topology, the category Shy;s(Sm/k) of Nis-
nevich sheaves of abelian groups is abelian, and sheafification F' +— Fly;, is
an exact functor. We know that exactness in Shy;s(Sm/k) may be tested
at the Hensel local rings O% , of all smooth X at all points z (see [Nis89,
1.17]). That is, for every presheaf F:

e Fyis = 0if and only if F(Spec O% ) = 0 for all (X, z);
o Fy;s(Spec O% ) = F(SpecO% ).

By abuse of notation, we shall write F(O% ) for F(Spec O% ,), and refer to
it as the stalk of Fy;s at x.

Definition 12.5. A commutative square Q = Q(X,Y, A) of the form

?

B Y
f f
A" x
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is called upper distinguished if B = A xx Y, fis étale, 1 : A — X is
an open embedding and (Y — B) — (X — A) is an isomorphism. Clearly,
any upper distinguished square determines a Nisnevich covering of X: {Y —
X, A— X}

Exercise 12.6. If dim X < 1 show that any Nisnevich cover of X admits a
refinement {U, V'} such that Q(X,U, V) is upper distinguished. Show that
this fails if dim X > 2.

By definition, F'(Q) is a pullback square if and only if F'(X) is the pullback
F(Y) xpi) F(A), ie., the kernel of f —i: F(Y) x F(A) — F(B).

Lemma 12.7. A presheaf F' is a Nisnevich sheaf if and only if F(Q) is a
pull-back square for every upper distinguished square ).

Proof. For the “if” part, suppose that each F(Q) is a pullback square. To
prove that F' is a Nisnevich sheaf, fix a Nisnevich covering {U; — X}. Let
us say that an open subset V' C X is good (for the covering) if

F(V)— [[FWUi xx V) == [[F(Ui xx U; xx V)

is an equalizer diagram. We need to show that X itself is good.

By Noetherian induction, we may assume that there is a largest good
V C X. Suppose that V # X and let Z = X — V. By lemma [[2Z3] there is
a nonempty open W C Z and an index i such that U;|yy — W splits. Let
X' C X be the complement of the closed set Z —W. Then V and U/ = U;|x/
form an upper distinguished square ) over X’. Pulling back along each
U ]’ = U,|x- also yields an upper distinguished square. Thus we have pullback
squares

F(X') —— F(U)) F(U;) —— F(Uj xx Uj)

i J

F(V) —— F(Uilv) F(Ujlv) — F(U; xx Ujlv).

A diagram chase shows that X’ is also good, contradicting the assumption

that V' # X. Hence X is good for each cover, i.e., F'is a Nisnevich sheaf.
For “only if”, we assume that F' is a Nisnevich sheaf and @) is upper

distinguished and need to prove that the map F(X) — F(Y) xpp) F'(A)
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is an isomorphism. We already know the map is monic because {A,Y} is a
Nisnevich cover of X. For the surjectivity, note that the sheaf axiom for this
covering yields the equalizer sequence

F(X)—= FY)x F(A)ZF(B) x F(A) x F(Y xx Y).

Since {A(Y), Bx 4B} is a cover of Y X x Y, we have an injection F(Y xxY) —
F(Y)x F(BxaB). Now (a,y) € F(A)x F(Y) lies in F(A) x p(p) F(Y) if the
two restrictions to F'(B) are the same. The two maps to F/(A) and F(Y') are
the same, so it suffices to consider the maps from F(Y) to F/(B x 4 B). These
both factor through F'(B), so the images of y are the same as the images of
a. But by construction the two maps F'(A)=XF (B x4 B) are the same. O

Porism 12.8. Suppose more generally that F' is a sheaf for some
Grothendieck topology, and that @ = Q(X,Y,A) is a pullback square
whose horizontal maps are monomorphisms. If {A,Y} is a cover of X and
{B x4 B,Y} is a cover of Y xx Y, the proof of [Z1 shows that F(Q) is a

pullback square.

Exercise 12.9. Write O*/O* for the presheaf U — O*(U)/O*(U), and
O* /1 for the Zariski sheaf associated to O*/O*. Show that there is an exact
sequence

0 — O*(U)/ O (U) — O*JI(U) — Pic(U) —— Pic(U)

for all smooth U. Then show that O*/l is a Nisnevich sheaf on Sm/k. If
1/l € k, this is an example of a Nisnevich sheaf which is not an étale sheaf.
In fact, (O*/1)& = 0.

Exercise 12.10. If F is a Nisnevich sheaf, consider the presheaf E°(F)
defined by:
ECF)(X) = [] F(O%.).

closed
zeX

Show that E°(F) is a Nisnevich sheaf, and that the canonical map F —
E°(F) is an injection. Using [ZZ show that E°(F) is a flasque sheaf, i.e.,
that it has no higher cohomology (see [SGA4, V.4.1]). Iteration of this con-
struction yields the canonical flasque resolution 0 — F — E%(F) — --- of
a Nisnevich sheaf, which may be used to compute the cohomology groups
(X, F).
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Definition 12.11. Consider the presheaf sending U to Z[Homg,,,(U, X)].
We write Z(X) for Z[Hom(—, X)|nis, its sheafification with respect to
the Nisnevich topology. It is easily checked that Z[Hom(—, X)]za-(U) =
Z[Hom(—, X)](U) for every connected open U. We do not know if this is
true for Z(X).

By the Yoneda lemma, Hom(Z(X), G) = G(X) for every sheaf G. Since
Z(X) is a Nisnevich sheaf by 6.2, we see that Z(X) is a subsheaf of Z, (X).
Let Dy, denote the derived category of cohomologically bounded above
complexes in Shy;s(Sm/k). If F and G are Nisnevich sheaves, it is well

known that Exty,;,(F,G) = Homp - (F,G[n]) (sce [Wei94l 10.7.5]).
Lemma 12.12. Let G be any Nisnevich sheaf. Then for all X :

Proof. If G — I* is a resolution by injective Nisnevich sheaves, then the nth
cohomology of G is H™ of I*(X). But by [Wei94, 10.7.4] we know that the
left side is H™ of HomShNis(Sm/k) (Z(X), ]*) = I*(X) ]

Lemma 12.13. The smallest class in Dy, which contains all the Z(X) and

is closed under quasi-isomorphisms, direct sums, shifts, and cones is all of

D]:fis'

Proof. The proof of B3 goes through using Z(X) in place of Ry (X). O
For the rest of this lecture, we shall write ® for the presheaf tensor prod-

uct, (F®G)(U) = F(U) ®z G(U), and ® ;s for the tensor product of Nis-

nevich sheaves, i.e., the sheafification of ®. Note that if a sheaf F' is flat as a

presheaf then F'is also flat as a sheaf. This is true for example of the sheaves
Z(X).

Lemma 12.14. Z(X x Y) = Z(X) ®nis Z(Y).

Proof. Since Hom(U, X x Y) = Hom(U, X) x Hom(U,Y), we see that
Z[Hom (U, X x Y)] = Z[Hom(U, X)] ® Z[Hom(U,Y)]. Thus Z[Hom(—, X x
Y)] = Z[Hom(—, X )] ® Z[Hom(—,Y")] as presheaves. Now sheafify. O

Lemma 12.15. Let G be a Nisnevich sheaf on Sm/k such that Hy, (—, G)
is homotopy invariant for all n. Then for all n and all bounded above C':

Hom p— (C,G[n]) = Homp_ (C @nis Z(A"), G[n)).
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Proof. By[TZTI2, our assumption yields Ext"(Z(X), @) & Ext"(Z(X xA'), G)
for all X. Since Z(X x A') = Z(X) ®nis Z(A') by [ZT4, the conclusion holds
for C = Z(X). If C and C" are quasi-isomorphic, then so are C' @ ;s Z(A')
and C'® ;s Z(A'), because Z(A') is a flat sheaf. But the class of all complexes
C' for which the conclusion holds is closed under direct sums and cones, so

by the conclusion holds for all C. O

We borrow yet another topological definition: deformation retract. For
each F', note that the presheaf F' ® Z[Hom(—, Spec k)] is just F'.

Definition 12.16. An injection of presheaves i : F' — G is called a (strong)
deformation retract if there is a map r : G — F such that r o i = idr and
a homotopy h : G ® Z[Hom(—, A')] — G so that the restriction h|g is the
projection F' ® Z[Hom(—,A")] — F, h(G®0) =ior and h(G® 1) = id.

If F and G are sheaves, the condition in the definition is equivalent to
the condition that there is a sheaf map h : G Qp;s Z(A') — G so that the
restriction h|r is the projection F ®py;s Z(Al) — F, h(G ® 0) = i or and
hMG® 1) =1d.

For example, the zero-section Spec k ~ % . A" induces a deformation re-
tract Z — Z(A'); the homotopy map & is induced by the multiplication
Al x A — A' using [[ZT4l If I' is the quotient presheaf Z(A')/Z, so that
Z(AYY =2 Z & I', then 0 C I' is also a deformation retract.

Lemma 12.17. If F' — G is a deformation retract, then the quotient presheaf
G/F is a direct summand of G/F @ I'.

Proof. The inclusion 0 C G/F is a deformation retract, whose homotopy is
induced from h. Therefore we may assume that F' = 0.

Let K denote the kernel of h. Since the evaluation “t =17 : G = GRZ —
G ® Z(A') is a section of both h and the projection G ® Z(A') — G, we see
that K is isomorphic to G ® I'. But “t = 0": G — G ® Z(A') embeds G as
a summand of K. O

For every presheaf F' we define Cm(F) to be the quotient presheaf
Cn(F)/F. That is, C\,(F)(U) is F(U x A™)/F(U). Thus we have split

exact sequences 0 — F' — Cp,(F) — Cp(F) — 0.

Corollary 12.18. C,,(F) is a direct summand of Cpy(F)QI" for all m > 0.
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Proof. 1t is easy to see that ¥ — (), F' is a deformation retract, so 218 is
a special case of [Z11 O

Proposition 12.19. Let G be a Nisnevich sheaf on Sm/k such that
Hy..(—, G) is homotopy invariant for all n. Then for all n and for all
presheaves F', there is an isomorphism

Hom p~ ((C.F)yis, Gnl) — Hom p_ (Fivia, G[n)).

Proof. Write Ext"(C, &) for Homp,- (€, G[n]). For each complex C', lemma
215 implies that Ext?(C ®@p;s I', G) = 0 for all q. For C' = (CN’pF)NiS,
yields Ext?((C,F) nis, G) = 0.

Note that Ext?(C,G) = HR Hom(C, G) for any C; see [Wei94l 10.7.4].
As in the proof of [MLT0, a resolution G — I* yields a first quadrant Hom
double complex Hom((C,F) s, I*) and hence a first quadrant spectral se-

quence B ~
EP? = Ext?((CyF ) nis, G) = Ext?T((CoF) nis, G)

(see [Wei94, 5.6.1]).  Since every E"" vanishes, this implies that
Ext"((CyF)nis, G) = 0 for all n. In turn, this implies the conclusion of
[ZT9, viz., Ext"((C.F)nis, G) = Ext"(F, G) for all n. O
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Lecture 13

Nisnevich sheaves with
transfers

We now consider the category Shy;s(Cory) of Nisnevich sheaves with trans-
fers. As with étale sheaves, we say that a presheaf with transfers F' is a
Nisnevich sheaf with transfers if its underlying presheaf is a Nisnevich
sheaf on Sm/k. Clearly, every étale sheaf with transfers is a Nisnevich sheaf
with transfers.

Theorem 13.1. Let F' be a presheaf with transfers, and write Fy;s for the
sheafification of the underlying presheaf. Then Fy;s has a unique structure
of presheaf with transfers such that F — Fpy;s s a morphism of presheaves
with transfers.

Consequently, Shy;s(Cory) is an abelian category, and the forgetful func-
tor Shyis(Cory,) —— PST(k) has a left adjoint (F — Fly;s) which is exact
and commutes with the forgetful functor to (pre)sheaves on Sm/k.

Finally, Shy;s(Cory) has enough injectives.

Proof. The Nisnevich analogue of B.10, is valid; just replace ‘étale cover’ by
‘Nisnevich cover’ in the proof. As explained after B2, the Cech complex

Z(U) is a Nisnevich resolution of Z,.(X). With these two observations, the
proofs of B.17, BI8, and go through for the Nisnevich topology. O

Exercise 13.2. By theorem HJl Z(1) ~ O*[—1] as complexes of Nis-
nevich sheaves with transfers. By 29, O*/l = O* ®u4s Z/l. Since
ZJ1(1) = Z(1) ®%,, Z/1, it follows that there is a distinguished triangle of
Nisnevich sheaves with transfers for each I:

e — Z/1(1) — O%/I[=1] — p[1].

121
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Since (O* /1) = 0, this recovers I8y ~ Z/1(1) .

Exercise 13.3. If F' is a Nisnevich sheaf with transfers, modify example
to show that the sheaf F°(F) defined in [ZI0 is a Nisnevich sheaf with
transfers, and that the canonical flasque resolution F' — E*(F') is a complex
of Nisnevich sheaves with transfers.

Lemma 13.4. Let I’ be a Nisnevich sheaf with transfers. Then:
1. Its cohomology presheaves Hy,.(—, F') are presheaves with transfers;
2. For any smooth X, we have F(X) = Homgy, . (cory) (Zer(X), F);
3. For any smooth X and anyn € Z,

H]T\Lfis(X7 F) = ExtghNis(Cork)(Ztr(X)7F)'

Proof. (Cf. B3, BE20, and BE23) Assertion 2 is immediate from [[31] and
the Yoneda isomorphism F(X) = Hompgrt(Z-(X), F). Now consider the
canonical flasque resolution F' — E*(F) in Shy;s(Sm/k). By [33 this is a
resolution of sheaves with transfers. Since Hy, (—, F') is the cohomology of
E*(F) as a presheaf, and hence as a presheaf with transfers, we get part 1.
For part 3, it suffices by part 2 to show that if F' is an injective sheaf with
transfers and n > 0, then HY, (—, F) = 0. Since F' — E°(F) must split in
Shyis(Cory), Hv. (X, F) is a summand of HY, (X, E°(F)) = 0, and must
vanish. O

Exercise 13.5. (Cf. E20) Let K be any complex of Nisnevich sheaves
of R-modules with transfer. Generalize [[3.4] to show that its hyperext and
hypercohomology agree in the sense that for any smooth X and n € Z:

Eth(RtT’(X)> K) = H?st(Xv K)

The following result allows us to bootstrap quasi-isomorphism results
from the field level to the sheaf level.

Proposition 13.6. Let A — B be a morphism of complexes of presheaves
with transfers. Assume that their cohomology presheaves H*A and H*B
are homotopy invariant, and that A(Spec E) — B(SpecFE) is a quasi-
isomorphism for every field E over k. Then Az, — Bz is a quasi-
1somorphism in the Zariski topology.
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Proof. Let C be the mapping cone. By the 5-lemma, each H*C'is a homotopy
invariant presheaf with transfers, which vanishes on Spec E for every field £
over k. Corollary states that (H'C')z, = 0. This implies that Cy,, is
acyclic as a complex of Zariski sheaves, i.e., that Az, and By, are quasi-
isomorphic in the Zariski topology. O

The main result of this lecture, 311l as well as the next few lectures,
depend upon the following result, whose proof will not be completed until
P31 Theorem 37 allows us to bypass the notion of strictly Al-homotopy
invariance (see [Z1]) used in lecture @l The case n = 0 of I3, that Fyy; is
homotopy invariant, will be completed in ZT3.

Theorem 13.7. Let k be a perfect field and F' a homotopy invariant presheaf
with transfers. Then each presheaf HY..(—, Fyis) is homotopy invariant.

The proofs of the following results are all based upon a combination of
theorem [[377 lemma [[3.4], and proposition 3.6

Proposition 13.8. Let k be a perfect field. If F' is a homotopy invariant
Nisnevich sheaf with transfers, then for all n and all smooth X :

Hgar(X7 F) = H]T\LTZS(X7 F)

We will prove in that F,, is a presheaf with transfer. This would
simplify the proof of [3.8

Proof. For n =0 we have HY,, (X, F) = HY,.(X, F) = F(X) for every sheaf.
By the Leray spectral sequence, it now suffices to prove that Hy, (S, F') =0
for all n > 0 when S is a local scheme. By [34 and 037, each Hy,,(—, F)
is a homotopy invariant presheaf with transfers. By [[T2, it suffices to show
that Hy,.(Spec E, F') = 0 for every field E over k. But fields are Hensel local
rings, and as such have no higher cohomology, i.e., Hy,,(Spec E, —) = 0 for
n > 0. O

Proposition 13.9. Let C be a be bounded above complex of Nisnevich sheaves
with transfer, whose cohomology sheaves are homotopy invariant. Then its
Zariski and Nisnevich hypercohomology agree:

HY,..(X,C) =2 HRy, (X, C) for all smooth X and for all n.
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Proof. We will proceed by descending induction on n — p, where C* = 0 for
i>p. If dimX =d, then H}_.(X,C) = H¥,,(X,C) =0 for all n > p +d,
because cdz,(X) and cdy;s(X) are at most d. By [3Jl both the good
Nisnevich truncation 7C and the p*®-cohomology sheaf H? = (C/7C) ;s are
Nisnevich sheaves with transfers. Setting m = n — p, we have a diagram

Hgla_rl(X7 Hp) - Hgar(X7 TC) - Hgar(X7 C) - Hgbar(X7 Hp) - Hg:rl(X7 TC)

~Y ~Y ~Y ~Y

Hyi H(X, H) — Hy (X, 7C) — Hyy (X, C) — Hy (X, H?) — Hy (X, 7C).

The four outer verticals are isomorphisms, by induction and [38 The state-
ment now follows from the 5-lemma. O

Example 13.10. The motivic complex Z(7) is bounded above, and has ho-
motopy invariant cohomology by ZI8 If A is any abelian group, the same
is true for A(i) = A ®z Z(i). By [33, the motivic cohomology of a smooth
X could be computed using Nisnevich hypercohomology:

H™(X, A) = Hy,, (X, A(i)) = Hy,, (X, A1)

This is the definition of motivic cohomology used in [VSEQ(]. Note that the
motivic cohomology groups H™*(X, A) are presheaves with transfers by 3.5

Theorem 13.11. Let k be a perfect field and F a presheaf with transfers
such that Fy;s = 0. Then (CiF)nis =~ 0 in the Nisnevich topology, and
(CoF) zar ~ 0 in the Zariski topology.

Proof. Let F be a presheaf with transfers such that Fy;s = 0. We will
first prove that (C.F) ;s >~ 0 or, equivalently, that the homology presheaves
H; = H,C.F satisfy (H;)n;s = 0 for all i. For ¢ < 0 this is trivial; C;F' = 0
implies that H;C,F = 0. Since (Hy)yis is a quotient of Fl;s = 0, it is also
true for ¢ = 0.

We shall proceed by induction on 4, so we assume that (H;)y;s = 0 for
all 7 < 7. That is, we assume that 7(C.F) nis ~ (CiF) Nis, where T(CLF') ns
denotes the subcomplex of (C, F')y;s obtained by good truncation at level i:

T(CiF)Nis 18 -+ = (Ciz1 F)nis — (CiF)nis — d(CiF) nis — 0.
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There is a canonical morphism 7(C, F') nis — (H;)nis[i] and hence a morphism
[ (CuF)nis — (H;)nis[] in the derived category Dyy,,. Since f induces an
isomorphism on the ith homology sheaves, it suffices to prove that f = 0.

The presheaf with transfers H; is homotopy invariant by EZT8 so by 3]
and [[37 the sheaf G = (H;)y;s satisfies the hypothesis of [ZT9 Since
Frnis =0, yields

Homp, - ((C.F)nis, (Hi)nisli]) = Homp, - (Fiis, (Hi)nisi]) = 0.

Hence f =0 in Dy,,, and this implies that (H;)n;s = 0.

We can now prove that C,Fy,, ~ 0. Each cohomology presheaf H' =
H'C,F is a homotopy invariant presheaf with transfers by EZI8  Since
(CoF)nis ~ 0, we have C,(F)(Spec E) ~ 0 for every finitely generated field
extension E of k (and hence for every field over k). Indeed, E is O% , for the
generic point of some smooth X. Now apply to CLF — 0. O

Here is a stalkwise restatement of theorem [[3.111

Corollary 13.12. Let k be a perfect field and F a presheaf with trans-
fers so that F(Spec O}x) = 0 for all smooth X and all x € X. Then
(C.F)(Spec Ox.) ~ 0 for all X and all z € X.

Corollary 13.13. Let f : C; — Cs be a map of bounded above cochain
complezes of presheaves with transfers. If f induces a quasi-isomorphism
over all Hensel local rings Spec O% ., then Tot(C,.Cy) — Tot(C.Cy) induces
a quasi-isomorphism over all local rings.

Proof. Let K = cone(f) denote the mapping cone of f. By assumption, each
HPK is a presheaf with transfers which vanishes on all Hensel local schemes,
ie., Ky;s ~ 0. By B3Il C,HPK ~ 0 in the Zariski topology.

Since K is a bounded above cochain complex, the double complex C\(K)
is bounded. Hence the usual spectral sequence of a double complex (see
[Weid4l 5.6.2]) converges to H, Tot C.(K). Since C,K(X) = K(X x A9)
we have HPC,K = C,HPK for all p and ¢, and we have seen that each
HYC,HPK vanishes on every local scheme X. The resulting collapse in the
spectral sequence shows that H, Tot C,(K) vanishes on every local scheme,
which yields the result. O

MU ={U,....U,} is a Zariski covering of X, we saw in that the
Cech complex

Ziw(U): 0—=Zy(Uin...NU,) — ... = ®iZy(U;)) — 0
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is a resolution of Z;.(X) in the étale topology (and the Nisnevich topology).
Surprisingly, this gets even better when we apply C..

Proposition 13.14. IfU is a Zariski covering of X then the Cech resolution

Tot CZ4y-(U) — Ciy-(X) is a quasi-isomorphism in the Zariski topology.
Proof. Apply to O

Example 13.15. Applying 314 to the usual cover of P! (by P' — {0}
and P! — {oc}) allows us to deduce that C, (Z,(P')/Z) ~ C.Z(G,,)[1] =
Z(1)[2] for the Zariski topology, because C,Z;.(A')/Z ~ 0 by This was
already observed in example for the étale topology. This example will
be generalized in theorem below.



Lecture 14

The category of motives

In this lecture, we define the triangulated category of (effective) motives
over k, and the motive of a scheme in this category. The construction of
DM (k, R) is parallel to the construction of DMS"™ (k, R) in L2, and we
will see that the categories are equivalent if Q C R.

Write D~ for D~ Shy;s(Corg, R), and let £, denote the smallest thick
subcategory of D™ containing every Ry, (X x A') — R, (X) and closed under
direct sums. (See [l and [@2) The quotient D~ /&, is the localization
D~ [W, '], where Wy = W, is the class of maps in D~ whose cone is in &,.
A map in Wy is called an A'-weak equivalence.

Definition 14.1. The triangulated category of motives over k is defined to
be the localization DM(]’@’;(k, R) = D_[WA_I] of D= = D~ Shyis(Cory, R).
(Cf. @A) If X is a smooth scheme over k, we write M (X) for the class of
Z(X) in DMS2" (k, Z) and call it the motive of X.

In BI7, we showed that the derived category D~ (Shg(Corg, R)) is a
tensor triangulated category. The same argument works in the Nisnevich
topology for D~ Shy;s(Cory, R). Here are the details.

Definition 14.2. If C' and D are bounded above complexes of presheaves
with transfers, we write C®7 y;, D for (C®F D) yis. BecauseEI2holds for the
Nisnevich topology, the Nisnevich analogues of B4, RTH, BT, BT and BIX
hold. In particular, the derived category D~ of bounded above complexes
of Nisnevich sheaves with transfer is a tensor triangulated category under
®IZ,N2'S‘

127
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Given MZ£2, the proofs of @4 and @3 go through to show that
the tensor ®Y y;, on D~ also endows the localization DML (k, R) of
D~ Shy;s(Cory, R) with the structure of a tensor triangulated category.

Our definitions of DM (k, R) and M(X) are equivalent to the defini-
tions in [IriCal p. 205]. This follows by comparing the definition in loc. cit.,
to theorem below, using the following lemma.

Lemma 14.3. For every bounded above complex K of sheaves of R-modules
with transfer, the morphism K — Tot C,(K) is an A'-weak equivalence.
Hence K = Tot C,(K) in DM%" (k, R).

Proof. The proof of lemmas .11l and T4 go through in this setting. O]

Remark 14.4. As is @10, we say that an object L of D~ is called A'-local
(for the Nisnevich topology) if Homp-(—, L) sends A'-weak equivalences to
isomorphisms. The proof of goes through in the Nisnevich setting to
show that if Y is Al-local then

Hom X,Y) = Homp-(X,Y).

o

Let F be a Nisnevich sheaf with transfers. Then F' is Al-local if and only
if F'is homotopy invariant, because the proof of goes through using 3.4
and [[37 This is the easy case of the following proposition.

Proposition 14.5. Let k be a perfect field and K a bounded above cochain
complex of Nisnevich sheaves of R-modules with transfer. Then K is A'-local
if and only if the sheaves ay;s(H"K) are all homotopy invariant.

Proof. Suppose first that the cohomology sheaves of K are homotopy invari-
ant. By [[31 applied to F' = ay;s(H?K), the presheaves Hy, . (—, F') are ho-
motopy invariant. As in the proof of @23 this implies that each ay;s(HIK)
is Al-local. Because cdy(X) < oo, the hyperext spectral sequence (see
[Weidd, 5.7.9])

EY(X) = Ext?(Ry-(X), anisH'K) = Homp- (R,.(X), K[p + q])

is bounded and converges. The map f induces a morphism from it to the
corresponding spectral sequence for X x A!. By the Comparison Theorem
(IWei94, 5.2.12]), f induces an isomorphism from Homp- (R (X)[n], K) to
Homp- (R, (X x Al)[n], K) for each n. By @17 K is Al-local.
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Now suppose that K is Al-local. The cohomology presheaves of K’ =
Tot C,(K') are homotopy invariant by Theorem [[3.7 applied to the co-
homology presheaves H7K' shows that the sheaves ay;s(H?K') are homotopy
invariant. The first part of this proof shows that K’ is A'-local. By lemma
MZ3, the canonical map K — K’ is an Al-weak equivalence. By I8, which
goes through for the Nisnevich topology, K — K’ is an isomorphism in D~.
Hence the sheaves ay;s(H"K) = an;s(H"K') are homotopy invariant. O

Corollary 14.6. Let k be a perfect field and K a bounded above cochain
complex of Nisnevich sheaves of R-modules with transfer. If the presheaves
H"(K) are all homotopy invariant, then K is A'-local.

Proof. Combine [[37 and [[Z5 O

Example 14.7. Here is an example to show that the converse does not hold
in Consider the complex K of example B

0 — Zu(Gyy) — 274 (A', 1) — Zy (P*, 1) — 0.

Evaluating at Spec(k) and at A!, it is easy to see that the cohomology
presheaf H2K is not homotopy invariant (consider an embedding of A! in
P! whose image contains both 0 and 1). On the other hand K is A'-local,
because its cohomology sheaves ay;s H*(K) vanish by G.14

Exercise 14.8 (Mayer-Vietoris). For each open cover {U, V'} of a smooth
scheme X, show that the “Mayer-Vietoris” triangle

Zi(UNV) = Ziyp(U) ® Zy (V) = Zip(X) — Zee(UNV)[1]

is distinguished in DM?VICE’; (k,R). _ Hint: Use a Nisnevich analogue of
to show that the associated Cech complex is isomorphic to zero in
DM~ (k, R). Cf. [T¥Cal, 3.2.6].

Definition 14.9. Let Ly;s denote the full subcategory of D~ consisting of
complexes with homotopy invariant cohomology sheaves. By [[43 it is also
the category of Al-local complexes. If F and F are in £, then we define
E®; F =Tot C,(E ®f y;, F). By EI8 and L6, E ®, F is A'-local.

Theorem 14.10. The category (Lyis, @r) is a tensor triangulated category,
and the canonical functor

Lyis — D_[WA_l] = DM?&S_(ka R)

s an equivalence of tensor triangulated categories.
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Proof. The category £ = Ly;s is a thick subcategory of D~. By [[£4] and
ZH, the functor £ — D~[W, '] is fully faithful. By 23, every object K of
D~ [W, ! is isomorphic to Tot C,(K). By 34 Tot C.(K) is in £. Hence £
is equivalent to D~[W,'].

It follows that £ is a tensor triangulated category, because D~ [W 1 is.
If £ and F are A'-local, we have seen that the tensor product £ ®Y v, F is
naturally isomorphic to E ®, F in D~[W,!]. That is, ® is isomorphic to
the induced tensor operation on L. O

In [TxiCal, p. 210}, the tensor structure on Ly;s was defined using ®p.

Next, recall from that two parallel morphisms f and g of sheaves
are said to be A'-homotopic if there is a map F ®F Z;.(A') — G whose
restrictions along 0 and 1 coincide with f and g, respectively. The proof of
shows that Al-homotopic morphisms between Nisnevich sheaves became
equal in DM%~ (k, R).

Proposition 14.11. Let C' and D be bounded above complexes of Nisnevich
sheaves with transfer, whose cohomology sheaves are homotopy invariant. If
C and D are A'-local, then A'-homotopic maps f,q : C — D induce the
same maps on hypercohomology:

f =g: H*Zar(Xv C) - H*Zar(XvD)‘

Proof. To prove the proposition, write DM for DM?VICE’S_ (k). Combining
with 33, we see that

H2. (X, C) = Homp- (Zw (X), Cln)).

If C is Al-local, this equals Hompn(Z (X),C[n]) by [ZA  Since f
and g agree in DM, they induce the same map from H"(X,C) =
Hompm (Zi (X),C[n]) to H™(X,D) = Hompm(Z(X),Dinl), as as-

serted. [

We will need the following elementary result for R = Q in below.
It is proven by replacing Z(X) by R;-(X) in the proof of

Lemma 14.12. The smallest class in D~ which contains all the Ry.(X) and
s closed under quasi-isomorphisms, direct sums, shifts, and cones is all of
D-.
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We now consider the case when the coefficient ring R contains Q. Our
first goal is to identify étale and Nisnevich motivic cohomology (IZIH).
We will then describe DMS™(k, R) (in [ZTJ), and finally show that

DML (k, R) = DM (k, R) (TEZD).
Lemma 14.13. Let F' be a homotopy invariant Zariski sheaf of Q-modules
with transfers. Then F is also an étale sheaf with transfers.

Proof. 1t suffices to show that the presheaf kernel and cokernel of F' — Fg
vanish. By BI7, these are presheaves with transfers. Thus we may suppose
that Fy = 0. If ' # 0 then there is a point € X and a nonzero element
ce F(S), S=SpecOx,. Since Fy = 0, there is a finite étale map S’ — S
with ¢|s» = 0. As in [LTI] the composition of the transfers and inclusion

F(S) — F(S") — F(S)

is multiplication by d, the degree of S’ — S. Hence this composition is an
isomorphism. Since it sends ¢ to zero, we have ¢ = 0. This contradiction
shows that F' = 0, as desired. O

Corollary 14.14. If F' is an homotopy invariant presheaf of Q-modules with
transfer, then Fyis = Fg.

Proof. By I3, Fl;, is homotopy invariant, so applies. O
Proposition 14.15. If F' is an étale sheaf of Q-modules, then
Hgt(_v F) = H]T\Lfis(_v F)

Proof. We need to prove that HZ(S,F) = 0 for n > 0 when S is Hensel
local. Given this, the result will follow from the Leray spectral sequence.
Pick ¢ € HZ(S, F). Then there is a finite étale map S’ — S with c|g = 0.
We may assume that S’ is connected, of degree d. The composition of the
étale trace map and the inclusion

HL(S,F) — HL(S',F) — HJ(S, F)

is multiplication by d (see [Mil8(0, V.1.12]) and so an isomorphism. Since it
sends ¢ to zero, we have ¢ = 0. Hence H™(S, F) = 0. O

Recall from [T that the étale (or Lichtenbaum) motivic cohomology
H?%(X,Q) is defined to be the étale hypercohomology of the complex Q(q).
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Theorem 14.16. Let k be a perfect field. If C is a complex of presheaves of
Q-modules with transfer with homotopy invariant cohomology, then

Hz (X, Cer) = Hiy;o (X, Cnvis)
for every X in Sm/k. In particular
HP(X,Q) = H™(X, Q).

Proof. Consider F' = HC. By M&I4 Fy;s = Fy. By [AIH, we have iso-
morphisms H%, (X, Fy) — HY, (X, Fyis). Comparing the hypercohomology
spectral sequences for the Nisnevich and the étale topology yields the result.

In particular, the result applies to C' = Q(q) by 310 O

Lemma 14.17. Let F' be any homotopy invariant étale sheaf of Q-modules
with transfers. Then F is strictly A'-homotopy invariant in the sense of

221

Proof. By[[ZIHand 030, we have HL (X, F) = HL (X xA', F') for all smooth
X, i.e., F is strictly homotopy invariant. O

For clarity, let us say that a complex K is étale A'-local if it is A'-local
for the étale topology (as in @16), and Nisnevich A'-local if it is A'-local for
the Nisnevich topology (as in [Z7]).

We will write D, for D™ (She (Corg, R)).

Proposition 14.18. Let k be a perfect field and suppose that Q C R. If K is
a bounded above cochain complex of étale sheaves of R-modules with transfer,
then K is étale Al-local if and only if the sheaves ag(H"K) are homotopy
mvariant.

In particular, each Q(j) is an étale A*-local complex.

Proof. Suppose first that the sheaves ag H"(K) are homotopy invariant. By
[0 and @23 they are étale Al-local. Since Q C R, we have cdg(k) = 0,
so K is étale Al-local by @28

Conversely, suppose that K is étale A'-local and set K’ = Tot C,(K). By
B8 each H"(K') is A-homotopy invariant. By theorem [37 and M[Z13,
each étale sheaves ag(H"K') is homotopy invariant. The first part of this
proof shows that K is étale Al-local. By[LI4, K — K’ is an (étale) Al-weak
equivalence, and an isomorphism in DMZ?’_(k‘, R). ByBI§ K — K'is an
isomorphism in D,. Hence each sheaf a¢g(H"K) is isomorphic to ag(H"K'),
and is therefore also homotopy invariant. O
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Let Ls denote the full subcategory of D, consisting of complexes with
homotopy invariant cohomology sheaves. By [418, it is also the subcategory
of étale A'-local complexes.

Theorem 14.19. The natural functor Lg — DM (k, R) is an equivalence
of triangulated categories if Q C R.

Proof. The functor is full and faithful by and [LIY8 Since every K in
D, becomes isomorphic to Tot C,(K) in DM$"~ by B4, and Tot C,(K) is
in L4 by BI8 the functor is an equivalence. O

Remark 14.20. Theorem [[ZTY implies that L. is a tensor triangulated

category. As in the proof of and [[410, and [[L0 show that the
tensor operation of L is isomorphic to the operation ®, defined in Q.31

Corollary 14.21. For every smooth X, the étale motivic cohomology groups
HYY(X,Q) may be computed in DM, :

H%q(Xa @) = I_IOInDM(;t (@tr (X>7 @(Q> [p])

Proof. Write D7, for D™ (She;(Corg, Q)) and write DM for DM, (k, Q). By
020, we have

HomDM(@tr(X)> Q(Q) [p]) = I—IOIHD;5 (@tr(X)> Q(Q) [p]) = Eti(@tr (X)v Q(Q))
By 623, this Ext group is HYY(X,Q) = HL(X, Q(q)). O

Theorem 14.22. If Q C R, then DM%. " (k,R) — DMS""(k,R) is an
equivalence of tensor triangulated categories.

Proof. Because sheafification is exact, it induces a triangulated functor from
Dy, = D™ (Shyis(Cory, R)) to D, = D™ (She(Cory, R)). By definitions
BTd and 22, we have (K ®7 y;, L)es = K ®F 4 L. Comparing definitions, we
see that Dy,;, — D, sends Nisnevich A'-weak equivalences to étale A'-weak
equivalences, so it induces a tensor triangulated functor o from DM?@’S_ (k,R)
to DMS"™(k, R). Clearly, Dy,, — Dz, and DM%.. — DMS"~ are onto on
objects.

It remains to show that the functor o is full and faithful, i.e., that we have
HomDM%: (K,L) = HomDMZf”(Ké“ Ls). By theorem [[AT0 we may as-

sume that L is in L£y;s. The class of objects K so that HomDM%r_,f (K, L[n)) =
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Hompyy rerr.— (K, La[n]) for all n is closed under quasi-isomorphisms, direct
ét

sums, shifts, and cones. By [[£T2 it suffices to show that each Ry.(X) is in

this class. But then by [Z4] 31 B20, and E23, we have

Homypy, per— (Ry (X)), L[n]) = HomD;\,is(Rtr(X)v Lin]) = Hy, (X, L)

Nis

and
HomDMzifﬁ (R (X)), Lat[n]) = Homyp,— (R (X)), Lat|n]) = HL(X, Le).

These groups are isomorphic by [ZT0, as required. a



Lecture 15

The complex Z(n) and P"

The goal of this lecture is to interpret the motivic complex Z(n) in terms
of Z4-(P") and use this to show that the product on motivic cohomology is
graded-commutative. We begin by observing that M (P" — {0}) = M (P"1).

Lemma 15.1. There is a chain homotopy equivalence:
C. 2 (P — {0}) = C.Z4, (P").

Proof. Consider the projection (P* — 0) — P"~! sending (x¢ : -+ : ) to
(1 -+ :x,), where 0is (1 : 0 : ---:0). This map has affine fibers. The
self homotopy A(zg : -+ : z,) — (Azg : @1 : -+ : x,) is well defined on
P" — {0} x Al, even for A\ = 0, because one of z1, ..., z, is always non zero.
Hence the projection and the section (z1 : -+ :x,) — (0: 2y : -+ 1 x,) are
inverse A'-homotopy equivalences. The lemma now follows from P25 O

Theorem 15.2. Ifk is a perfect field, there is a quasi-isomorphism of Zariski
sheaves for each n:

O, (Zay (B") /2y (")) = CZ4y (G ] = Z(m) 20,

In particular, Cy (Zy(P™) ) Zer (P 1)) (X) =~ Z(n)[2n)(X) for any smooth lo-
cal X.

Our proof will use theorem [[3T1] whose proof depended upon theorem

[[37, a result whose proof we have postponed until lecture The require-
ment that & be perfect is only needed for [3.7 (and hence [31T).

135
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Proof. Let U be the usual cover of P" by (n+1) copies of A™ and note that n of
these form a cover V of P"—{0}. The intersection of i+1 of these A™ is A"~ x
(A' — {0})". By BEI4, we have quasi-isomorphisms Z.(U) — Z, (P") and
L (V) — Zy,(P"—0) of complexes of Nisnevich sheaves with transfers. Hence
the quotient complex Q, = Zy(U)/Zy, (V) is a resolution of Zy, (P*)/Zy, (P™ —
0) as a Nisnevich sheaf. By and [, or by [3T4, Tot C,(Q), is quasi-
isomorphic to C. (Zy, (P")/Z,(P™ — 0)) and hence to C.(Z,(P")/Zy(P" 1))
for the Zariski topology.

On the other hand, we know from that for T'= A! — 0 the sequence

0 — Ztr(G;\ln) — ZtT(Tn) — @iZtT(Tn_l) — @i,thr(Tn_2) —
s @i,thr(T2) — @y (T) = Z — 0

is split exact. Rewriting this as 0 — Z;.(G)') - R, —» R,-1 — -+ — Ry —
0, with R, = Zy(T"), Ru_1 = ®iZy(T™Y), and Ry = Z, we may regard
it as a chain homotopy equivalence Z;.(G)\")[n] — R.. With this indexing
there is a natural map ), — R, whose typical term is a direct sum of the
projections

Ly (A" X T — Zy(T).

These are A'-homotopy equivalences (see E24). Applying C, turns them
into quasi-isomorphisms by 2223 Hence we have quasi-isomorphisms of total
complexes of presheaves with transfers

Tot C,Q, —— Tot C,R, ~—— C.Z,(G2™)[n].

Combining with Tot C,Q, ~ C, (Z.(P")/Z(P" 1)) yields the result in the
Zariski topology. O

If n =1, it is easy to see that the isomorphisms of and agree.
Figure[[@Xlillustrates the proof of theorem [A.2 when n = 2. We have written
‘X’ for C,Z(X) in order to save space, and ‘A'—h.e.’ for Al-homotopy
equivalence.

Corollary 15.3. For each n there is a quasi-isomorphism for the Zariski
topology

C. (Zy(A™ —0)/7) ~ Z(n)[2n — 1].
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0 - 0 - A x (A' —0) - 242 ~-P* -0

0 (A'—0)> — 3 (A" x (A" —0)) 3A? P?

0 (A'=0)> — 2 (A" x (A" —0)) - A? - P?/(P? - 0)
= A'—h.e. A'—h.e.

G/\Q (Al _ 0)2

m

2(A' —0) pt 0
Figure 15.1: The case n = 2 of theorem
Proof. Applying 314 and [ to the cover of P by A™ and P™ — 0, we see
that the sequence
0 — C.Zy (A" — 0) — C,Z(A™) @ O, Zyp (P — C 74y (P™) — 0

becomes exact for the Zariski topology. The result now follows from theorem
02 since CyZy, (A") ~ C.Zy.(Spec k) ~ Z by and O

Exercise 15.4. Show that the map C,Z (P') — Z(i)[2i] of theorem
factors through the natural inclusion C\Z;, (P') — C.Z(P") for all n > i.
Hint: First construct Zy.(U) — Z(1)[2] vanishing on Z.(Uy), and form

A - - ; ey
LZip(U) —— Ztp(U) & -+ - @ L (U) — Z(1)[2]®" — Z(3)[21].
Corollary 15.5. There is a quasi-isomorphism
M(P") = C\Z(P") — Z & Z(1)[2] @ - - - & Z(n)[2n)].

Proof. We proceed by induction, the case n = 1 being [[313 By exercise
M54, the maps Z; (P ') — Z;.(P") is split injective in DM, because the
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quasi-isomorphism Z,,.(P"~') — @Z(i)[i] factors through it. Hence the dis-
tinguished triangle

C\ Ty (P —— O, 74y (P") — Z(n)[n] — C,Z,(P"H)[1]
splits. O

Our re-interpretation of the motivic complexes allows us to show that
the product in motivic cohomology is skew-commutative. This will be a
consequence of the following construction, and some linear algebra.

Example 15.6. Consider the reflection automorphism 7 of P*, n > 1, send-
ing (xg:ay: -+ :x,) to (—xg: 2y 1+ : x,). We claim that the induced
automorphism of C,Z;,.(P") is Al-homotopic to the identity map, so that it
is the identity map in DM, (see [l and [@9).

To see this, consider the elementary correspondence from P" x Al
(parametrized by xg,...,x, and t) to P" (parametrized by yo, ..., y,) given
by the subvariety Z of P x Al x P" defined by the homogeneous equation(s)

yi(zoys + tayo) = (£ — D)ayg, 1=1,...,n

together with z;y; = z;y; for 1 <i,j < nif n > 2. (Exercise: check that
this is an elementary correspondence!) The restrictions along ¢t = £1 yield
two finite correspondences from P” to itself, whose difference is idpr» — 7.

Restricted to P*~! x Al, this correspondence is the projection onto
P! Thus it induces an A!-homotopy between 7 and the identity of
Zir(P™) [ Zyr(P™1). Applying C,, we see from theorem that it induces
an A'-homotopy between the reflection automorphism 7 of Z(n)[2n] and the
identity, so that 7 is the identity map in DM?VHZ.’; .

The symmetric group 3, acts canonically on A" by permuting coordi-
nates. By inspection, this induces a Y,-action on the sheaf with transfers
Z(G)™) and hence on the motivic complexes Z(n).

Proposition 15.7. The action of the symmetric group %, on C.Zy.(A™ —0)
is Al-homotopic to the trivial action.

Proof. Because the action is induced from an embedding ¥,, — GL,(k), and
every transposition acts as the reflection 7 times an element of SL,(k), we
see from example [[5:8 that it suffices to show that the action of SL, (k) on
CyZy-(A™ — 0) is chain homotopic to the trivial action.
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Since every matrix in SL,(k) is a product of elementary matrices, it
suffices to consider one elementary matrix e;;(a), @ € k. But multiplication
by this matrix is Al-homotopic to the identity of A® — 0, by the homotopy
(z,t) — e;j(at)r (see @F). In particular it is an A'-homotopy equivalence
(see Z24)). By 220 the resulting endomorphism of C,Z;.(A™ — 0) is chain
homotopic to the identity. O

Corollary 15.8. The action of the symmetric group X, on Z(n) is Al-
homotopic to the trivial action. Hence it is trivial in DM?VICE’S_, and on the
motivic cohomology groups HPY( X, Z(n)).

Tensoring with a coefficient ring R does not affect the action, so it follows
that 3, also acts trivially on R(n)[2n], and on HP9(X, R(n)).

Proof. The action of ¥, on A" extends to an action on P" fixing P*~!. In
fact, all the constructions in the proof of theorem and corollary are
equivariant. By 03], it suffices to show that the action of ¥,, on C,Z,,.(A™—0)
is A'-homotopic to the trivial action. This follows from 5.4 and 211 O

Recall from B0 that there is a pairing of presheaves Z(i) ® Z(j) —
Z(i + 7). By inspection of B9 this pairing is compatible with the action of
the subgroup ¥; x ¥, of ¥,4,, as well as with the permutation 7 interchanging
the first 7 and last j coordinates of Zi,.(G)*7).

Theorem 15.9. The pairing defined in [Z11l is skew-commutative:
HYo( (X, Z(0) @ H,, (X, Z2(5)) — Hyol (X, 200+ ).
Proof. As in BAL2] the permutation 7 fits into the commutative diagram

HP(X,Z(i)) ® HY(X,Z(j)) — H"M(X, Z(i) ® Z(j)) — H"™(X, Z(i + j))
(—1)H lT T
HY(X,Z(j)) ® H(X,Z(i)) — H"(X, Z(j) ® Z(i)) — H"™(X, Z(j + 1))

and the right vertical map is the identity by proposition O
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We conclude this lecture with a generalization of the decomposition [5.5]
of M(P™) to a projective bundle theorem.

Construction 15.10. Let P = P(£) — X be a projective bundle associated
to a vector bundle £ of rank n + 1. From B2, [310, and [33 we have an
isomorphism

Pic(P) = Hy;, (P, Z(1)) = Homp- (Z:(P), Z(1)[2]).

Therefore the canonical line bundle yields a canonical map 7 : Zy,.(P) —
Z(1)[2] in D~. Recall from L4 that there are multiplication maps for all
i > 1, from Z(1)®" = Z(1) @ --- ®@" Z(1) to Z(i). Fori > 1, we let 7
denote the composite

A o FOi
B —

Zr(P) — Z4y (P X - - - X P) — Z,.(P)®"" Z(1)[2]®" — Z(i)[2i].

Finally, we extend the structure map o : Zy,.(P) — Z4-(X) to a canonical
family of maps in D™

05+ Zup(P) —2v T (B) @ Zup (B) s Zy(X) © Z(3)[24).

Exercise 15.11. Show that the canonical map in induces the isomor-
phism Z,, (P}) = &7 (Z(i)[2i] of (oAl Hint: Use exercise [0

Theorem 15.12 (Projective Bundle Theorem). Let P(£) — X be a
projective bundle associated to a vector bundle £ of rank n + 1. Then the
canonical map

Do Zar (X)(0)[2i] — Z4r(P(E))
1 an isomorphism in DM.
Proof. Using induction on the number of open subsets in a trivialization of
&, together with the Mayer-Vietoris triangles [[L8], we are reduced to the case

when P(€) = X x P". Since Z (X x P") = Z4,(X) @ Zy,.(P"), we may even
assume X = Spec(k). This case is given by exercise [[2.T11 O



Lecture 16

Equidimensional cycles

In this lecture we introduce the notion of an equidimensional cycle, and use
it to construct the Suslin-Friedlander chain complex Z°(i). We then show
(in [[67) that Z5F (i) is quasi-isomorphic to Z(i). In lecture [ (TT4) we shall
compare Z°F (i) to the complex defining higher Chow groups.

Let Z be a scheme of finite type over S such that every irreducible compo-
nent of Z dominates a component of S. We say that Z is equidimensional
over S of relative dimension m if for every point s of S, either Z, is empty
or each of its components have dimension m. If S’ — S is any map, the
pullback S’ xg Z is equidimensional over S’ of relative dimension m.

Definition 16.1. Let T" be any scheme of finite type over £ and m > 0 an
integer. The presheaf z.,,;(T,m) on Sm/k is defined as follows. For each
smooth S, Zequi (T, m)(S) is the free abelian group generated by the closed and
irreducible subvarieties Z of S x T" which are dominant and equidimensional
of relative dimension m over a component of S. If S — S is any map, the
pullback of equidimensional cycles (see [ALH) induces the required natural
map Zequi(T, m)(S) — zequi(T, m)(S").

It is not hard to see that z.u:(7,m) is a Zariski sheaf, and even an
étale sheaf, for each 7' and m. One can also check that each zeq(T,m) is
contravariant for flat maps in 7', and covariant for proper maps in 7', both
with the appropriate change in the dimension index m, (see [RelCyl 3.6.2
and 3.6.4]); see [Blo86l 1.3]. In particular, if 77 < T is a closed immersion,
there are canonical inclusions 2egu (1", m) < zequi (T, m) for all m.

Example 16.2. The case m = 0 is of particular interest, since zeq; (7, 0)(U)
is free abelian on the irreducible Z C U x T which are quasi-finite and
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dominant over U. Hence Zy(T)(U) C 2equi(T,0)(U), because Zy,.(T)(U) is
the free abelian group of cycles in U x T which are finite and surjective
over U. In fact, Z: (T) is a sub-sheaf of z.,,;(7,0) because the structure
morphisms associated to V' — U are compatible: Z.(T)(U) — Z,(T)(V) is
also the pullback of cycles (see TA).

If T is projective, then Z,(T') = Zequi(T,0). Indeed, each closed subvari-
ety Z C U x T is proper over U, so Z is quasi-finite over U if and only if Z
is finite over U (see [Har77, Ex. 111.11.2]).

We now define transfer maps for z.4,:(7,m) which are compatible with
the transfers in Z;.(T)) when m = 0. Given an elementary correspondence
V from X to Y and a cycle Z in zeu (T, m)(Y), the pullback Zy is a well-
defined cycle of V x T by and [A8 We define ¢y (2) € zegui(T, m)(X)
to be the push-forward of Zy along the finite map V x T — X x T. This
gives a homomorphism ¢y : 2egui(T, m)(Y) — zequi (T, m)(X).

If m = 0, the restriction of ¢y to Z,.(T') is the transfer map constructed
in [CT and TAT, as we see from [[A_TIL

We leave the verification of the following to the reader; cf. [BivCyl, 5.7].

Exercise 16.3. If T is a smooth scheme, show that ¢ makes each zq: (7T, m)
into a presheaf with transfers. If U — T is flat, show that the pull-back
Zequi(T's M) — Zequi (U, m) is a morphism of presheaves with transfer.

Example 16.4. For each X, there is a natural map z..:(A% 0)(X) —
CH'(A" x X) = CH'(X), sending a subvariety Z of A’ x X, quasi-finite
over X, to its cycle. Comparing the transfer map for z...;(A%,0) to the
transfer map for CH'(X) defined in 5 we see that zeq.i(A%,0) — CH'(—)
is a morphism of presheaves with transfers.

We define the Suslin-Friedlander motivic complexes Z%F (i) by:
Z57 (i) = Cizequi(A’, 0)[—2i].

We regard Z°F (i) as a bounded above cochain complex, whose top term is
Zequi(A%, 0) in cohomological degree 2i. As in Bl C,(F) stands for the chain
complex of presheaves associated to the simplicial presheaf U — F(U x A®).

Example 16.5. It follows from and that there is a morphism of
presheaves with transfers from Z, (P") = zegui(P", 0) t0 2zequi(A%, 0), with ker-
nel Z,.(P~1). Applying C, gives an exact sequence of complexes of presheaves
with transfers 0 — C.Z, (P™1) — C.Z,. (P) — Z5F (i)[21].
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Exercise 16.6. Let E be the function field of a smooth variety over
k. Show that the stalk at Spec E of the sheaf z.,;(A%,0) on Sm/k is
equal to the global sections zq;(A%, 0)(Spec E) of the sheaf z.4,; (A%, 0) on
Sm/E. Similarly, show that the stalk of C,2.4ui(A%,0) at Spec E' equals
CnZequi(Al, 0)(Spec ).

Conclude that the stalk of Z°F (i) at Spec E equals Z°F (i)(Spec E), and
is independent of the choice of k.

Here are the two main results in this lecture. Figure [61] gives the scheme
of the proof of [G.7 It shows how this result ultimately depends on theorem
[[3TTl, whose proof will be completed in lectures below.

110,12

IKAK

Figure 16.1: Scheme of the proof of [G.7

Theorem 16.7. There is a quasi-isomorphism in the Zariski topology:
Z(i) ~ Z°F (i).
In particular, H™(X,7Z) = H"(X, Z°F (i)) for all n and i.

Proof. As P is proper, zegi(P",0) = Z;.(P") by [6.2 Hence [[G.7 follows from
combining and [6.8 O

Theorem 16.8. There is a quasi-isomorphism in the Zariski topology:
C* [Zequi (Plu O)/Zequi (]P)i_lv 0)} —:’ C*Zequi (Alu O)

We now prepare for the proof of [6.8.

Let F;(U) denote the (free abelian) subgroup of z.,.:(A%,0)(U) generated
by the cycles in U x A? which do not touch U x 0. By inspection, the
transfers zegui (A%, 0)(U) — 2equi(AY, 0)(V) send F;(U) to Fi(V). Hence F; is
a sub-presheaf with transfers of z.,.:(A",0).
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Lemma 16.9. There is a commutative diagram with exact rows in PST(k)

0 — Zy(P" = 0)/Zy (P — Zyo(P") ) Zye (P*1) 0

coker ¢

¥

0 E Zequi (Ala 0)

coker y — 0.

All three vertical maps are injections.

Proof. By example [[6.2] there is a natural map from Zg, (P') = z.4.: (P, 0)
t0 2equi (A%, 0) with kernel Z,,.(P"~!). Thus ¢ is an injection; by exercise [6.3),
¢ is a morphism of presheaves with transfers. Now the inclusion Z,(P* —
0) C Z(P") is a morphism in PST by the Yoneda lemma; see X7 Since
Z(P'—0)(U) consists of cycles Z C U x (P*—0) finite over U, their restriction
belongs to the subgroup F;(U), i.e., p sends Z.(P* — 0) to F;. Hence the
diagram commutes.

By inspection, coker;(X) is free abelian on the elementary correspon-
dences Z C X x P which touch X x 0 and cokery(X) is free abelian on the
equidimensional W C X x A’ which touch X x 0. Since Z — ¢(Z) is a
monomorphism on these generators, it follows that coker;(X) — cokers(X)
is an injection for all X. O

Lemma 16.10. C,(F;) is chain contractible as a complex of presheaves.

Proof. Recall that F;(X) is a subgroup of the group of cycles on X x A’. Let
hx : F;(X) — F;(X x A') be the pullback of cycles along p : X x A’ x A! —
X x A" defined by (z,r,t) — (x,r - t). This is a good pullback because the
map 4 is flat over X x (A’ — {0}). By construction, the following diagram
commutes.

t=1 t=0

X x A’ X x A" x A X x A

id H id % 0
X x A’

It follows that F;(t = 1)hx is the identity and F;(t = 0)hx = 0. Thus the
requirements of lemma Z27] are satisfied for F}. O
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Lemma 16.11. For every Hensel local scheme S, the map cokery(S) —
cokery(S) in diagram 63 is an isomorphism.

Proof. Since coker;(S) — cokery(S) is injective by [[6.9, it suffices to prove
that it is surjective. Let Z be a equidimensional correspondence from S to
A’ As Z is quasi-finite over a Hensel scheme, the projection decomposes
Z into the disjoint union of Z, (which doesn’t contain any point over the
closed point of the Hensel scheme) and Z; (which is finite over the base). We
claim that the Z, part comes from F;. Take Z; and consider its irreducible
components. The intersection Zy N {0} must be empty, otherwise it would
project to the closed point of the base. Hence Z; is zero in the cokernel. But
now Z; comes from Z, (") /Z,, (P*~1). O

Lemma 16.12. The map C.(coker;) — C,(cokers) is a quasi-isomorphism
of complexes of Zariski sheaves.

Proof. Let ¢’ be the map between the cokernels in [69 By DGITl ¢’ is
an isomorphism on all Hensel local schemes. By [3I3, ¢’ induces quasi-
isomorphisms C, coker; (X ) =~ C, cokery(X) for all local X. O

Proof of [6.8. Applying C, to the diagram in yields a commutative dia-
gram of chain complexes with exact rows. The left two complexes are acyclic
by [0 and MET0 The right two complexes are quasi-isomorphic by
Theorem now follows from the 5-lemma. O
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Lecture 17

Higher Chow groups

During the first part of this series of lectures we defined motivic cohomology
and we studied its basic properties. We also established relations with some
classic objects of algebraic geometry, such as Milnor K-Theory, B, and étale
cohomology, M2

The goal of the next few lectures is to find a relation between motivic co-
homology and the classical Chow groups C H?, generalizing the isomorphism
H>Y(X,7Z) = Pic(X) = CH'(X) of EA That is, we will prove that:

H*(X,7) = CH'(X)

for any smooth variety X. There are at least three ways to prove this. The
original approach, which needs resolution of singularities, was developed in
the book “Cycles, Transfers and Motivic Homology Theories” [NSE00]. A
second recent approach is to use the Cancellation Theorem of [Voe(2] and
the Gersten resolution P31l for motivic cohomology sheaves.

A third approach, which is the one we shall develop here, uses Bloch’s
higher Chow groups CH*(X,m) to establish the more general isomorphism
H™(X,7Z) = CH'(X,2i —n). This approach uses the equidimensional cycle
groups of the previous lecture, but does not use resolution of singularities.

The main goal of this lecture is to prove that the higher Chow groups
are presheaves with transfers. (See theorem [[Z.20) In particular, they are
functorial for maps between smooth schemes. (We will give a second proof
of this in [9.19)

We begin with Bloch’s definition of higher Chow groups (see [Blo86]).

147
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Definition 17.1. Let X be an equidimensional scheme. We write 2*(X,m)
for the free abelian group generated by all codimension ¢ subvarieties on
X x A™ which intersect all faces X x A7 properly for all j < m (in the sense
of I7AT]).

Each face X x A7 is defined by a regular sequence, and intersection of
cycles defines a map 2/(X,m) — 2%(X,j) (see [TA], or [Ful84, Example
7.1.2]). We write 2°(X,e) for the resulting simplicial abelian group m +—
(X, m). We write 2*(X, %) for the chain complex associated to 2°(X, e).

The higher Chow groups of X are defined to be the groups:

CH'(X,m) = m,(2'(X, ) = H, (2" (X, %)).

If X is any scheme, it is easy to check that CH*(X, 0) is the classical Chow
group CH'(X) (see TZ3). Indeed, z*(X,0) is the group of all codimension 4
cycles on X while 2/(X, 1) is generated by those codimension 4 subvarieties
Z on X x A! which intersect both X x {0} and X x {1} properly. Moreover
the maps 9; : 2(X,1) =% 2(X,0) send Z to Z N (X x {j}).

Example 17.2. If i < d = dim X, then z.4,;(X,d —9)(A™) C 2*(X,m) for
every m, because cycles in X x A™ which are equidimensional over A™ must
meet every face properly. By [AT2l the inclusion is compatible with the
face maps, which are defined in [[6.1] and [Tl so this yields an inclusion of
simplicial groups, zegui(X,d —i)(A®) C 2(X, o).

Exercise 17.3. (a) If d = dim X, show that every irreducible cycle in
24(X, 1) is either disjoint from X x {0, 1} or else is quasi-finite over Al. Use
this to describe 24(X,1) — 24(X,0) explicitly and show that CHY(X,0) =
CHYX). (The group CH4(X) is defined in [Ful84, 1.6].)

(b) Show that C,Z,(X)(Speck) is a subcomplex of z4(X, *). On homol-
ogy, this yields maps H*"9(X/k) — CH%(X,m). For m = 0, show that this
is the surjection Hy™(X/k) — CHy(X) = CH%X) of E20, which is an
isomorphism when X is projective. By [[3] it is not an isomorphism when
X is Al or A — 0.

The push-forward of cycles makes the higher Chow groups covariant for
finite morphisms (see [7A9). It also makes them covariant for proper mor-
phisms (with the appropriate change in codimension index ; see [Blo86,
1.3)).



149

At the chain level, it is easy to prove that the complexes z'(—,*), and
hence Bloch’s higher Chow groups, are functorial for flat morphisms. How-
ever, the complexes 2'(—,*) are not functorial for all maps. We will see in
below that the higher Chow groups are functorial for maps between
smooth schemes.

We will need the following non-trivial properties of higher Chow groups:

1. Homotopy Invariance: The projection p : X x A! — X induces an
isomorphism

CH (X, m) — CH'(X x A',m)
for any scheme X over k. The proof is given in [Blo86, 2.1].

2. Localization Theorem: For any U C X open, the cokernel of 2/(X, ¢) —
2(U, e) is acyclic. This is proven by Bloch in [BIo94]. (Cf. [BIo&6, 3.3].)
If the complement Z = X — U has pure codimension c, it is easy to see

that we have an exact sequence of simplicial abelian groups (and also
of complexes of abelian groups):

0— 27%(Z, 8) = 2(X, ) — 2°(U, ®) — coker — 0.

Thus the localization theorem yields long exact sequences of higher
Chow groups. The fact that we need to use Bloch’s Localization The-
orem is unfortunate, because its proof is very hard and complex.

Transfers maps associated to correspondences are not defined on all of
21(Y, x). We need to restrict to a subcomplex on which W* may be defined.

Definition 17.4. Let W be a finite correspondence from X to Y. Write
24(Y, m)yy for the subgroup of z/(Y, m) generated by the irreducible subvari-
eties T C Y x A™ such that the pullback X x T intersects WW x A7 properly
in X xY x A™ for every face A7 — A™. By construction, z/(Y, %)y is a
subcomplex of 2*(Y, ).

The proof of the following proposition, which is a refinement of the results
in [Lev9q], is due to Marc Levine.

Proposition 17.5. Let W be a finite correspondence from X toY, with Y
affine. Then the inclusion 2*(Y,*)yy C 21(Y, %) is a quasi-isomorphism.
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Proof. (Levine) Let w : W — Y be a morphism of schemes with Y smooth,
and W locally equidimensional but not necessarily smooth. Write 2*(Y, m),,
for the subgroup of z/(Y,m) generated by the irreducible subvarieties T" C
Y x A™ for which every component of w™!(T') has codimension at least i in
W x A™ and intersects every face properly. By construction, z*(Y,*),, is a
subcomplex of 2(Y *).

For example, if W is the support of a finite correspondence W, let w :
W — Y be the natural map. Then W is locally equidimensional, and the
group z(Y,m),, is the same as the group z*(Y, m)yy of T4

Levine proves that 2/(Y, m),, — 2*(Y,m) is a quasi-isomorphism on p.102
of [Lev98| (in [.I1.3.5.14), except that W is required to also be smooth in
order to cite lemma [.I1.3.5.2 of op. cit.. In loc. cit., a finite set {C;} of
locally closed irreducible subsets of ¥ and a sequence of integers m; < i is
constructed, with the property that 7' is in z(Y,m),, if and only if T is in
2'(Y,m) and the intersections of T with C; x AP have codimension at least
m; for all j and for every face AP of A™. A reading of the proof of lemma
[.I1.3.5.2 shows that in fact W need only be locally equidimensional. O

Definition 17.6. Let VW be a finite correspondence between two smooth
schemes X and Y. For each cycle Y in 2(Y, m)yy, we define the cycle W*())
on X x A™ to be:

WHY) = m((W x A™) - (X x V).
Here m: X x Y x A™ — X x A™ is the canonical projection.

For each W, it is clear that WW* defines a homomorphism from the group
2H(Y, m)y to the group of all cycles on X x A™.

Example 17.7. Let f: X — Y be a morphism of smooth varieties, and let
'y be its graph. For Y in 2*(Y,0)r,, T5(Y) is just the classical pullback of
cycles f*()) defined in [Ser6l, V-28] (see TTA3).

Remark 17.8. The map W* of is compatible with the map W* defined
in [7A7 in the following sense. Given W in Cor(X,Y), W x diag(A™) is a
finite correspondence from X x A™ to Y x A™. If Y is a cycle in 2/(Y,m),
we may regard it as a cycle in Y x A™. The projection formula says
that the following diagram commutes:

z’(}/, m)W — ZZ(Y X Am)w
wr| | W x diag(A™))*

2(X,m) — 2/(X x A™).
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Lemma 17.9. The maps W* define a chain map 2'(Y, x)yy — 2°(X, *).

Proof. Let 9; : A™ —— A™*! be a face, and consider the following diagram,
whose vertical compositions are W*:

%

2(Y x A™) i» 2(Y x A™)
I I

%

1 aj
2(X XY x A" 2 2(X x Y x A™)
W x AmtL. — W x A™. —

oF
2(X XY x A™) L (X xY x A™)
T ) T

o
2(X x A™Hh L 2(X x A™).

The horizontal maps 9} are only defined for cycles meeting the face properly
(see M7Al) and the intersection products in the middle are only defined
on cycles in good position for WW. The top square commutes because of
the functoriality of Bloch’s complex for flat maps, and the bottom square
commutes by

Suppose that Z is a cycle in X x Y x A™! which intersects the face
X xY x A™ as well as W x A™" ! and W x A™ properly. By

Wx A" (X XY xA™) - Z) =X xY x A™ - (W x A™1) . Z),

That is, the middle square commutes for Z. Finally, if ¥ € 2*(Y, m+1),,, the
cycle (W x A™TL) . £#Y is finite over X x A™"! so 7, may be applied to it.
A diagram chase now shows that WW* is a morphism of chain complexes. [

Corollary 17.10. IfY is affine, any finite correspondence W from X to'Y
induces maps W* : CH(Y,m) — CH'(X,m) for all m.

Proof. On homology, 73 and W* give: CH (Y, m) = H,,(2'(Y,*)w) —
Ho(2(X, ) = CHI(X,m). 0

Example 17.11. If f : X — Y is a morphism of smooth varieties, and Y is
affine, we will write f* for the map I'} from 2'(Y, m)r, to 2*(X,m), and also
for the induced map from CH* (Y, m) to CH (X, m). It agrees with Levine’s
map f* (see pp. 67 and 102 of [Lev98]). This is not surprising, since we are
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using lemma [[TH which is taken from p. 102 of [Lev9§]. The map f* may
also be obtained from [Blo86l 4.1] using [Blo94].

If f is flat, then f* is just the flat pullback of cycles. That is, if ) = [V]
then f*()) is the cycle associated to the scheme f~1(V). This fact is a special
case of [TA4

We can now show that the higher Chow groups are functors on the sub-
category of affine schemes in Cory.

Lemma 17.12. Let X, Y and Z be smooth affine schemes. Given finite
correspondences Wy in Cor(X,Y) and Wy in Cor(Y, Z), then

Wy o W) = WiW5 - CHY(Z, m) — CH' (X, m).

In particular, if f1 : X — Y and fo :' Y — Z are morphisms, then
(foo 1) = 1115

Proof. By and [[ZTT] it suffices to show that (W, o Wy)* = WiW;
as maps from z(Z,m)y — 2'(X,m), where W € Cor(Y][X,Z) is the
coproduct of Wy and WhoW,. An element of 2¢(Z, m)yy is a cycle in 2/(Z, m)
which is in good position with respect to both Wy and W, o W,. Hence the
result follows from theorem [TAT3 given the reinterpretation in [7Z8. O

We now extend the definition of the transfer map W* from affine varieties
to all smooth varieties using Jouanolou’s device [lou73, 1.5] and [Wei89, 4.4]:
over every smooth variety X there is a vector bundle torsor X’ — X with
X' affine.

Lemma 17.13. Let X be a variety and p : X' — X a vector bundle torsor.
Then p* : CH*(X, %) — CH*(X', %) is an isomorphism.

Proof. By definition, there is a dense open U in X so that p~'(U) = U x A".
There is a commutative diagram

0 —2"(X" = p~(U)) — 2"(X', %) — 2" (p~"(V))

| |

0—— "X -U) —— 2"(X, %) —— 2" (V).

By homotopy invariance of the higher Chow groups (see p. [4d), the right
vertical arrow is a quasi-isomorphism. By Noetherian induction, the result
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is true for X — U, i.e., the left vertical arrow is a quasi-isomorphism. By the
Localization Theorem and and the five lemma, p* : CH*(X, %) — CH*(X', %)
is an isomorphism. O

Lemma 17.14. Letp: Y’ — Y be a vector bundle torsor and let X be affine.
e Every morphism f: X — Y has a lift f': X — Y’ such that pf' = f.

e Fvery finite correspondence has a lift, i.e., p., : Cor(X,Y') —
Cor(X,Y) is surjective.

Proof. Clearly, X xy Y’ — X is a vector bundle torsor. But X is affine and
therefore every vector bundle torsor over X is a vector bundle (see [WeiS9,
4.2]). Define f' : X — Y’ to be the composition of the zero-section of X xy Y’
followed by the projection. Clearly, pf’ = f.

Now suppose that W C X x Y is an elementary correspondence. Since
W is finite over X, it is affine. By the first part of this proof, the projection
p: W — Y lifts to a map p’ : W — Y’. Together with the projection
W — X, p/induces a lift i : W — X x Y  of W C X x Y. Then (V) is an
elementary correspondence from X to Y’ whose image under p, is W. O

Lemma 17.15. Let X andY be two smooth varieties over k and letp : X' —
X and q : Y' —Y be vector bundle torsors with X' and Y' affine. Then for
every finite correspondence W from X to Y, there exists a correspondence
W' from X' to Y so that go W' =W op in Cor,(X',Y).

X' W Y’

1

X W Y
Proof. Since Cor(X',Y') — Cor(X',Y) is onto by [T W o p has a lift
W' O

Definition 17.16. Let X and Y be two smooth varieties over k£ and let
W be a finite correspondence from X to Y. We define W* : CH (Y, m) —
CH'(X,m) as follows.

By Jouanolou’s device [fou73, 1.5], there exist vector bundle torsors p :
X' — X and ¢ : Y — Y where X’ and Y’ are affine. Both X’ and Y’ are
smooth, because X and Y are. By lemma [[7T3, p* and ¢* are isomorphisms.
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By there is a finite correspondence W' from X’ to Y’ so that go W' =
Wop in Corg(X',Y). Since Y’ is affine, the map W* : CH*(Y',m) —
CH*(X',m) was defined in [ZI0. We set W* = (p*)"'W*¢* : CH*(Y, m) —
CH*(X,m).

cr(x'  crr v v
riz L 0=

CH*(X, ) ~—— CH*(Y, %)

If f:X — Y is a morphism, we define f*: CH (Y, m) — CH(X,m) to
be I'}, that is, f* = (p*)~'(f")*q*, where f': X' — Y’ lies over f.

Lemma 17.17. If X and Y are affine, the map defined in[I7.10 agrees with
the map W* defined in [IT7.10

Proof. By T2, the map defined in equals:
(p*)—lwl* * (p*)—l(q o W/)* — (p*)—l(W Op)* — (p*)—lp*w* — W* 0
Lemma 17.18. The definition of W* in[I7.14 is independent of the choices.

Proof. Suppose given affine torsors X” — X and Y” — Y and a lift W €
Cor(X",Y") of W. We have to show that W and W induce the same map.

We begin by making two reductions. First, we may assume that X’ = X"
and Y/ = Y” by passing to X’ xx X” and Y’ xy Y” and choosing lifts of
W' and W”. (This reduction uses [T.17)

We may also assume that X is affine and that X’ = X, by replacing
X by X’. Thus we need to show that for any two lifts W, and W, of W,
Wo'¢* = Wi ¢ N

By lemma [[ZTY, there is a finite correspondence W so that the following
diagram commutes:

X x Al w Y’
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Since sy and s; are both inverses to the projection p : X x Al — X, we have
s¢p* = sip* by LI Since higher Chow groups are homotopy invariant,

*

p* is an isomorphism and we get sj = sj. Since X and Y’ are affine, and
W; =W o s;, we may apply [Z12 again to get

Wi = siW* = sSW* = W O

Recall from that two correspondences Wy and W, from X to Y are
said to be Al-homotopic, written W, ~ W, if they are the restrictions of an
element of Cor(X x Al)Y) along X x 0 and X x 1.

Lemma 17.19. Let W be a finite correspondence between a smooth affine
scheme X and a smooth Y. If q : Y' — Y is a vector bundle torsor, then
any two lifts Wy and W, are A'-homotopic.

Proof. Let V' be the image of the union of the supports of W, and W, in
X x Y, and let V' denote the fiber product of V and Y over Y; p: V' -V
is a vector bundle torsor. Since X is affine and the induced map V' — X is

finite, V' is affine too. Hence p : V' — V is a vector bundle. Fix a section
s: V=V,

X xY’ Y’

b

Ve—— XXxY Y

Clearly, p is an A'-homotopy equivalence (in the sense of EZ24]) with inverse
s, that is, sp is A'-homotopic to the identity. -

Both W, and W, induce correspondences W, and W, from X to V'. Now
the composition g o (W; x Al) € Cor(X x A', V') is an A'-homotopy from
sp]//\\ji to VA\Z, for = 0, 1. Since pWo = le, we have

)7\70 ~ SPW() = sp)7\71 ~ Wl.

Since W, is the composition of W, with the map V' — Y, W, is Al-homotopic
to Wl. O

At last, we have the tools to show that the higher Chow groups are
presheaves with transfers, i.e., functors on the category Cory of smooth sep-
arated schemes over k.
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Theorem 17.20. The maps W* defined in[I7.14 give the higher Chow groups
CH'(—,m) the structure of presheaves with transfers.

That is, for any two finite correspondences Wy and Wy from X to'Y and
fromY to Z, respectively, and for all « € CH(Z,m):

Wi (W™ (@) = (W o Wh)* ().

In particular, if f - X — Y and fo: Y — Z are morphisms, then (fyo f1)* =
fifs-
Proof. By [CLTH, there is a commutative diagram in C'ory of the form

Wi Wy

X' Y’ A
|
X Wi Y We A

where the vertical maps are affine vector bundle torsors. By [[Z.12 we have
WiIW, = (Wh o W))*. Since the definitions of W) and (W, o W;)* are
independent of the choices by [[ZI8, the statement now follows from an
unwinding of

WiW; = ()" W (@)™ Wy = () Wy o W) r = (Who W)™, O



Appendix 17A- Cycle maps

If W is a finite correspondence from X to Y, we can define a map W* from
“good” cycles on Y to cycles on X. The formula is to pull the cycle back to
X x Y, intersect it with W, and push forward to X. In this appendix, we
will make this precise, in [[TAJl First we must explain what makes a cycle
“good”.

Definition 17A.1. Two subvarieties Z; and Z5 of X are said to intersect
properly if every component of Z; N7, has codimension codim Z; +codim Z,
in X. This is vacuously true if Z; N Zy = 0.

If the ambient variety X is regular, the intersection cycle Z; - Z5 is defined
to be the sum > n;[WW,], where the indexing is over the irreducible compo-
nents W; of Zy N Z,, and the n; are their (local) intersection multiplicities.
Following Serre [Ser65], the multiplicity n; is defined as follows. If A is the
local ring of X at the generic point of W}, and I; are the ideals of A defining
Zl, then

nj =Y (—1)length Tor }(A/I;, A/I).
If X is not regular, the multiplicity will only make sense when only finitely
many Tor-terms are non-zero.

We say that two equidimensional cycles V = > m;V; and W = > n;W;
intersect properly if each V; and W, intersect properly. In this case, the
intersection cycle V- W is defined to be > m;n;(V; - W;).

Exercise 17A.2. Let Vi, )V, and V3 be three cycles on a smooth scheme X.
Show that (V1 -V,)- V3 = Vi - (V- V3) whenever both sides are defined. (This
is proven in [Ser65 V-24].)

Definition 17A.3. Suppose that f : X — Y is a morphism with X and
Y regular, and that ) is a codimension i cycle on Y. We say that f*()) is

157
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defined if each component of f~(Supp()’)) has codimension > i in X. As
in [Ser6hl, V-28], we define the cycle f*()) to be I'y - (X x V) (see [ZAT]),
identifying the graph I'y with X.

As noted in [Ser65, V-29], the intersection cycle makes sense even if X
is not regular, since the multiplicities may be computed over Y by flat base
change for Tor (see [Weid4, 3.2.9]).

Example 17A.4. If f is flat and ) = [V], then f*(}) is the cycle associated
to the scheme f~1(V). If X is a subvariety of Y, then the cycle f*()) on
X is the same as the cycle X - ) considered as a cycle on X. If X —— Y

is a regular embedding, the coefficients of f*())) agree with the intersection
multiplicities defined in [Ful84, 7.1.2].

Definition 17A.5. Let f: Y’ — Y be a morphism of smooth varieties and
W a cycle on Y. We say that a cycle )) on Y is in good position for W
(relative to f) if the cycle f*()) is defined, and intersects W properly on Y.
If Y is in good position for W, the intersection product W - f*) is defined
(see ZAT)). If the map f is flat, the cycle f*()) is always defined.

Let W be an irreducible subvariety of Y’ and let w be the composition
W — Y’ — Y. By [7A1 and [7A-3 a codimension i cycle ) is in good
position for W if and only if codimy w™ (Supp(Y)) > i, that is, if w*(Y) is
defined.

As a special case, we will say that a cycle ) is in good position for a
finite correspondence W from X to Y if ) is in good position for the cycle
underlying W, relative to the projection X x Y — Y.

Remark 17A.6. Let f : X — Y be a morphism of smooth varieties and
let Z be a cycle on X, supported on a closed subscheme Z so that the
composition Z — X — Y is a proper map. It is clear that f.(Z) is well-
defined even though f is not proper.

Definition 17A.7. Let W be a finite correspondence between two smooth
schemes X and Y. For every cycle ) on Y in good position for W, we define

Wi (Y) =m(W- fY),
where f: X XY — Y and 7 : X XY — X are the canonical projections.
The intersection and the push-forward are well-defined by and [7A0
The map W* induces the transfer map for Chow groups, see and [0

For any smooth T, W x T is a finite correspondence from X x7T to Y x T
over T'. By abuse of notation, we shall also write W* for (W x T)*.
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Example 17A.8. We can now reinterpret the composition of correspon-
dences. If W; and W, are finite correspondences from X to Y and from Y
to Z, respectively, we have:

Wg o) W1 = (Wl X Z)*(Wg) = (X X Wg)*(Wl)
Here are two formulas which are useful in the study of W*.

Lemma 17A.9. Consider the following diagram of varieties

/

x -7 .x
1)
Yy’ %
g

where the square is fiber and both X and Y are smooth. Let X be a cycle
on X whose support is finite over Y and for which (¢')*X is defined. Then
g* foX is defined and g* f.X = fl(¢')*X.

Proof. 1f V' is a component of X, then the map f : V — f(V) is finite.
Hence f': (¢')"*(V) — ¢ '(f(V)) is finite too, so that codim(g')~*(V) =
codim g~ (f(V)). By hypothesis, codim(g’)~*(V) > i, which proves that
g* X is defined. The equality now follows from [Eul75l 2.2(4)]. O

Lemma 17A.10 (Projection Formula). Let f : X — Y be a morphism
of smooth schemes. Suppose given a cycle X on X, whose support is finite
over Y, and a cycle Y on'Y which is in good position for X (see [ITA.]).
Then f,X and Y intersect properly, and the projection formula holds:

Proof. Since the restriction of f to the support of X is finite, it is clear that
f+«(X) and Y intersect properly too. The result is now a consequence of the
basic identity 2.2(2) of [Ful75], or [Ser65, V-30]. O

Exercise 17A.11. Let ¢ be the inclusion of a closed subvariety W in a
smooth scheme X and let f: X — Y be a map of smooth schemes. Prove
that if ) is a cycle on Y so that both f*) and (fi)*()) are defined, then
i (f1)*(Y) =W - f*Y. Hint: Use [Ser65, V-30] or [Ful75, 2.2(2)].
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Recall from that if V' — Y is a morphism with Y regular, then the
pull-back Zy, of a relative cycle Z in T' x Y is a well defined cycle on T x V'
with integer coefficients.

Lemma 17A.12. Let T and Y be reqular and let Z be a cycle in T XY
which is dominant equidimensional over Y. If f : V. — Y is a morphism,
then the pull-back Zy agrees with the pull-back cycle (f x T)*(Z).

Proof. Note that Z is a relative cycle by [[ACD so that Zy is defined. Its
coefficients are characterized by the equalities (2v), = Z(,) for every v €
V. By [RelCy}, 3.5.8 and 3.5.9], the coefficients of Zy are the same as the
multiplicities in [7AZ] i.e., the coefficients of (f xT)*(Z) given by [7TA3 O

Theorem 17A.13. Let W, and W be two finite correspondences from X
toY and from'Y to Z, respectively. Suppose that Z is a cycle on Z which is
in good position with respect to both Wy and Wy o Wy. Then

(Wa o Wi)*(Z2) = Wi (W;(2)).
The term Wy (W5 (Z)) makes sense by the following lemma.

Lemma 17A.14. Let Z be in good position for Wy and Wy o Wy. Then
W3 (2) is in good position with respect to W;.

Proof. We may assume that the correspondences are elementary, i.e., W
and W, are subvarieties Wi and W5 of X x Y, and Y X Z, respectively.
In this spirit, we will write W5 o W, for the subvariety of X x Z which is
the support of the composition of correspondences, W, o W;. Consider the
following diagram:

W2 o W1
U C
e
Wl Xy W2 W2 d Z
q p
b
Wi Y
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By hypothesis, codimd~!(Z) > codim Z and codim ¢! (Z) > codim Z.
We claim that codimb~'pd='Z > codim Z. Since the central square is
cartesian, b~'p = ge~!. Since ¢ is finite, this yields

codimb 'pd™'Z = codimge 'd™'Z = codime 'd1 Z.
But e 'd™' = v~ 'c¢7!, and u is finite, so:
codime™'d™'Z = codimu'¢'Z = codim ¢! Z.
But codim ¢™'Z > codim Z by hypothesis, as claimed. O

Proof of[I7A.13 The right side is defined by [TAT4. We will follow the
notation established in figure [7AT], where we have omitted the factor A™ in
every entry to simplify notation. Note that the central square is cartesian.

X xZ

XXYXZ VY xZ 7z

d

X

Figure 17A.1: Composition of correspondences

By definition [[7.6 we have

W W, (2)) = reWr - 0" (p (W - d" Z))).
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Since the central square is cartesian, we have b*p, = g.e* by [[TA.9 Since
the pull-back e* is a ring homomorphism, we have

b (p Wy - ' 2)) = ("W - d* 2)) = g, (6" (W) - *d"2) .

Consider the two cycles X = e*(Ws) - (de)*(Z) and Y = W, and the function
q. The intersection X - ¢*Y = e*(Whs) - (de)*(Z) - ¢*(W;) is proper because
Z is in good position with respect to Wy o W;. Therefore the conditions for
T7A 10 are satisfied, and the projection formula yields V- ¢.X = q.(¢*Y - X),
ie.,

WIW3(2)) = 14q. (¢ (W1) - (€7 (W) - €7d" Z)) .

Since the push-forward and pullback are functorial, we have r.q, = v,u, and
e*d* = u*c*. Our cycle then becomes

Vel (L) - " (Wa) U Z) .

We may use the projection formula ([ZAT0) once again, this time for u*,
with X = ¢*(W)) - e*(Ws) and Y = ¢*Z (the conditions are satisfied by the
same argument we used above). This yields u.(X - u*Y) = (u.X) - Y, i.e.,

WI(W3(2)) = vi (ux(g" (W) - €2 (W2)) - " Z) .

Since the composition of W; and W, as correspondences is exactly u.(¢*(W,)-
e*(Wh)), the last equation becomes

WI(W3(2)) = v(Wa 0 W) - ¢ Z) = (Wa 0 W) (2).

This concludes the proof of [TA. T3] O



Lecture 18

Higher Chow groups and
equidimensional cycles

The next step in the proof of theorem [[Al (that motivic cohomology and
higher Chow groups agree) is the reduction to equidimensional cycles. The
main references for this lecture are [HigCh] and [ES00).

Definition 18.1. For an equidimensional X, and : < dim X, we write
Zequi(X,m) for zegui(X,dim X — 4)(A™), the free abelian group generated
by all codimension i subvarieties on X x A™ which are dominant and equidi-
mensional over A™ (of relative dimension dim X —i). We write zéqm—(X ;o)
and z{,,;(X,*) for the simplicial abelian group m — z/ (X, m) and its
associated chain complex, respectively.

By 73, z},,,(X,m) is a subgroup of z*(X,m) and 2},

cial subgroup of 2¢(X e).

(X, ) is a simpli-

Example 18.2. The inclusion 2z’ (X, *) C 2*(X,*) will not be a quasi-

isomorphism in general. Indeed, if ©> d then 2 gui(X,m) = 0 while 2*(X, m)
is not generally zero. For example, consider X = Speck. If © > 0 we have
Ztui(SPeck, ) = 0. In contrast, z'(Speck,i) is the group of points on A’
which do not lie on any proper face. We will see in [ that H,2*(Spec k, *) =

H%(Speck) = KM (k).

Theorem 18.3. (Suslin [HigCH, 2.1]) Let X be an equidimensional affine

scheme of finite type over k, then the inclusion map:
2 (X, *) — 2(X, %)

equi

s a quasi-isomorphism for i < dim X.

163
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Corollary 18.4. Let X be an affine variety, then for all i > 0

CH'(X,m) = Hp(2,.(X x A" %)).

equi
In particular, CH*(Speck, m) = Hy,(2},,;(A", %)).

Proof. This is an immediate corollary of I8 definition [Z1l and the homo-
topy invariance of the higher Chow groups; see page O

We need lemmas [[87], and to prove theorem [[3 All of
their proofs rely on a technical theorem [8AT], which will be proven in the
appendix.

We begin by introducing some auxiliary notions. Let X be a scheme over

S.

Definition 18.5. An N—skeletal map ¢ over X, relative to X — S, is a
collection {¢, : X x A" — X x A"}V of S-morphisms, such that ¢, is the
identity 1x and for every face map 9; : A"~! — A™ with n < N the following
diagram commutes.

X x An 2L x o A

1X><(9jl llxX&j

X x A" — 2" L X % A"
Note that ¢y determines ¢, for all n < N. When S = X, we shall just call
@ an n-skeletal map over X.

The condition that an (N — 1)-skeletal map over X can be extended to
an N-skeletal map is a form of the homotopy extension property, and follows
from the Chinese Remainder Theorem when X is affine.

For example, a 1-skeletal map over X = Spec R (relative to S = X) is
determined by a polynomial f € RJt] such that f(0) =0 and f(1) =1; ¢, is
Spec of the R-algebra map R[t] — R|[t] sending t to f.

Definition 18.6. Given an N-skeletal map ¢ over X and n < N, we define
©2'(X,n) to be the subgroup of 2*(X,n) generated by all V in X x A" such
that ¢ (V) is defined and is in 2/(X,n). If n > N we set ¢2'(X,n) = 0.
In other words, ©z*(X,n) is the group of cycles in X x A™ which intersect
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all the faces properly and whose pullbacks along ¢, intersect all the faces

properly.

By definition we know that the face map 9; : 2/(X,n) — 2/(X,n—1)
sends 0z (X, n) to pzi(X,n —1). Thus pz/(X,*) is a chain subcomplex of
2'(X, x). Moreover it follows from [[85 that the ¢} assemble to define a chain
map p* : 2" (X, %) — 2/(X, *).

Similarly, we can define ¢z/ (X, n) to be the subgroup of 2/ ,(X,n)
generated by all V such that ¢ (V) is defined and is in 2{,,;(X,n). The
same argument shows that ¢z} (X, *) is a subcomplex of 2! (X, n) and

that the o, form a chain map ¢* : 2!, (X, %) — 22 (X, ).

equi equi(

2(X,2) — 2/(X,1) — 2(X,0) —— 0.

Figure 18.1: A 1-skeletal map ¢ and its chain map ¢*.

Lemma 18.7. (See [HigCH, 2.8]) Let C. be a finitely generated subcomplex
in 2'(X, *) with i < dim X. Choose N so that C,, =0 forn > N. Then there
is an N-skeletal map @ over X such that C, C ¢2'(X,*), and the chain map
0% 2 (X, %) — 21X, %) satisfies
90*0* g Zéqui(X7 *)

Example 18.8. If N =1, and a € k — {0, 1}, the subvariety V = X x {a}
of X x Alis in 2'(X,1) but not z},,,(X,1). If X = SpecR, fix r € R and
let ¢1 : X x A — X x A! be the 1-skeletal map defined by the R-algebra
map R[t] — R[t] sending ¢ to f(t) =t +r(t* —t). The condition that }(V)
is in 2},,,(X, 1), i.e., dominant and equidimensional over A', is equivalent to
the condition that the map r : X — A! is equidimensional, i.e., that » — 3
be nonzero in the domain R for all 3 € k. Indeed, the fibre of »;* (V) over
t # 0,1 is supported on R/(r — (v —t/t*> —t)), and is empty if ¢ = 0,1. Such
r always exists when dim X > 1.
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Proof of [I87] Suppose that C,, is generated by {V¥} C 2/(X,n). Set d =
dim X — ¢ and note that d > 0 since 1 < dim X. Then V,, = UV,{c is closed in
X x A" of dimension n + d.

We proceed by induction on N. Since N is finite, we may assume that
the 9;(V,F) are supported in V,,_;. Inductively, we may suppose that we
have constructed an (N — 1)-skeletal map {y,} such that the fibers of the
projections ¢, *(V,) — A™ have dimension < d. Let AN be the union
of the faces AY. The compatibility granted by definition implies that
these maps fit together to form a map from X x OAY to itself such that
the fibers of o™1(X x OAN) N Vy — OAYN have dimension < d. By Generic
Equidimensionality [8AT] this map extends to a N-skeletal map @y : X X
AN — X x AN over X such that the fibers of ¢ (Vy) — AY have dimension
< d. Because each component W of ¢ ~1(V¥) satisfies the inequality dim W <
n+d = dim V¥, each cycle ¢} (V,F) is defined and lies in 2/ _,;(X,n). Since C,
is generated by the V¥, it lies in pz*(X,n) and satisfies p*(C,,) C 2¢_;(X,n).

]

equi (

Definition 18.9. Let ¢ and ¢' be N-skeletal maps over X. An N—skeletal
homotopy ® between ¢ and ¢! is an N-skeletal map {®, : X x A" x Al —
X x A" x A} Sover X x Al relative to the projection X x A — X which
is compatible with the ¢’ in the sense that the following diagram commutes
for every n.

X x A" % X x A" x Al L X x A7

1o

Xx A" 0% X x A" x Al 2 X x A7

0

oo ©n

The subgroup ®z°(X,n) of 2/(X,n) is defined to be the subgroup generated
by all V in X x A" such that (¢°)*(V), (©')*(V) and ®*(V x A!) are all
defined. As in definition [8H, ®z¢(X, *) is a subcomplex of 2/(X, *). In fact,
Pzt s in (p%2%) N ('2Y).

Lemma 18.10. If ® is an N-skeletal homotopy between ©° and ', then the
maps (©°)* and (¢)* from ®24(X, %) to 21(X, *) are chain homotopic.

Proof. For 0 < j <n, let h; denote the composite

1x x 6; d,
X ]XXA"xAquxA"xAlﬁ’»XxA",




167

where the isomorphisms 8; : A"t — A" x A! were defined in 18, and pr is
the projection. That is, for V in ®z/(X,n) we define

REV] = (1x x 6;) @5V x Al € 2/(X,n + 1).

The b} form a simplicial homotopy (see [Wei94, 8.3.11]) from doho = @' to
Ops1hn = ¢°. Hence their alternating sum h = ) (—1)’h} satisfies hd+0h =

()" — (¢*)*. (This is illustrated in figure when N = 2.) O
0 , .
0 O2'(X,2) —— D2'(X,1) —— P2'(X,0)
1 0 1 0 0_1
L P2l | P2 L Y| |¥1 0 Yol |%o X
, 0 . 0 . 0 .
2'(X, 3) 2'(X,2) 2'(X,1) 2'(X,0)

Figure 18.2: The chain homotopy between ¢ and ¢* when N = 2.

Proposition 18.11. Let ¢ be an N-skeletal map, and {V¥} a finite set of
varieties in @z (X,n), n < N. Then there exists an N-skeletal homotopy ®
between ¢ and the identity map, such that each ®*(V* x Al) is defined and
lies in 2%, (X x Al n).

equi

Proof. Set d = dim(X) — 4. As in the proof of I8 we construct ®, by
induction on n. Inductively, we are given an (N — 1)-skeletal map ®,, such
that the fibers of the projections ®~1(V* x Al) — A" x A! have dimension
< d. Let O(AY x A') denote the union of (OAY) x Al and AN x {0,1}.
The compatibility with the faces of AN and with iy, i; granted by definition
implies that the ®,, and ¢ fit together to form a map 0®y from X x
I(AN x A1) to itself such that the fibers of

OB (X x O(AN x AN NV x Al) — AN x A

have dimension < d. By Generic Equidimensionality IRAT, with A" =
AN x A, this map extends to a map ®y from X x AN x Al to itself which
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extends 0@y (i.e., an N-skeletal homotopy from the identity to ¢ over X),
such that the fibers of ®'(VE x A') — AN x A! have dimension < d over all
points of AN x A not on (AN x A!). This completes the inductive step, and
shows that each cycle ®* (V¥ x A!) is defined and lies in z¢_;(X x Al,n). O

equi

In order to simplify the proof of theorem we need to introduce the
“topological” notion of weak homotopy.

Definition 18.12. Two maps f,g : K — L of complexes of abelian groups
are called weakly homotopic if for every finitely generated subcomplex C'
of K, the restrictions f|c and g|¢ are chain homotopic.

It is easy to check that weakly homotopic maps induce the same maps
on homology. If K and L are bounded complexes of free abelian groups, this
notion is equivalent to the usual notion of chain homotopy between maps. To
see that this notion is weaker than chain homotopy, consider a pure subgroup
A of B which is not a summand, such as ®{°Z C [[°Z. Then the canonical
map from (A — B) to (A — 0) is weakly homotopic to zero but not chain
contractible.

Lemma 18.13. (See [HigCH, 2.3 and 2.6]) Let ¢ be an N-skeletal map over
X. Then the maps i and ©* are are weakly homotopic on @z*:

(pzi(Xv *) — Zi(Xa *)7

i

and also on vzg,,;:

@Z;qui()g *) e Zequi(X7 *)

)

Note that the following diagram commutes

(pzéqui(Xv _) — SDZZ(X7 _)

* ; *

i | A"

2t (X, =) — 21X, ).

equi

(X,n), and p*a € 2z ,,(X,n), then a €

equi

Moreover if a € pz'(X,n) N Zi,qui
(pzéqui (X7 n)
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Proof of [8.3. We have to prove that the induced map on homology classes
is an isomorphism:
Hy (2L (X, %)) — Hy(2'(X, %)) (18.13.1)
First we prove surjectivity. Let a € z/(X,n) be such that d(a) = 0.
Lemma [[87 provides an integer N and an N-skeletal map {¢,} such that
a € pz'(X,n) and p*(a) € 2,,(X,n). By I8T3 a — ¢*a is a boundary in
2(X,n), i.e., a and ¢*(a) represent the same class in homology. Hence the
map I8T33 Tl is surjective.
For injectivity we need to consider a € 2,,;(X,n) so that d(a) = 0 and
b e 2(X,n+ 1) with d(b) = a. Apply lemma [[87 to b and a. We find an
(n + 1)-skeletal map ¢ such that a,b € ¢z'(X, x) and p*a, ¢*b € 2 (X, *).
But now we have:
pra =" (db) = d(¢"b) = 0.

From lemma [[8T3, a and ¢*a = 0 represent the same class in the homology
of 2! .(X,*). Therefore a is a boundary in 2! ,(X,*). Hence the map

equi equi

([IBIZ) is also injective. O

Now we shall prove lemma using IRATL

Proof of [&T13. Consider a subcomplex C, — ¢2*(X, *) generated by some
closed irreducible subvarieties V¥ so that 9;(V,¥) is a linear combination of
generators. It suffices to prove that the inclusion of C, into 2*(X,x) is ho-
motopic to ¢*. But this is just an application of [Tl and

Lemma 18.14. (See [HigCH] 2.4) For any V and ¢, as before and any
A™ — A" x Al (idx x 0)7H(V x A') has dimension < m +t.

So 0*(V) is well-defined and we can verify that & is an homotopy. O
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Appendix 18A- Generic
Equidimensionality

This appendix is devoted to a proof of the following Generic Equidimension-
ality Theorem, due to Suslin. (See [HigCh] 1.1.)

Theorem 18A.1. Let S be an affine scheme of finite type over a field. Let V'
be a closed subscheme of S x A™, Z an effective divisor of A™ and ¢ : S X Z —
S x A" any morphism over S. For everyt > 0 so that dim'V < n +t, there
exists a map P : S x A" — § x A" over S so that:

]. (I)|S><Z = QO,'

2. the fibers of the projection ®~1(V) — A™ have dimension <t over the
points of A" — Z.

The S-morphism ¢ : S x Z — S x A™ is determined by its component
o SxZ — A" If S C A™, we can extend ¢’ to a morphism v’ :
A™x Z — A". If we knew the theorem for A", there would exist an extension
U A™ x A" — A" of 9’ such that, setting ¥(X,Y) = (X, V'(X,Y)), the
fibers of U~1(V) — A™ over points of A" — Z have dimension < ¢, and the
restriction ® of ¥ to S x A™ would satisfy the conclusion of the theorem.
Thus we may suppose that S = A™.

Write A™ = Spec k[xy, ..., x| and A" = Spec k[y1, . .., yn). If the divisor
Z is defined by a polynomial h € k[Y'] then the component ¢’ : A™ x Z — A™
of ¢ extends to f = (f1,...,fn) : A™ x A" — A" for polynomials f; €
k[X,Y] defined up to a multiple of h. For each n-tuple F' = (Fy,..., F,) of
homogeneous forms in k[X] of degree N, consider the maps

Or: A" x A" — A"
Op(X,Y) = (A(X,Y) + h(Y)F(X), ..., fuX,Y) + h(Y)Fo(X)).

171
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By construction, the restriction of &z to Z x S is ¢/, i.e., property (1) holds.
It suffices to show that if N >> 0 and the F; are in general position then
O(X,Y) = (X,Pp(X,Y)) has the desired property (2).

If I = (g1,...,9s) is the ideal of k[X,Y] defining V', then the ideal J of
k[X,Y] defining ®~!(V) is generated by the polynomials

gj(X, (I)F> = gj(xl, vy Tmyy (I)l, (I)Q, ey (I)n), (I)z = fZ(X, Y) + h(Y)E(X)

If bis a k-point of A", the ideal J, of k[X| defining the fiber over b is generated
by the g;(X, ®p(X,b)). We need to show that if b ¢ Z, then J, has height
>m —t.

Example 18A.2. Suppose that m = 1 and t = 0. We may assume that
dimV = n, and that V is defined by g(z,Y) = 0. Then ® (V) is defined
by g(z, ®r), Fi(z) = a;z", and the fiber over b € A" — Z is defined by

g(z, fi(z,b) + h(b)az™,...) = 0.

Since b € Z, h(b) # 0. Hence the left side of this equation is a nonzero
polynomial in k[z| for almost all choices of ay,...,a, when N >> 0. Hence
the fiber over b is finite.

The same argument works more generally when t = m—1; we may assume
that V' is defined by g = 0, and the fiber over b is defined by g(X, ®p(X, b)) =
0. In order to see that the left side is nonzero for almost all choices of
Fi, ..., F, one just needs to analyze the leading form of g(X, ® ) with respect
to X.

For any ring R we grade the polynomial ring R[X] = R[z1,...,z,] with
all z; in degree 1. Any polynomial of degree d is the sum f = F;+ ...+ Fy
where F; is a homogeneous form of degree i; Fy is called the leading form of
f with respect to X. If I is an ideal in R[X] the leading forms of elements
of I generate a homogeneous ideal I" of R[X].

Lemma 18A.3. Let R be a catenary Noetherian ring, I C R[X] an ideal,
and I the ideal of leading forms in I with respect to X. Then ht(I") = ht(I).

Proof. Let I, C S = R[xq,...,%,] be the homogeneous ideal defining the
closure V' of V(I) in P. Then ht(I) = htg(l) = htg(In, o) — 1. But
[/ = (Ih,l’o)S/fL‘()S, SO ht(]/) = hts(]h,l’o) — 1. O
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Now the ring k[X,Y] is bigraded, with each z; of bidegree (0,1) and
each y; of bidegree (1,0). Thus each polynomial can be written as a sum
g = > G;;, where the G;; have bidegree (i, j). Ordering the bidegrees lex-
icographically allows us to talk about the bidegree of g, namely the largest
(p, q) with G, # 0; this G, is the bi-homogeneous leading form of g.

Without loss of generality, we assume that the generators gy,...,gs of [
have the following property: the bi-homogeneous leading forms G;(X,Y") of
g; generate the ideal of the leading forms of I.

Lemma 18A.4. If F,..., I, are homogeneous forms in k| X| of degree N >
max{degy(f;),degy(g;)} then the ideal J' of leading forms in J with respect
to X contains forms h"G;(X, Fy,..., F,), forr >>0.

Proof. (See [HigCh] 1.6.1.) Recall that .J is generated by the g;(X, ®p).
For any choice of the N-forms F; it is easy to see that degy g;(X,®p) =
degy Gj(X,®p) = Ndegy G; + degy G4, and that the leading form in
g;(X, @) with respect to X is hdev GG (X, Fy,..., F,). O

Proposition 18A.5. Let T C A" xA"™ be a closed subscheme of dimension <
n+t, t > 0. If k is infinite, then for any N > 0 we can find forms Fy, ..., F,
in k[X] of degree N so that W = {w € A™ : (w, Fy(w), ..., F,(w)) € T'} has
dimension at most t.

Proof. The vector space on n-tuples F' = (F},. .., F,) of homogeneous forms
of degree N in k[X] is finite-dimensional, say dimension D. We identify
it with the set of k-rational points of the affine space A”. Consider the
evaluation map

n:A™ x AP — A™ p(w, F) = (w, F(w)).

If w # 0, the fibers of n : w x AP — w x A" are isomorphic to AP,
because the linear homomorphism n(w,—) : AP — A" is surjective. By
inspection, n71(0 x A") = 0 x AP. It follows that n~*(7) has dimension at
most D +¢.

Now consider the projection 7 : n~1(T) — AP. The theorem on dimen-
sion of the fibers [Har77] 111.9.6 implies that there is a nonempty U C AP
whose fibers have dimension < t. Choosing a rational point in U, the corre-
sponding homogeneous forms (Fy, ..., F},) satisfy dim{w € A™ : (w, F(w)) €
T} <t. O
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Remark 18A.6. The case N = 0 is easy to visualize, since D = n. There
is an open subset U of A" so that for each b € U the fiber T'N (A™ x b) of
the projection T'— A™ over b has dimension at most t.

If T is defined by bi-homogeneous polynomials, then W is defined by ho-
mogeneous polynomials. Suslin states for the corresponding projective
varieties in [HigCh] 1.7.

We are now ready to complete the proof of theorem IRATl By OSA3
Jy C k[X] has the same height as the ideal J; of its leading forms. Suppose
that N > max{degy(fi),degx(g;)}. Since h(b) # 0, J, contains all the
G;(X,F) by IBAAl Let T C A™™ be the variety defined by the ideal of
bi-homogeneous forms of 7, i.e., the G;(X,Y’). Hence the variety W = {w €
A™ : (w, F(w)) € T} is defined by the G;(X, F). By two applications of
ORA3 dim7 = dimV < n+t. Thus dimW <t by But the height
of J} is at least the height of the ideal generated by the G,(X, F), i.e., the
codimension of W, which is at least m — ¢.



Lecture 19

Motivic cohomology and higher
Chow groups

With the preparation of the last three lectures, we are ready to prove the
fundamental comparison theorem:

Theorem 19.1. Let X be a smooth separated scheme over a perfect field k,
then for all m and i there is a natural isomorphism:

H"(X,Z) —~ CH'(X,2i — n).
Because CH'(X,0) is the classical Chow group C'H*(X) we obtain:
Corollary 19.2. H*(X,Z) = CH'(X)

It is clear from definition [ZJ] that CH*(X,m) = 0 for m < 0. We
immediately deduce the:

Vanishing Theorem 19.3. For every smooth variety X and any abelian
group A, we have H" (X, A) = 0 for n > 2i.

The proof of M3l will proceed in two stages. First we will show (in theo-
rem [[1.)) that Z(:)[24] is quasi-isomorphic to U +— 2*(U x A’, x) as a complex
of Zariski sheaves. Then we will show (in [OI2) that the hypercohomology
of 2i(— x A" %) is CH'(—, *).

We saw in 067 that Z(i) is quasi-isomorphic to the Suslin-Friedlander
motivic complex Z5F(i). Recall from page that the shift Z5%(i)[2i] is
the chain complex Cizequi (A7, 0) associated to the simplicial abelian presheaf
with transfers Clzegi(A,0), which sends X to m — zegi (A%, 0)(X x A™).
The following result generalizes example [T.2

175
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Lemma 19.4. Let T be smooth of dimension d. Then for all X there is an
embedding of simplicial abelian groups:

CoZequi(T,d —i)(X) —— 2"(X x T, ).
In particular (for T = A?), Z°F (1)[2i](X) is a subcomplex of /(X x Al x).

Proof. The cycles in C,2equi(T,d — )(X) are equidimensional over X x A™
at all points, while the ones in 2°(X x T,m) need only be equidimensional
at the generic points of the faces of X x T' x A™. Hence the first group is
contained in the second group of cycles. Moreover, the face maps of the two
simplicial groups are compatible by TAT2 O

Example 19.5. The complex Z°F(7)[2i](Y') is a subcomplex of 2¢(Y x A%, %)y
(see IZH) for every finite correspondence W from X to Y. Indeed,
Zequi(A7, 0) (Y x A™) lies in 2*(Y x A%, m)yy,a: because every generating cycle
is quasi-finite over Y x A™.

In contrast, it is easy to see that 2y (Y x A’ dimY)(A™) need not lie
in 2/(Y x A", m)yxa:, by letting X be a point of Y.

For any schemes X and T, consider the simplicial presheaf on X:
U 2'(U xT,e).

This can be regarded as a simplicial sheaf on the flat site over X and hence
on both the (small) étale site and the Zariski site of X as well. We will
write z'(— x T, %) for the associated complex of sheaves. The homology of
2'(— x T, ) has the more general structure of a presheaf with transfers by
200

Proposition 19.6. The homology of the embedding in is a morphism
of presheaves with transfers:

H,, O zequi(A0) (=) — Hp2'(— x A" %) = CH'(— x A, n). (19.6.1)

Proof. The source and target are presheaves with transfers by and [Z20,
respectively. It suffices to show that their transfer maps are compatible.
Let W be an elementary correspondence from X to Y. We need to verify
that ¢y and W* are compatible with the map ([[O61]). If W is the graph
of a flat map from X to Y, then ¢y and W* are compatible because both
are just the flat pull-back of cycles. Since W* is defined in [[Z.16 by passing
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to an affine vector bundle torsor Y’/ — Y, a simple diagram chase (which we
leave to the reader) shows that it suffices to prove the statement when Y is
affine.

Let Y be affine. Since H,z/(Y x A", m)y = H,2*(Y x A’ m) by [ZH, the
result will follow once we show that the following diagram commutes.

Zequi(Ai, O) (Y X Am) ﬂv’ Zeqm‘(Ai, O) (X X Am)
s | |
Z(Y x A", m)w Z(X x A", m)

Let 4, f and 7, respectively, denote the products with A’ x A™ of the
inclusion W —— X x Y, and the canonical projections X x Y — Y and
X XY — X. The transfer map W* was defined as W*(Z) = 7. ((W x A’ x
A™) . f*Z) in According to [[63 the transfer map on zeg; (A%, 0)(Y X
A™) is ¢w (Z) = (im)«(Zwxam), where the pull-back Zy,am was defined on
page [A By I7ZATA Zyyam = (fi)*(Z), so we have:

ow(Z) = (im).(f1)"(2) = miu(f1)"(2).
By AT i.(fi)*(Z) = (W x A® x A™) - f*Z and therefore for every Z in
Zequi(A%,0) (Y x A™) we have:
dw(Z) = m (W x A" x A™) - [*Z) = W*(2). O
Example 19.7. If E is a field over k, then the map of [0.0 evaluated at
Spec E is an isomorphism:

H,,C\ zequi(A", 0)(Spec E) = H,,2'(Spec E x A, %).

This follows from Suslin’s theorem with X = A%, | since we may identify
Zequi( A 0)(A%) and zegui(Af, 0)(A™) by [EH

This implies that theorem [[3.1] is true when evaluated on fields. To see
this, set S = Spec F and recall that H™(S,C*) = H™C*(S) for any complex
of sheaves C*. By[[6.7, the above map fits into the sequence of isomorphisms:

H™(S,7) = H"Z(i)(S) = H"Z" (i)(S) =
H2i—n0*zequi(Ai> 0)(S) —E' H2i—nzi(AiEa *) =
CH'(A%,2i —n) =2 CH'(S,2i —n).



178 LECTURE 19. MOTIVIC COHOMOLOGY AND ...

Theorem 19.8. The map Z°7 (i)[2i] = Cizequi(A,0) — 2°(— x A %) is a
quasi-isomorphism of complexes of Zariski sheaves.

Proof. The induced homomorphisms on homology presheaves,
H,, O zequi(AY0) — Hp2'(— x AY) %) (19.8.1)

are morphisms of presheaves with transfer by The left side is homo-
topy invariant by and the right side is homotopy invariant because the
higher Chow groups are homotopy invariant (see p[I4d). By [ this is an
isomorphism for all fields. By [[I.2 the sheafification of the map ([O.X1]) is
an isomorphism. Hence C\zegui(AY,0) — 2°(— x A%, %) is a quasi-isomorphism
for the Zariski topology. O

Corollary 19.9. For any smooth scheme X, the inclusion of [I9.4 induces
an isomorphism:

(X, Z) —— H"2(X, 2'(— x A%, %)).
Proof. By 6.1 and M-8, we have the sequence of isomorphisms:

H™(X,Z) = H"(X, Z(i)) = H"(X, Z°F (1)) =
H" (X, Z5F (i)[21]) — H""%(X, 2/(— x A, *)). O

Corollary is the first half of the proof of M3l The rest of this
lecture is dedicated to proving the second half, that H™™ (X, 2*(— x A%, %)) =
CH'(X,m). To do this, we shall use Bloch’s Localization Theorem (see
pIId) to reinterpret the higher Chow groups as the hypercohomology groups
of a complex of sheaves.

A chain complex of presheaves C' is said to satisfy Zariski descent on
X if H*(C(U)) — H*(U, Cz4) is an isomorphism for every open U in X.

Definition 19.10. Let C be a complex of presheaves on Xz, (the small
Zariski site of X'). We say that C' has the (Zariski) Mayer-Vietoris prop-
erty if for every U C X, and any open covering U = V; U V5, the diagram

) c(W1)

|

C(Va) — C(VinVy)
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is homotopy cartesian (i.e., the total complex is an acyclic presheaf). This
implies that there is a long exact sequence

- — H'(C(U)) — H'(C(W)) & H'(C(Va)) — H'(C(ViNVa)) — -+

For example, any chain complex of flasque sheaves has the Mayer-Vietoris
property. This is an easy consequence of the fact that C(U) — C(V') is onto

for each V C U.
The following result is proven in [BGT3].

Theorem 19.11 (Brown-Gersten). Let C' be a complex of presheaves on
X with the Mayer-Vietoris property. Then C' satisfies Zariski descent. That
is, the maps H*(C(U)) — H*(U, Czqr) are all isomorphisms.

Our main application of the Brown-Gersten theorem is to prove that
Bloch’s complexes satisfy Zariski descent.

Proposition 19.12. Let X be any scheme of finite type over a field. For
any scheme T, each z*(— x T) satisfies Zariski descent on X. That is, for
all m and @, we have:

CHY (X xT,m) 2H ™(X,z'(— xT)).
In particular (for T = A?),
CH (X, m) —— CH'(X x A, m) —— H™(X, 2'(— x A")).

Proof. (Bloch [Blo86, 3.4]) By MITI we have to show that C(U) = 2*(U x T)
has the Mayer-Vietoris property. For each cover {Vi, V,} of each U we set
Vis = Vi NV, and consider the diagram:

0—C(U-V)) — C(U) — C(V}) — coker; — 0

-]

0— C(Vo —Vig) — C(Vy) — C(V13) — coker o — 0.

By Bloch’s Localization Theorem, the cokernels are both acyclic. A diagram
chase shows that the middle square is homotopy cartesian, i.e., the Mayer-
Vietoris condition is satisfied. O

We are now ready to prove the main result of this section, theorem T3l
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Proof of [[91 Using and [@.T2 we define the map to be the composi-
tions of isomorphisms:

H™(X,7) 2 H"(X, Z(i)) — H"%(X, 2/(=xA")) 2 CH'(X, 2i—n). O

Zariski descent has also been used by Bloch and Levine to show that the
higher Chow groups are functorial for morphisms between smooth schemes.
We conclude this lecture by showing that their definition agrees with ours.

Definition 19.13. (Bloch-Levine) Let f be a morphism from X to Y. Natu-
ral maps f*: CH'(Y,m) — CH'(X,m) for all m and ¢ are defined as follows.
As in the proof of [ZH, write z*(Y, %) for z*(Y, *)r,.

If U C Y is open, 2'(Y,*); restricts to z'(U,*)s, and 2} is a complex
of sheaves. Since Y is locally affine, 2} >~ 2' by [[7H and there is a map
2y — [z of complexes of sheaves on Y. The map is now defined using
Zariski descent as the composite:

CH'(Y,m) 2 H™(Y,2') 2 H ™(Y, 2}) <~ H™(X,2') = CH(X, m).

Example 19.14. If ¢ : Y/ — Y is flat, then zé = 2', and the map ¢* defined
in is just the flat pull-back of cycles map ¢*, described in [CZTT1

Lemma 19.15. If X —2+ Y L7 are morphisms of smooth schemes,
then the maps defined in [[913 satisfy (fg)* = g*f*.

Proof. Tt fg[]f: X]]Y — Z, we can restrict (fg)* and f* to the subgroup
Z1(Z,m) o117~ Since (fg)* = g* f* on cycles (see [Ser6dl, V-30]), f* maps this
subgroup into z*(Y,m),. By construction, the diagram of groups

2 Z,m)sg11s — 2'(Z,m) g

\f* \(m)*
(Y m)y — L (X, m)

commutes. Sheafifying and applying hypercohomology, and Zariski de-
scent show that the composite

CH(Z,m) = H"™(Z, 2hq1 1) —— H ™ (Y, 28) <+ H (X, %) = CH(X, m)

’7g

is just (fg)*, as required. O
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Proposition 19.16. The map f* : CH (Y,m) — CH'(X,m) defined in
[L2.13 agrees with the map f* =T% defined in[T7.14.

Proof. Suppose first that X and Y are affine, and consider the commutative
diagram
CH\(Y,m) =H "2 (Y, ) ~— H ™2 (Y,*); — H ™2 (X, %)=CH(X,m)
= ! |=

H™ (Y, 27) ——— H™(Y, 2) —= H™™(X, ).

The arrows marked ‘ &’ are isomorphisms by [[7.3 and The top com-

posite is the map of [ZT1l which by IZ717 is the map '} of IZI6 The

bottom composite is the map f* of [ILI3, proving that f* = I'} in this case.
In the general case, [T gives a diagram

x 9 |y
1
x_ Iy

where X’ — X and Y/ — Y are affine vector bundle torsors. By definition
718 I} is (p*)_lfzq*, where p* and ¢* are flat pull-back of cycles. By [3.14]
these are the same as the maps p* and ¢* defined in [IT3 Since I'; = g*

by the first part of the proof and ¢g*¢* = (qg9)* = (pf)* = p* f* by [LIH, we
have:

*m *\ — k% *—** *x\—1 3k % *
e (7 i At (7 R el (0 N P A N



182 LECTURE 19. MOTIVIC COHOMOLOGY AND ...



Lecture 20

Covering morphisms of triples

The main goal of the rest of the lectures will be to prove that if F'is a
homotopy invariant presheaf with transfers, then the presheaf HY, (—, F') is
homotopy invariant. This was stated in theorem [[37] and it was used in
lectures 13-19. The remaining lectures depend upon lectures 11, 12, and the
first part of 13 (CIHIZH), but not on the material from to the end of
lecture 19.

Definition 20.1. Let Ty = (Y, Y., Zy) and Ty = (X, X, Zx) be standard
triples (as defined in [TH). For convenience, set Y =Y — Y, and X =
X — X. A covering morphism f : Ty — Tx of standard triples is a finite
morphism f:Y — X such that:

o f71(X.) C Y, (and hence f(Y) C X);
e fly:Y — X is étale;

e [ induces an isomorphism Zy =, Zx with f~YZx)NY = Zy.

Note that f need not induce a finite morphism f:Y — X.
By definition, the square @ = Q(X,Y, X — Zx) induced by a covering
morphism of standard triples is upper distinguished (see [ZH):

(Y —Zy) Y
K
(X = Zy) X,

We say that this upper distinguished square comes from the covering mor-
phism of standard triples.

183
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Ly
Yoo,?
X
Xoo Zx

Figure 20.1: A covering morphism f:Y — X

Example 20.2. Suppose that an affine X has a covering X = U UV and
a good compactification (X, X, ) over some smooth S. Then the Zariski
square

unv U
QIX,U,V): \ {
Vv X
comes from a morphism of triples, provided that X — (U NV) lies in an affine

open neighborhood in X.

Indeed, if Z = X —V then T = (X, X4, Z) is a standard triple and
T' = (X,X —U,Z) is also a standard triple. The identity on X induces a
covering morphism 7" — T and the above square comes from this morphism.

Recall from [Tl that a splitting of a standard triple (X, X, Z) over
V C X is a trivialization of Lo, on V xg Z.

Lemma 20.3. Let f : Ty — Tx be a covering morphism of standard triples.
A splitting of T over V induces a splitting of Ty over f~*(V)NY.

Proof. Since T was split over V C X, we are given ¢ : Lax|lvxzy = O. We
need a trivialization

S Lavlp-10yxzy = O.

Now (f x f)7!'(Ax) is the disjoint union of Ay and some Q, so (f x f)*(Lax)
is Loy ® Lg, where L is the associated line bundle. Since f induces an
isomorphism Zy — Zx, @ is disjoint from Y x ¢ Zy. Since L has a canonical
trivialization outside @), we have Lo = O on Y Xg Zy. Since (f x f)*(t) is a
trivialization of La, ® Lg on (f x f)™H(V xgZx), we may regard (f x f)*()
as a trivialization of Lay on (f7H(V)NY) xg Zy. O
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Example 20.4. Let Y — X be a finite separable morphism of smooth
projective curves, Xo, C X a finite nonempty set containing the branch
locus, and y € Y a k-rational point so that z = f(y) is not in X. Set
Yoo = f7H(Xo) [T (x) — {y}. Then (Y, Yoo, {y}) — (X, Xoo, {2}) is a
covering morphism of standard triples. If X = Spec A and P is the prime
ideal of A defining x, then PB is prime in the coordinate ring B of Y. If
a € A then by [TI3, lemma states that if P[1/a] is principal, then so is
PBI[1/al.

Definition 20.5. Let ) be any commutative square of the form

l

B Y
f f
A" X

We write MV (Q) for the following chain complex in Cory:
MV(©Q): 00— BT agy B0 x g

If F is a presheaf, then F(MV(Q)) is the complex of abelian groups:

0— F(X) 2 FA) e F(Y) S22 F(B) — 0.

The general theorem below will involve an intricate set of data which we
now describe. Let f : (Y, Yy, Zy) — (X, Xo, Zx) be a covering morphism
of standard triples. Let @ denote the square that comes from f. Let Q' =
(X", Y’ A”) be another upper distinguished square with Y’ and X" affine so
that @ and Q' are of the form:

B Y’ B Y
Q: |y i Q: |f f(205.)
A i/ X’ A ! X.

Theorem 20.6. Let j : Q' — Q) be a morphism of upper distinguished squares
of the form such that:
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e () comes from a covering morphism of standard triples;
o X' — X is an open embedding, and (X, X, Zx) splits over X';
e X' and Y’ are affine.

Then for any homotopy invariant presheaf with transfers F', the map of com-
plexes F(MV(Q)) — F(MV(Q')) is chain homotopic to zero.

0 Fex) S0 pay e pevy 0D R 0
jix () Jn
0 F(X') @.f) F(AY e F(Y") =17 F(B) ————0

The proof will be assembled from the following three lemmas.

We say that a diagram in Cory is homotopy commutative if every pair
of composites f,g : X — Y with the same source and target are A'-
homotopic. Any homotopy invariant presheaf with transfers identifies A'-
homotopic maps, and converts a homotopy commutative diagram into a
commutative diagram.

Lemma 20.7. Let j : Q' — Q be as in the statement of BZILA. Then there
are maps Ay € Cor(X',A) and \p € Cor(Y', B), well-defined up to Al-
homotopy, such that the following diagram is homotopy commutative.

f/

Y’ X'

Jv g I Jx

i i

Y < B - A - X.

Applying a homotopy invariant presheaf with transfers F' gives a commutative
diagram:

FX) — e () L ()

Jx Jy
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Proof. By B3, both triples Tx and Ty split. Hence the maps in question
exist and the outer triangles commute by [.TAl The construction of the

trivializations in the proof of shows that the middle square commutes.
U

Since H"™(X x Y/X) = Cor(X,Y)/A'-homotopy by [C2, two elements
of Cor(X,Y) are A'-homotopic exactly when they agree in Hy"(X xY/X).
This allows us to apply the techniques of lecture [

Lemma 20.8. Let h be a rational function on X xgY which is invertible
in a neighborhood U of A’ Xg Y, and A" Xg Zy, and equals 1 on A" Xg Y.
Then the Weil divisor D defined by h defines an element 1 of Cor(A’, B)
such that the composition i1) € Cor(A’,Y) is Al-homotopic to zero.

Proof. As a divisor on the normal variety A’ xgY, we can write D = > n; D;
with each D; integral and supported off of U. Since each D; misses A'x Y, it
is quasi-finite over A’. Since D, is proper over A’, and has the same dimension
as A’, it is finite and surjective over A’. As such, each D; and hence D defines
an element of Cy(A’ xg B/A’) which is a subgroup of Co(A’ x B/A") =
Cor(A’, B). By construction (see [[TH), the image of D in Pic(A’ xgY, A’ x5
(Yoo I12)) is given by (O, h), the trivial line bundle with trivialization 1 on
A" xgY,, and h on A’ xg Zy. The composition with i : B — Y sends D
to an element of Co(A’ x5 Y/A’) whose image in Pic(A’ x5 Y, A’ xg Yy) is
the class of (O, h). By [[I8, this group is isomorphic to Hi™(A’ xg B/A’).
But in this group (O, h) = (O, 1) is the zero element. This implies that the
image is zero in H"™ (A’ x B/A"). O

Lemma 20.9. Let j : Q' — Q be as in the statement of ZILA, and A4, \p
as in 2074 Then there is a map ¢ in Cori(A', B) fitting into a homotopy
commutative diagram:

S
, Apoi — jp
——

B B
f! f
R
A A
)\AOZ_]A

P

Moreover the composition A’ B—'+Y is Al-homotopic to 0.
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Applying a homotopy invariant presheaf with transfers F gives a commu-
tative diagram:

F4)— . (B

i"oXa— ja ¢ i’ oAp — Jjm
F(A F(B'
(4) 7 (B,

and the composite F(Y) . F(B) AN F(A") is zero.

Proof of 2I13. In order to streamline notation, we write x for Xxg.

Let Lax be the line bundle on X’ x X corresponding to the graph AX’
of X’ —— X, and Lay~ for the line bundle on Y’ x Y corresponding to the
graph AY’ of Y/ —— Y. In between these, we have the line bundle M on
X' x Y, obtained by pulling back £ x-.

Since these three line bundles come from effective divisors, they have
canonical global sections. We will write sx for the canonical global section
of Laxs on X' x X, sy for M on X' x Y, and sy for Lay on Y’/ x Y.
Each global section determines a section on X’ x Zx, X' X Zy, and Y’ x Zy,
respectively. Since A’ C X' — Zx and B’ C Y’ — Zy, the restrictions of
Sx,SM, Sy also determine trivializations in each case, of Laoxs on A’ X Zx,
of M on A" x Zy, and of LAy on B’ X Zy.

Because Zy = Zy, the inclusion of X’ x Zx in X’ x X lifts to X' x Y,
and we may identify the pullbacks of Lax and M to X’ x Zy, together with
their respective trivializations sy and sy; on A’ X Zy-.

Since the standard triple (X, X, Zx) splits over X', we are given a fixed
trivialization tx of Lax on X' x Zx. As with sx, we may identify tx with a
trivialization ¢ of M on X’ x Zy. By P03l tyx also induces a trivialization
ty of Lay on Y’ x Zy. Since Zx lives in an affine neighborhood Uy in X,
we extend tyx to X’ x Ux and we fix this particular extension. Pulling back,
the same is true for ¢y, and ty and we fix those two extensions too.

Because tx,tur,ty are trivializations, there are regular functions
rx, M, Ty SO that:

sx =rxtxon X' X Zx: spy=rmimon X' X Zy; sy =ryty onY' x Zy.
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Because sy is a trivialization on A’ X Zx, rx is invertible on A’ x Zx.
Similarly, 7, is invertible on A" X Zy, and ry is invertible on B’ x Zy.
(See figure P22 )

A'xY

Figure 20.2: The covering morphism f :Y — X over A’

Because (Y, Yy, Zy) is a standard triple, there is an affine open neighbor-
hood U of Y, [[ Zy in Y. Hence X’ x U is an affine open neighborhood of
X' x Zy and X' x Yo in X' x Y. Since Zy and Y, are disjoint, the Chinese
Remainder Theorem yields a regular function A on X’ x U which equals 1 on
X' x Yo and equals ryg on X’ x Zy. Let D C X’ x Y denote the the prin-
cipal divisor corresponding to h. By lemma P08 the divisor —D defines an
element 1) of Cor(A’, B) such that the composition i) € Cor(A’,Y’) is homo-
topically trivial. By [LTH the map Cor(A’, B) — Pic(A'xY, A'x (Yoo [[ Zy))
sends 1 to the class of (O v, 1o [170)-

It remains to verify that the diagram in is homotopy commutative.

We first interpret the horizontal maps in P09 By the construction of A4
and Ap in[[TTH and PI7, the compositions A4 0’ € Cor(A’, A) and Agoi’ €
Cor(B', B) represent the classes of (Laar, Soo [[tx) and (Lapr, S [[ty) in
Pic(A’ x X, A" x (X [[Zy)) and Pic(B' x Y, B' x (Yoo ][ Zy)), respec-
tively. On the other hand, the inclusions j4 and jp represent the classes
of (Laar, Seo | ] $x) and (Lapr, Soo [ [ Sy), respectively. It follows that the dif-
ferences ja — Mg 0d’ € Cor(A',A) and jgp — Ap o € Cor(B', B) represent
the classes of (Ouy 5,10 [[7x) and (Op/yy, loo [[7y), respectively. (Cf.
exercise [[T.16)

The composition 1 f' € Cor(B’, B) represents (Op/ .y, f*h™1). Since f*h

is a rational function on B’ x Y which is 1 on B’ x Y, and ry on B’ X Zy,
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we have ¢ f' = Ag o' — jp in Pic(B' x Y, B’ x (Yoo [ Zy)).

Now the composition fi) € Cor(A’, A) represents the push-forward of
along Hy(A' x BJ/A") — Hy(A' x AJ/A"). By [LZ4] this represents the class of
(Ourvxs [+(loo [1724))- By definition [ZZA, the norm of h is a rational func-
tion which extends the trivialization f.(1. [[7ra) to an affine neighborhood.
Since h is identically 1 on f~'(X) C Yo, N(h) =1 on A’ x X, by 23
We will show that N(h) = ry on A’ X Zx in lemma below. Hence
fio=Xa" — jain Cor(A’, A), as desired. a

Lemma 20.10. Let f : U — V be a finite map with U and V normal.
Suppose that Z C V and Z' C U are reduced closed subschemes such that
the induced map Z' — Z is an isomorphism, and U — V is étale in a
neighborhood of Z'.

Ifh e O*(U) is 1 on f~Y(Z)— Z', then N(h)|z and h|z are identified by
7= 7.

Proof. Suppose first that f has a section s : V' — U sending Z to Z’. Then
Uxs(U)JJU and his 1 on f~1(Z)NU’. In this case, the assertion follows
from the componentwise calculation of the norm N (h), together with
In the general case, let U’ C U be a neighborhood of Z’ which is étale over
V, and let b’ € O*(U’ xy U) be the pullback of h. The graph Z"” C U’ xy U
of Z' — Z is isomorphic to Z’, and U’ xy, U’ is an étale neighborhood of Z” in
U’ xy U. By construction, b’ is 1 on U’ xy (f~4Z) = Z") and U’ xy U — U’
has a canonical section sending Z’ to Z”; in this case we have shown that
N(1)|z is identified with h|z. Since norms commute with base change,
we can identify N(h) with N(h') under O*(V) C O*(U’). This proves the
lemma. O

Proof of ZIL4. From and 2.8 we have maps s; = (A\4,0) : F(A) &
F(Y)— F(X')and sy = (¥, \g) : F(B) — F(A)®F(Y"). In order for these
maps to form a chain homotopy from j to zero, we must have sd + ds = j.
This amounts to six equations, three of which come from the commutativity
of the trapezoid in The other three, which involve ¢ are: ¥i ~ 0,
ja =iy —f and jp ~i'Ag — f’1. These are provided by EO.A O

Corollary 20.11. Let Q = Q(X,Y, A) be an upper distinguished square of
smooth schemes coming from a covering morphism of standard triples and
let S=A{xq,...,z,} be a finite set of points in X.

Then there exists an affine neighborhood X' of S in X such that:
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o The induced square Q' = Q(X',Y' A') is upper distinguished, where
A =X'NAandY' = fY(X');

e For any homotopy invariant presheaf with transfers F, the map
FMV(Q)) — F(MV(Q')) is chain homotopic to zero.

0

F(X)—— F(A)® F(Y) — F(B)

0

0

F(X')— FA) e FY') — F(B')

Proof. By [I.T4, S has an affine neighborhood X’ over which the triple
(X, X, Z) splits. We may shrink X’ in order to assume that it is disjoint
from f(Y,.). Hence Y’ = f~!1(X’) is finite over X', and hence affine, as well
as being contained in Y. The induced square Q' is upper distinguished be-
cause it is obtained from () by base change. Thus the hypotheses of theorem
are satisfied for Q' — Q. O
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Lecture 21

Zariski sheaves with transfers

With the technical results of the last lecture in hand, we are ready to prove
the following results.

Theorem 21.1. Let F be a homotopy invariant presheaf with transfers.
Then the Zariski sheaf Fyzq4,. is homotopy invariant.

Theorem 21.2. Let F' be a homotopy invariant presheaf with transfers.
Then Fga = Fis.

Combining Tl and T2 we obtain theorem below, which is the
case n = 0 of theorem [37 This theorem does not require k to be perfect.

Theorem 21.3. If F is a homotopy invariant presheaf with transfers, then
the Nisnevich sheaf Fy;s is homotopy invariant.

We will prove theorems PT.Tland in order, using a sequence of lemmas.
We make the running assumption that F' is a homotopy invariant presheaf
with transfers. The Mayer-Vietoris sequence F(MV(Q)) associated to a
commutative square ) is defined in

Lemma 21.4. Let U be an open subset of At and U = U, U U, be a Zariski
covering of U. Then the complex F(MV(Q)) is split exact, where Q =
Q(U7 U17 U2)

FMV(Q)): 00— F(U) — F(U1) & F(Uz) — F(UiNUs) — 0

In particular, F is a Zariski sheaf on Al.

193
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Proof. Setting Yo, =P!' — U, Y, =P' — U, and Z = U — Uy, the identity of
P! is a covering morphism (P, Y. Z) — (P!, Y., Z) of standard triples as
in example Both triples are split over U itself by [[L.T3], so by theorem
with Q' = @, the complex F(MV(Q)) is chain contractible, i.e., split

exact. 0

Lemma 21.5. If F' is a homotopy invariant Zariski sheaf with transfers, and
U is an open subset of A', then H}, (U, F) =0 forn > 0.

Proof. f U = {Uy,...,U,} is a finite cover of U, it follows from PT4 and
induction on n that the following sequence is exact.

Hence the Ceph cohomology of F satisfies H*(U, F) = 0 for i > 0. But then
HYU,F) = HYU,F) =0 by [Har77, Ex II1.4.4]. Since dimU = 1, we must
also have H(U, F) = 0 for i > 1 (see [Har77, 111.2.7]). O

Exercise 21.6. Show that ZT4 and ZTH fail for F' = O% if A' is replaced
by an affine elliptic curve.

Lemma 21.7. If F is a homotopy invariant Nisnevich sheaf with transfers,
and U is an open subset of A', then HY. (U, F) =0 forn > 0.

Proof. Since dimU = 1, we have HY, (U, F) = 0 for n > 1. By [Mil80,
111.2.10], Hy, (U, F) = H'(U,F). Therefore we only need to show that
HY(U,F) = 0.

Since F' takes disjoint unions to direct sums, the Cech cohomology can
be computed using covering families V' — X, instead of the more general
{V; = X}. By IZ8 any such cover of U has a refinement U = {A,V},
where A C U is dense open, V — U is étale, and the square @ = Q(U,V, A)
is upper distinguished (see TZH). Embed V in a smooth projective curve V
finite over P!, and set V,, = V — V. By construction (see PILTl), Q@ comes
from the covering morphism of standard triples (V,Va, Z2) — (P!, Uy, Z),
where Uy, = P! — U and Z = U — A. Since (P, U, Z) splits over U by
[[TT3 theorem with ' = @ implies that the complex F(MV(Q)) is
split exact. That is H'(U, F) = 0. Passing to the limit over all such covers
yields H'(U, F) = 0. O

Lemma 21.8. Let F' be a homotopy invariant presheaf with transfers. If X
is smooth and U C X is dense open, then Fyq,.(X) — Fz,,.(U) is injective.
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Proof. As Fy,, is a sheaf it suffices to verify this locally. Let f € Fy,,.(X) be
a nonzero section which vanishes in Fy,,.(U). Pick a point € X so that f is
nonzero in the stalk F, = F(Spec Ox ). By shrinking X around z we may
assume that f € F(X). By shrinking U, we may assume that f vanishes in
F(U) and hence in F (V) for V = Spec(Ox,) NU. By [Tl f is nonzero in
F(V), and this is a contradiction. O

Proof of ZL1. We have to prove that i* : Fz..(X x A') — Fyz,.(X) is an
isomorphism, where i : X — X x A'. It is enough to prove that i* is
injective. We may assume that X is connected and therefore irreducible. Let
v : Spec K —— X be the generic point. We get a diagram:

*

FZM(X X Al)

FZar(X)

(v x 1) v*

[aY)

Fyq(Spec K x A" — Fzqr(Spec K)

where the vertical maps are injective by The bottom map is an isomor-
phism by T4 since we may regard F' as a homotopy invariant presheaf with
transfers over the field K by EO

Fror(AL) = F(AL) — F(Spec K) = Fyq(Spec K).
Thus ¢* is injective. O

Let sz4-(F') be the separated presheaf (with respect to the Zariski topol-
ogy) associated to the presheaf F'. It is defined by the formula:
Szar(F)(X) = F(X)/Fo(X), Fo(X)= colim ker F(X) — HF(UZ)

covers

{Ui—X}
Lemma 21.9. sy, (F) is a homotopy invariant presheaf with transfers.

Proof. The homotopy invariance of sz,,.F is immediate from the fact that
homotopy invariance is preserved by quotient presheaves. The existence of
transfers is more difficult. Let Z C S X X be an elementary correspondence
from S to X. We must show that the corresponding transfer F'(X) — F(S)
sends Fy(X) to Fo(9), i.e., that the image of Fy(X) vanishes at each stalk
F(Spec Og). It suffices to suppose S local, so that Z is semilocal. Hence
there is a semilocal subscheme X’ of X with Z Cc S x X’. But by [T
F(X') injects into F(U) for each dense U C X', so Fy(X') = 0. Hence
Fo(X) — F(S) is zero, because it factors through Fy(X’) = 0. O
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For the next few lemmas, S will be the semilocal scheme of a smooth
quasi-projective variety X at a finite set of points. Since any finite set of
points lies in an affine neighborhood, we may even assume that X is affine.
Clearly, S is the intersection of the filtered family of its affine open neigh-
borhoods X, in X.

Lemma 21.10. Suppose that F' is a homotopy invariant presheaf with trans-
fers. Then for any open covering S = Uy UV there is an open U C Uy such
that S = UUV and the sequence F(MV (Q)) is exact, where Q) = Q(S,U,V):

0—-F(S)—-FU)&FV)—FUNV)—D0.

Proof. We may assume that S is connected, since we can work separately
with each component. By assumption, there are open Us, V in X such that
Uy=5nN Uo, V =S5nNV. Since UO is open in X, there is an affine open U
contained in Uy which contains the finite set of closed points of Uy. Setting
U=SNU, we have S = U UV. We will show that F(MV(Q)) is exact for
the square Q = Q(S,U, V).

We first suppose that k is an infinite field. For each «, set U, =
X,NU and V, = X, NV. The canonical map from @ to the square
Qo = Q(Xa U, V) induces a morphism of Mayer-Vietoris sequences,
FMV(Q.)) — F(MV(Q)). It suffices to show that these morphisms
are chain homotopic to zero, because F(MV(Q)) is the direct limit of the
F(MV(Qa))-

Let Z C X denote the union of X — (U N'V) and the closed points of S.
For each X, we know by [[I.T7 that there is an affine neighborhood X! of S
in X, and a standard triple T, = (X4, Xoo.a; Zo) With X! = X, — X, and
Zoy=XoNZ. Set U, = X' NU and V! = X' NV. Since X, — (U, NV/) lies in
Xoo,aUZy, it lies in an affine open subset of X, (by definition [TH). By P0Z,
the Zariski square @), = Q(X/.,U.,V!) comes from a covering morphism of
triples 7" — T,.

By T4l the triple T}, is split over an affine neighborhood X/ of S in
X!. Set U! = X!'n U and Vel = X0 n V, and form the square Q” =
Q(X” U, v!"). Since X! and U are affine, so is U”. By theorem 2.0, the

morphism F(MV(Q.)) — F(MV(Q")) is chain homotopic to zero. Since
F(MV(Q.)) — F(MV(Q)) factors through this morphism, it too is chain
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homotopic to zero.

0—— F(X,) — F{Uy) ® F(V,) — F(U,NV,) —0

0—— F(X))—FU.)®F(V])— FU,NV!

0—— F(X))— FU)ae FV!)— FU!NV))—0

0

F(S)

F(U)&® F(V) — F(UNV) — 0.

If k£ is finite, exactness follows by a transfer argument. Any element a
in the homology of F(MV(Q)) must vanish when we pass to @ ®j k' for
any infinite algebraic extension &’ of k. Since a must vanish for some finite
subextension kj, a has exponent [k : k]. Since [k{ : k] can be chose to be a
power of any prime, we conclude that a = 0. O

Lemma corrects [CohThl 4.23], which omitted the passage from Uy to
U.

Corollary 21.11. Let S’ and S” be semilocal schemes of a smooth quasi-
projective scheme X at finite sets of points, and set S = S"U S”. Then the
Mayer-Vietoris sequence F(MV (Q)) is exact, where @ = Q(S,S’,S"):

0 — F(S) — F(S") @ F(8") — F(S'NS") — 0.

Proof. Write S’ as the intersection of opens U, C S and S” as the intersection
of opens V3 C S. The sequence F'(MV (Q)) is the direct limit of the sequences
F(MV(Qap)), where Qup = Q(S, Uy, V). By L0 there are U,g C U, such
that the sequences F(MV(Q(S,Uys, V3))) are exact. Hence the morphisms
from F(MV (Qup)) to F(MV(Q)) are zero on homology. Passing to the direct
limit, we see that the homology of F(MV(Q)) is zero, i.e., it is exact. O

Note that the sequence 0 — F(S) — F(5') & F(S") — F(S'NS") is
always exact when F is a Zariski sheaf on S. This is because it is the direct
limit of the exact sequences 0 — F(S) — F(U,) & F(Vp) — F(Us N Vp)
associated to the family of open covers {U,, Vs} of S with S C U, and
S" Vﬁ.
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Lemma 21.12. Let S be the semilocal scheme of a smooth quasi-projective
scheme X at a finite set of points. Then Fz,,.(S) = F(S).

Proof. By Il F(S) = (szaF)(S). Since sz, F is a homotopy invariant
presheaf with transfers by ELY, we may replace F' by sz..F' and assume
that F' is separated. We now proceed by induction on the number of the
closed points of S. Let S’ be the local scheme at a closed point x of S,
and S” the semilocal scheme at the remaining points. Consider the following
commutative diagram.

0— F(S) F(S") @ F(S") F(S'nS")
= into
0 FZ“’“(S) - FZaT’(S,) D FZaT’(S”) - FZar(S/ N S”)

The top row is exact by ELTI and we have noted that the bottom row is
exact because Fy,,. is a Zariski sheaf. The right vertical map is an injection
because F'is separated. The middle vertical map is the identity by induction.
A diagram chase shows that the left vertical map is an isomorphism, as
desired. O

We need an analogue of lemma for the Zariski topology, showing
that we can lift finite correspondences to open covers under mild conditions.

Lemma 21.13. Let W be a closed subset of X x Y, x € X a point and
V CY an open subset such that p~'(z) C {x} x V, where p : W — X is
the projection. Then there is a neighborhood U of x such that W xx U is
contained in U x V.

Proof. The subset Z =W — W N (X x V) is closed, and = & p(Z). Because
p is a closed map, p(Z) is closed and U = X — p(Z) is an open neighborhood
of x. By construction, W x x U is contained in U x V. O

Corollary 21.14. Let W € Cor(X,Y) have support W and let p: W — X
be the projection. If v € X andV CY are such that p~*(z) C {z} x V, then
there is a neighborhood U of x and a canonical Wy € Cor(U, V) such that
the following diagram commutes.

U V
]
XWY
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Proof. Writing W = > n;[W;], we may apply lemma PT.T3 to each W;. Since
W; is finite over X, W; xx U is finite over U, so Wy = > n;[W; xx U] is
the required finite correspondence. It is canonical because if U’ C U, the
composition of U’ C U with Wy is Wy = > ni[W; x x U']. O

Theorem 21.15. Let F' be a homotopy invariant presheaf with transfers.
Then the Zariski sheaf Fyq,. has a unique structure of presheaf with transfers
such that F — Fy,,. is a morphism of presheaves with transfers.

Proof. ByEL9we may assume that F'is separated, i.e., that F\(V') C Fy,,.(V)
for every V. We may also assume that X and Y are irreducible without loss
of generality.

We begin with a general construction, starting with an element f €
Fz4-(Y) and a finite correspondence W from X to Y. Fix a point z € X.
Since p : W — X is finite, the image of p~!(z) under the natural map W — Y
consists of only finitely many points; let S denote the semilocal scheme of Y
at these points. Since F(S) = Fyz,.(S) by ELIZ2, there is an open V, C Y
such that f, = f|v, € Fza (V) lies in the subgroup F(V,) C Fz..(V,). By
PTT4 there is a neighborhood U, of x such that W restricts to a finite cor-
respondence W, from U, to V.. Let W*(f), denote the image of f, under
W;ck : F(‘/:c) - F(Ux) g FZar(Ux)'

Uniqueness. Suppose that ' — Fy,,. is a morphism of presheaves with
transfers. Given W € Cor(X,Y) and f € Fz..(Y), it suffices to show that
WH*(f) € Fzar(X) is uniquely defined in some neighborhood of any point z.
The construction above shows that the image of W*(f) in Fyz,.(U,) must
equal W*(f),, which is defined using only the sheaf structure on Fy,,. and
the transfer structure on F'.

Ezistence. Fix W € Cor(X,Y) and f € Fyz,.(Y). In the construction
above, we produced a neighborhood U, of every point x € X, an open set
V. in Y so that f, = f|y, belongs to the subgroup F(V,) of Fyz,.(V,), and
considered the image W*(f), = Wi(f.) of fo in F(U,) C Fzar(Uz).

We first claim that the W*(f), agree on the intersections U,,r = U, NU,.
The element W*(f) € Fz4.-(X) will then be given by the sheaf axiom (see
figure 2Z1.T)).

Pick two points x, 2’ € X and set Uy = U, N Uy, Vo =V, NV, Since
W x x Uy lies in U, x V, for all z (by ZLI3), it follows that W X x U, lies
in Ugp X (VN V). Hence there is a finite correspondence W,,» from U,
lifting both W, and W, in the sense of EL.T4l That is, the middle square
commutes in figure 2111
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Fzar(Y) Frar(X)

| |

[T FrarVe) —— 1] F(V2) P, [[FW.) — ] Fra(U.)

| | | |

into

HFZar(vxx’> D F(‘/mm’) ﬁ,’ HF(Umm’> - HFZar(Umm’>

Figure 21.1: The transfer map for Fy,,

Fix z € X and choose V C Y, fy € F(V) and U, as above. Because
F' is separated we have F(V) C Fyza(V), so the element fi, € F(V) is
well defined. Given a dense Vy C V, the map F(V) — F(V,) sends fy
to fv,, because Fyzo, (V) C Fzar (Vo) by BL3 Given Uy C U,, the proof of
PTT4 shows that the the canonical lift Wy, € Cor(Uy, V) is the composition
of the inclusion Uy C U with the canonical lift Wy € Cor(U,V). Hence
Fr4r(Uy) — Fz4:(Up) sends the element W*(f), to the image of fy, under
F(Vh) = F(Uy) C Fzar(Uyp).

It is now easy to check using that the maps W* are additive and give
Fy,, the structure of a presheaf with transfers. O

Proof of [ZL.A. We have to prove that Fz,. = Fy;s. Let F' and F” denote
the kernel and cokernel presheaves of F' — Fly;,, respectively. By [[3J] they
are presheaves with transfer whose associated Nisnevich sheaf is zero. Since
sheafification is exact, it suffices to show that F,,. = F7, = 0. That is, we
may assume that F;s = 0.

By ELTl and PT.T3, F,, is also a homotopy invariant presheaf with trans-
fers. Since Fyis = (Fzar)nis, Wwe may assume that F' = Fy,,, i.e., that F is
a Zariski sheaf. Therefore it suffices to show that F'(S) = 0 for every local
scheme S of a smooth variety X. Let S be the local scheme associated to a
point x of X.

By 21 it suffices to show that, for any upper distinguished square

1

B Y
o |
A— " . x
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as in [[2ZH the square F(Q xx S) is a pull-back.

Shrinking X around z, we may suppose by [T that X is affine and
fits into a standard triple (X, X, Z) with A = X — Z. Shrinking Y around
the finite set f~!(z), we may also suppose by [I7 that Y is affine, and fits
into a standard triple so that ) comes from a finite morphism of standard
triples in the sense of 2Tl Hence implies that the map F(MV(Q)) —
F(MV(Q xx S)) is chain homotopic to zero.

0

F(X)

F(A)e F(Y)

F(B)

0 F(S) —— F(ANS) @ F(Y xx §) — F(B xx S) — 0

Taking the limit over smaller and smaller neighborhoods X of x, we see that
F(MV(Q xx S)) is exact. But then F(Q xx S) is a pullback square, as
claimed. 0J



202 LECTURE 21. ZARISKI SHEAVES WITH TRANSFERS



Lecture 22

Contractions

Let F' be a homotopy invariant presheaf. Define a new presheaf F_; (known
as the contraction of I in the literature) by the formula:

F_1(X) = coker (F(X x A") — F(X x (A" —0))).

For r > 1 we define F_,. to be (Fi_,)_1.
Since the inclusion t =1 : X «—— X x (A' —0) C X x Al is split by the

[aY)

projection X x A’ — X, we have a canonical decomposition F'(X x (A'—0)) &
F(X)@® F(X)_1. Hence, F_; is also homotopy invariant, and if F' is a sheaf
then so is F_;. Here are some examples of this construction.

Example 22.1. If F' = O% then F_; = Z, because O*(X x (A! —0)) =
O*(X) x {t"} for every integral X. By Kl there is a quasi-isomorphism
Z(1)_; ~Z[-1]. '

More generally, the higher Chow groups C H'(—,n) are homotopy invari-
ant (see p. [49) and their contractions are given by the formula:

CH'(X,n), 2 CH Y (X,n—1). (22.1.1)
This follows from the the Localization Sequence (see p. [49):
CH™YX,n) % CHI(X XA, n) — CH(Xx(A'=0),n) — CH"Y(X,n—1),

which is split as above by the pullback along ¢ = 1 (using [3.13).
Theorem [[9.7] allows us to rewrite the formula in (22ZTT]) as:

H™ (X, Z) -y = H7,, (X, 2(i)) -1 = Hy, (X, 2(i — 1)) = A" (X, Z).
This yields the formula Z(7)_y ~ Z(i — 1)[—1] in the derived category, and
in DM.
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Example 22.2. We will see in the next lecture (in B3 and P3R) if F is a
homotopy invariant Zariski sheaf with transfers then H"(—, F') is homotopy
invariant and H}, (=, F)_1 = H, (—, F_1).

Example 22.3. Suppose that 1/n € k, and let M be a locally constant n-
torsion sheaf, such as p,,. The argument of EZTl applied to étale cohomology,
shows that

HINX, M ® )1 = HF (X, M).

Exercise 22.4. Let U be the standard covering of X x (A" —0) by U; =
X x (A'=0) x A"l U, = X x A" x (A —0). If F is homotopy
invariant and n > 2, show that HO(U, F) = F(X), H" '(U,F) = F_,(X),
and that H"(U, F) = 0 for all other 7.

Now suppose that F'is a Zariski sheaf, and that its cohomology groups
are also homotopy invariant. Show that, for all m and n > 0, the cohomology
with supports satisfies:

HY oy (X x A" F) = H™" (X, F) .
Hint: Use the Cech spectral sequence H? (U, H1F) = HPT9(X x (A"—0), F).

Proposition 22.5. Let I’ be a homotopy invariant presheaf with transfers.
Then (Fnis)—1 = (F_1) nis-

Proof. By [3Jl and ZT3, F;s is a homotopy invariant sheaf with trans-
fers. By inspection, the natural map (F_1)nis — (Fivis)—1 is a morphism of
presheaves with transfers. By (applied to the kernel and cokernel), it
suffices to show that F_;(S) = (Fyis)-1(S) when S = Spec E for a field E.
The left side is F'(A} — 0)/F(A}L) by definition, while the right side equals
Fyis(AL — 0)/Fyis(AL). These are equal by BT and O

In the rest of this lecture, we will compare F_; to various sheaves Fy, ),
which we now define.

Definition 22.6. Given a closed embedding i : Z —— Y, and a presheaf F',
we define a Nisnevich sheaf F(y, 7 on Z as follows. Let K = K(y z) denote
the presheaf cokernel of F' — j,7*F, where j : V —— Y is the complement
of Z. That is, K(U) is the cokernel of F'(U) — F(U xy V) for all U. We set
Fiy,z)y = (i K) nis.

Since sheafification is exact, there is a canonical exact sequence of sheaves

Fnis = (JuJ"F)nis — tFv,z) — 0. (22.6.1)



205

Example 22.7. If Z = {z} is a closed point on Y, then the value at Z
of Fly,z) is the cohomology with supports, H}(Y, Fy;s). Indeed, if S is the
Hensel local scheme of Y at Z then F(y z)(Z) is the cokernel of Fi;s(S) —
Fnis(S — Z,F), i.e., HL(S, Fy;s). But this equals HL(Y, Fy;s) by excision
[Har77, Ex.II1.2.3]. Similarly, we have H"(—, F)y,z) = HZPNY, F) forn > 0.
This follows from excision and the exact sequence

H" S, F) — H" YU, F) — H"S,F) — 0.

Example 22.8. Fix a Nisnevich sheaf F' and consider the presheaf H"(—, F).
We claim that if n > 0 then

H"(—, F),z) = " R"j.(F).

Indeed, in PZET] we have H"(—, F) ;s = 0, and R™j.(F) is the sheaf on Y
associated to the presheaf j,j*H"(—, F)) = j.H"(—, F|y). Hence

W™ (=, F)v.z) = (.57 H" (=, F))nis = B"j.(F).
Now apply ¢* and observe that ¢*i, is the identity.

Example 22.9. Let i : S —— S x A! be the embedding i(s) = (s,0), with
complement S x (A! —0). By definition, F_;(U) = K(U x A') where the
cokernel presheaf K is defined in The adjunction yields a natural map
from K(U x A') to i,i*K (U x A') = *K(U). That is, we have a natural
morphism of sheaves on S

(F_1)nis — Fisxat,sxo)-

Proposition 22.10. Let F' be a homotopy invariant presheaf with transfers.
Then (F—l)Nz's|S = F(SXAl,SXO) fO?“ all smooth S.

Proof. We need to compare F_; and j,j*F/F at a sufficiently small neighbor-
hood of any point s of any smooth affine S. We will use the standard triple
T = (Py — S,S x {00}, S x {0}), which is split over S x A by [T For
each affine neighborhood U of S x0in S x A!, set Ty = (P§, PL—U, S x {0}).

We claim that by shrinking S we can make Ty into a standard triple. At
issue is whether or not (P4 — U) U (S x {0}) lies in an affine open subscheme
of P§. Since the fiber U; over s is open in P!, there is an affine open V C P}
so that s x; V contains both {0} and the finite set P! — U,. Hence the
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complements of U and S x V' in P}, intersect in a closed subset, disjoint from
the fiber PL. Since P} is proper over S, we may shrink S about s (keeping S
affine) to assume that the complements are disjoint. Hence the affine S x V
contains the complement P§ — U as well as S x {0}, as claimed.

Now the identity on P} is a finite morphism of standard triples Ty — T
in the sense of BT by POA Setting Uy = U — (S x {0}), the square () coming
from this is:

Uy U

N

S x (Al —0) L+ § x Al

By the standard triples theorem applied to @ = @, the complex
F(MV(Q)) is split exact:

0— F(SxAY) — F(S x (A' —0))® F(U) — F(Uy) — 0.

Since F' is homotopy invariant, this implies that F(U) — F(Up) is injective
and that F_;(S) = F(Uy)/F(U). Since j : S x (A! —0) — S x A! has
JJ F(U) = F(Uy), the right side is j,j*F/F(U). Passing to the limit over
U and S, we get the statement. O

Lemma 22.11. Let f : Y — X be an étale morphism and Z a closed
subscheme of X such that f~Y(Z) — Z is an isomorphism. Then for every
presheaf F:

~

Fixz) — Fv1(2)-

Proof. Since this is to be an isomorphism of Nisnevich sheaves, we may
assume that X is Hensel local, and that Z is not empty. Then Y is
Hensel semilocal; the assumption that f~'(Z) = Z implies that Y is lo-
cal and in fact Y = X. In this case the two sides are the same, namely
FIX-2)F(X)2F(Y - 2)/F(X). O

LemmaZZTTuses the Nisnevich topology in a critical way. For the Zariski
topology, the corresponding result requires F' to be a homotopy invariant
presheaf with transfers, and may be proven along the same lines as P21
see [CohThl 4.13].
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Theorem 22.12. Leti: Z — X be a closed embedding of smooth schemes
of codimension 1, and F' a homotopy invariant presheaf with transfers. Then
there exists a covering X = UU, and isomorphisms on each U, N Z:

Fuvanz)y = (F21) Nis-
That is, for each a there is an exact sequence of Nisnevich sheaves on U,:
0— Fa - ja*jZFa - i*(F—l)Nis — 0.

Here F,, = (F|u.) n;s and jo denotes the inclusion Uy, N (X — Z) — U,.
Moreover, for every smooth T' we also have isomorphisms on (U,NZ) X T':

Fo.xr,wanzyxr) = (F-1) Nis-

Proof. We have to show that every smooth pair (X, Z) of codimension one
is locally like (S x A!, S x 0). If dim(Z) = d then, by shrinking X about any
point (and writing X instead of U), we may find an étale map f : X — Ad4*!
such that Z = f~1(A?).

Z;Z.X

1l

Ad < Ad-l—lg Ad X Al

By construction, Z x A! is étale over AY x A'. Form the pullback X' =
X Xaa+1 Z x A! and note that both X' — X and X’ — Z x A! are étale
with Z' = Z X a Z lying above Z and Z x 0, respectively. Since Z' — 7 is
étale and has a canonical section A, we can write Z' = A(Z) [[W. Setting
X" =X — W, both X” — X and X" — Z x Al are étale, with A(Z) the
inverse image of Z and Z x 0, respectively. Applying lemma P2ZTT] twice and
then PZT0, we obtain the required isomorphisms of Nisnevich sheaves on Z:

o

Fix,z) Fixr Az Fizxar zxo0) = (F-1) Nis-

To see that the sequence of sheaves is exact, we only need to observe that
F, injects into j,j*F, by lemma T8 since F, = (F|u,),,, by ZLA

In order to prove the final assertion, it suffices to replace Z, X and A?
with Z x T, X x T and A% x T in the above argument. O
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Porism 22.13. The same proof shows that if Z — X s a closed embedding
of smooth schemes of codimension r, then locally F(x z)y = Fizxar zx0)-

Example 22.14. Let M be a locally constant n-torsion étale sheaf and
consider F(X) = HY(X, M ® p,). By BZ3 (F_1)nis = M. By NS0, p.
243], we also have F(x z = M. In this case, the isomorphisms F(x z) =
(F_1)nis of hold for any cover of X.



Lecture 23

Homotopy Invariance of
Cohomology

We finally have all the tools to prove [[37] which we restate here for the
convenience of the reader.

Theorem 23.1. Let k be a perfect field and F' a homotopy invariant presheaf
with transfers. Then HY, . (—, Fnis) is a homotopy invariant presheaf (with
transfers) for every n.

Proof. 1t suffices to prove that the HY, (—, Fiis) are homotopy invariant,
since we already know that they are presheaves with transfers from [34 We
shall proceed by induction on n. The case n = 0 was completed in Theorem
PT3, so we know that Fl;, is homotopy invariant. Hence, we may assume
that F = FNis-

Consider X x A' —~ X Since 7,F(U) = F(U x A') = F(U), we have
m.F = F. By induction we know that Rim,F' = 0 for 0 < ¢ < n. By theorem
below, R"m,.F' = 0 as well. Hence the Leray spectral sequence

HY. (X, Rim, F) = HY (X x A'F)

collapses enough to yield HY, (X, F) = HY, (X x A F). That is, the
presheaf HY, (—, F) is homotopy invariant. O

We have thus reduced the proof of 231l to the following theorem. Recall
from [EGA4L 17.5] that the Hensel local scheme Spec(R) of a smooth variety
at some point is formally smooth, i.e., geometrically regular.

209
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Theorem 23.2. Let k be a perfect field, and F a homotopy invariant Nis-
nevich sheaf with transfers such that Rim,F = 0 for 0 < g <n. If S is a
formally smooth Hensel local scheme over k, then HY. (S x A', F) = 0.

The requirement that k be perfect comes from the following fact (see
[EGAQ, 19.6.4]): if k is perfect, every regular local k-algebra is formally
smooth over k.

Proof. We will proceed by induction on d = dim(S). If d = 0 then S =
Spec(K) for some field K; in this case, Hy, (S x A', F) = Hy, (A}, F) =0
by BTl Here we have used exercise to regard F' as a homotopy invariant
presheaf with transfers over K.

If dim(.S) > 0, and U is any proper open subscheme, then R, F'|; = 0 for
0 < ¢ < n, by induction on d. Thus the canonical map «l|}; : Hy, (U, F) —
H%, (U x A') F) is an isomorphism, and its inverse is induced by the restric-
tion s|y of the zero section s: S — S x A! to U. From the diagram

H]T\szs(s X AluF) L H]y\szs(U X A17F>

H]T\Lfis(U> F)

we see that the top map j* is zero for all such U.

Now S = Spec(R) for a regular local ring (R, m); choose r € m —m? and
set Z = Spec(R/r), U = S — Z. Because Z is regular and k is perfect, Z
is formally smooth over k. For this choice, the map j* is an injection by
proposition below. Hence the source Hy, (S x Al F) of j* must be
Zero. 0

Proposition 23.3. Let k be a perfect field and S the Hensel local scheme
of a smooth scheme X at some point. Let U be the complement of a smooth
divisor Z on S. Under the inductive assumption that Rim,F = 0 for all
0 < g < mn, the following map is a monomorphism:

H]y\szs(S X AlaF) - H]T\szs(U X AlaF)‘
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Proof. Let i and j denote the inclusions of Z x A! and U x A! into S x A!
respectively. Regarding F' as a sheaf on S x A!, the map in question factors
as:

H]T\szs(S X AlvF) —T> H]T\szs(S X Al?j*j*F) —7]> H]T\szs(U X Al?j*F)

We first show that the right-hand map 7 is injective. This will follow from
P34 below, once we have shown that R?Yj,FF = 0 for 0 < ¢ < n. The
inductive assumption implies that H9(F') is a homotopy invariant presheaf
with transfers. Since ¢ > 0 we have HY(F')y;s = 0. Now see from P2ZH that
(HY(F)_1)nis = (HY(F)pnis)-1 = 0. By and (with 7" = A') we
have

RYj F =i, HY(F)sxarzxat)y = t(HY(F)_1)nis = 0.

We now prove that the left-hand map 7 is injective as well. Since F'is a
homotopy invariant presheaf with transfers, F' injects into j,7*F by lemma
PT8 ByBZH there is a short exact sequence of Nisnevich sheaves on S x Al:

00— F — ]*j*F — i*F(SXAl,ZXAl) — 0.

Since S is local, theorem PZT2 (with 7 = A') implies that Figyar zxa1) = F_y
on Z x A'. Consider the associated long exact sequence in cohomology.

HY(S x A, j,j*F) — H™Y(Z x A", F_) —2

H"(S x AY, F) — H"(S x A',j,j*F) — H"(Z x A", F_,)

It suffices to show that the map H" '(SxA!, j,j*F) — H" Y (ZxA', F_,)
is onto. If n > 1, this follows from the homotopy invariance of F'_; and the
fact that Z is Hensel local:

H" Y Zx A F )= H"(Z F_,)=0.

If n = 1, we argue as follows. Since F' and F'_; are homotopy invariant,
the two left horizontal maps are isomorphisms in the commutative diagram:

F(U) —— F(U x A') ~— H°(S x A, j,j*F)

22 12| onto

[aY)

F(Z) —— F_(Z x AY) < H°(Z x A}, F_)).
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The left vertical map is onto by ZZT2 because S is local. It follows that the
right vertical map is onto, as desired. O

Lemma 23.4. Let G be any sheaf on U x A' such that R1j,G = 0 for
0 < ¢ <n. Then the canonical map H*(X x Al j,G) — H"(U x A', Q) is

an mjection.
Proof. Consider the Leray spectral sequence
HP(X x A', R1j,G) = H"T(U x A, G).

Using the assumption on the vanishing of the R7j,.G, it is easy to see that
there is a short exact sequence:

0— H"(X x A',j,G) - H"(U x A", G) — H°(X x A, R"j,G). O

We have now completed the proof of homotopy invariance of the coho-
mology sheaves, which was promised in lecture 13 (as theorem [[3).

For the rest of this lecture, we fix a homotopy invariant Zariski sheaf with
transfers F' over a perfect field k. Because we have proven theorem [[3.71 we
may use proposition [3F, which says that H}, (X, F) = H, (X, F). We
will sometimes supress the subscript and just write H*(X, F').

Corollary 23.5. If S is a smooth semi-local scheme over k and F 1is a
homotopy invariant sheaf with transfers, then for alln > 0:

o H"(S,F)=0;
o H'(S xT,F)=0 for every open subset T of A}.

Proof. (Cf.[338) By B3], each H"(—, F) is a homotopy invariant presheaf
with transfers. If £ is the field of fractions of S, then H"(Spec E, F') = 0 for
n > 0 because dim E = 0. By [1T], this implies that H"(S, F') = 0.

Now H"(X) = H"(X x T, F) is also a homotopy invariant presheaf with
transfers by 2301 and H™(S) injects into H"(Spec E) = H"(Spec(E) x T, F)
by LTIl By and 2T, this group vanishes for n > 0. O

Example 23.6. Let (R, m) be a discrete valuation ring containing k, with
field of fractions F and residue field K = R/m. Setting S = Spec R and
7 = Spec K, theorem yields F(gz) = F_; and an exact sequence of
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Nisnevich sheaves on S, 0 — F — j.F — i,F_1 — 0. Since Hy,,(S,F) =0
by B30 the Nisnevich cohomology sequence yields the exact sequence:

0 — F(Spec R) — F(Spec E) — F_;(Spec K) — 0.

More generally, if R is a semilocal principal ideal domain with maximal ideals
m;, the same argument (using Z3.0)) yields an exact sequence:

0 — F(Spec R) — F(Spec E) — @;F_1(Spec R/m;) — 0.

Exercise 23.7. If X is a smooth curve over k, show that F__;(x) 2 H} (X, F)
for every closed point z € X. Conclude that there is an exact sequence

0 — F(X) — F(Speck(X)) —» @D Foi(x) = Hy, (X, F) — 0.

zeX

Proposition 23.8. Let k be a perfect field and F a homotopy invariant
Zariski sheaf with transfers. Then H"(—, F)_1 = H"(—, F_1) for all smooth
X. That is, there is a natural isomorphism.:

Hyp (X x (A" —{0}), F) = Hp, (X, F) & Hp,, (X, FLy).

Proof. Write T' for A — {0} and consider the projection 7 : X x T" — X.
Let S be the local scheme at a point x of X. The stalk of Rim, F at x
is H1(S x T, F), which vanishes for ¢ > 0 by B33 Therefore the Leray
spectral sequence degenerates to yield H"(X x T, F) = H"(X,n.F). But
m.F = F @ F_; by the definition of F_;. O

Example 23.9. Let F' be a homotopy invariant Zariski sheaf with transfers.
Combining proposition with 23] and 224, we get the formula:

H 10y (Z x AT, F) = H"™"(Z,F_,).

If Z = Spec(K) for a field K, this shows that H, (A, I) vanishes for n # r,
while the value of Hy, (A%, F') at Spec(K) is FL,(Spec(K)).

Lemma 23.10. Let S be a d-dimensional reqular local scheme over a perfect
field k. If F' is a homotopy invariant sheaf with transfers and Z is the closed
point of S, then H}(S, F) vanishes for n # d, while HL(S, F) 2 F_4(Z).
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Proof. Since the case d = 0 is trivial, and d = 1 is given in example 23.0,
we may assume that d > 1. Write U for S — Z. Since F(S) injects into
F(U) by T HY(S,F) = 0. For n > 0, we may use H" '(—, F'), which
is a homotopy invariant presheaf with transfers by B30l By EZTIl and two
applications of BZ7], we have

HE(S, F) = HTL—l(_7 F)(S,Z) = Hn_l(_a F)(ZXAd,ZXO) = HgXO(Z X Ad? F)
By 239, this group vanishes for n # d, and equals F_4(Z) if n = d. a

If z is a point of X with closure Z, and A is an abelian group, let (i,).(A)
denote the constant sheaf A on Z, extended to a sheaf on X.

Theorem 23.11. Let X be smooth over k, and F' a homotopy invariant
Zariski sheaf with transfers. Then there is a canonical eract sequence of
Zariski sheaves on X :

0—F— J[G).F)— JJ6)(Fa)—... = J[G)(F0)— ...

codim z=0 codim z=1 codim z=r

Proof. 1t suffices to assume that X is local with generic point zq and closed
point x4, and construct the exact sequence

0= F(S) = F(zo) > [[(Foi(2)) = ... = [[(Fea(2)) = ... = F(za) — 0.

codim z=1 codim z=r

When dim(X) = 1 this is 230 so we may assume that d = dim(X) > 1. For
any r < d, let H"(X", F') denote the direct limit of the groups H"(X — T, F')
with codim(7") > r. For any Zariski sheaf F', and r > 0, the direct limit

(over T" and all Z of codimension r) of the long exact cohomology sequences
H)(X-T,F)— H(X-T,F) - H(X—-Z-1T,F) yields an exact sequence

0—J[H X, F) = F(X") - F(X"") > [[HXX..,F) - H(X",F)...

codim z codim z
=7r =T

Each X, is an r-dimensional local scheme. Hence the groups HI'(X., F')
vanish except for n = r by B30 and HI(X,, F) = F_,(z). For r > 0 this
yields:

F(X)=F(X"™) = F(X") = = F(X");

0=H"(X,F)2H' (X" F)=...2 H'(X"" F);
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and (since XV is a point)
0=H (X" F)2H (X" F)~...2 (X" F).
Using these, we get exact sequences:

0— F(X)— F(z) —» [] H\(X.. F) - H'(X',F) - 0;

codim z=1

and (for 0 < r < d)

0— H Y X' F)— [[ HI(X.,F)— H'(X",F) = 0.

codim z=r

Splicing these together (and using Z3I0) yields the required exact sequence.
U

Remark 23.12. Since the sheaves (,).(F_,) are flasque, theorem E3TT] gives
a flasque resolution of the sheaf F. Taking global sections yields a chain
complex which computes the cohomology groups H™(X, F'). This shows that
the coniveau spectral sequence

EP = @ HPH(X, F) = HP"(X, F)

codim z=p

degenerates, with EY” = H?(X, F) and E5? = 0 for ¢ # 0.
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