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ABSTRACT

This réport gives a qua)itativé descriptien of some processes by

 which the multiplication in a s11gh£1§ supercritical system may be'stopped.

It is shown that for a fixed mochanism of disassembly, yhose qffect is pro- o
pbrticnal to the energy release, the fiml efficiency, or total energy rel.aso,.’ -
is rough]y proportiona] to the « which the comp)eted asscmbly would have in ‘:
the absenee of disnssembling forqes. Further, this anergy is re1etsed in ; J?.ﬂ
. smnla number of inteﬁse neutron bursts whose individual duration is short
- ) . cdmparod to the time réquired fﬁr the wﬁole'proéesg.;.A rough‘quantitative' '
'; . estlmato has been mado on the assumption that dicaazombly is caused by ther=
mal expansion of the core; a coefflcient of eXpansion of the order 10 -5 leads
to reasonab]e valuqs for the final efficioncy; | 4*10'9, and for the total
durttion, ~ 50 mi]lisecon&s. However, no othor satisf&ctory mechlninm of

disassembly has been proposed to exnlain the case of a plutonium core, vhich a

is not bYelieved to have a positive cqefficient.of expnnsion.



‘ attempt at quan‘itative accuracy is made'-

For an slow asse'rbly (disregarding thg effect o}' delayed neutrons) it my be

assumed linear. I

UNCLASSIHED

Dﬂ‘ferentia‘ equation for the efficioncy R .

The i‘ollcwmg gives 'Y aun] itative dqscr ption of some prccesees

which may automatica]ly stop multiplication 111 the slovr assembly of a slightly

= aupercritical system- s The ar{;merts used are essentially dimensional "‘d n°

. “..
Tho “Assemb]y of t‘xe suﬂercritlca‘ system is characterized ‘oy two

'quantlties i F'*rstly, the time variatlon of the multlp] 1cation constant clxt)

e e

v‘hai‘é t '--' o is the instan when the assemblv is just critical. ‘ ;i‘he second .
o P ' .

_ ‘ qaantity is the number oi‘ neutrons at time : t§'= It theassemblv is not

:"too slow ..' or the source which provides the mitiating neutrcn is weak, the

.A::reactior is 3tarted essentmﬂ)’ by a cingle neutron ard the mi*ial numom' °f .
: neuts 1g one.. For very slow aa'mbly or strnrr source, the density o“ neutrox‘;s

builds up in the subcritica) stage and depends on the constnnt a =and thev

strength of the neutrcn so.zrce. _

Th_e “disassembly will be cha‘x"a'cteriiéd by the assumption ﬂhat_: it

~contributes to the mul tiplicati.oncon_stgnt as’ foﬂows :

“,.,‘ ﬁ)—{-b(ﬁ Z,) for ﬂ)ﬁ | o
| o rr <Ay @

&
where £ is the- f‘raction of I‘;ssio'.able atoms wmch have undergono f‘ission. :

, _"rox‘ eu'nr,le for th 1 exp e, | froct ' b 1 . ] ' D
» é | .er‘m ‘expencion f ‘ec_s we sf assume NCLASSIF!E

do = O, io.e..'aa=. .-b t ° 1 kY : i

-
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'_; Thus for given b,

é.i §:. Eo. é:: :::E' :'.:_
L T wICLASSlF)ED

which gives immediately a lower limit for thc flnal etficiency ﬂ . For'the

llnear law one has
'dg 2 ﬁ; + af/b‘
Iniecd we shall find thet rormally ﬂ} lies betwsen the limits
. > Y
ﬂ°+2 cf/b 2 ﬂf > do-l' cr/%

tno final eff*viencv is e.ther proportzonal to af {with a
r.umer ;ca] factor va*ylng beuween 1 and 2) or it is equa) to ‘the ”tnreshold

efficiency" #_, depgnding on which is larger.

‘Consider first the very simplest case thut the gssemﬁly is completed

* before any "disassembling” effect occurs. vuring the assemdbly we hgv,'
: s | o _/,) +2
én/dt =' nat n=on ,e”'.") at
' | "Lt ' 2
, / . .2 )
:‘ﬁ/dt = ﬂn d = ﬁno- f 0\3/2)9.‘\: dt
o ' %% . B

After completion of the assembly we have (if there is no threshold)
297222 _ asy | ]
d Ko™ & (dl/ ulv) [ar ‘ - bd
3 - ‘o, - 2 ) o .

The vonstent of integration depends on # and df/dn at the iastant when the

assemhly i5 complete. Since @ at this time increases rapidly, the constant’

UNCLASSIFIE

will socn be nezlirible cempared to g.

B

- . '
“H'r- is cne éxception to this rule which is roted Tgepnar oy,
:: ‘: !’ ): !
L F) ’ N s
82 221 03y 'y, ..
’ o, 22 . - ’
’ ? :1: :‘I-n..%u .
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"iem;e 'ldlﬁ/dt = d .5 -(l/2)b £

" the end a’ the reaction is sigrif'ed by the ~oﬂ11txon iﬂ/dc: 6 . Tals lesds

ﬁf T 2af/b

If there is a threshold efficiency, we find.

‘“ to the result

ag/de= arﬁ.-(l/e)_b(ff -4) °r (1/2) b ﬁ'o‘
o= (1/%) [ar +€2+_ b2 ﬂf] < 23 /o4 By

This gives the upper 1limit for the tinnl"efficiency quoted above.

In the follcwxng these oalculations will be rnfxned. Ne shall con..
Hsider the oossibi]ity tha* the uisaSSembling factors bscome importart before
4tbe assombly is complete. We eha]l see that this gives rise to a perirdic
‘pxocesglin which a]ternatelj thev"aasambli" predoninabes over the "disc as5emb]y"
‘and vice vefsi. Norma)iy this leads to a final efficiency dose to the lower

linit quoted aboves.

2. Sdlutions for B =0

Ve consider the equatio" (ﬂ) firct for the case that ﬁo'= 0. Then,

ubstituting (1) and (9)

24/ a?
Cad/ at

= at-bd | | | (7

Let us make the equation dimension)ess by introducing

e LNCLASSIIED

xsvd /T
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tnen

. S a%x d X |
_— (T - Xx) .

‘d'ta“d

‘

X=¢c. ax/aT = (b a) 3n°=f, fort = 0O (12}

The szlutisns of this squation are discussed in appendix A. Slace
the equation is invarisnt agalinst s simulteneous tranclation in U and X .
the svluticns can be expressed ty a eué-p&rameter family of Tunctionse “hsy
are illustrated in Fig. 1.

Tre “unctions are all cof the form

X=T + periodis functiosn.

[ ]
The sinpliest solution is
4
XP2 T cor £ = (aX/ dT)o= 1
if £ -1<< 1 , we obtain v sinuscidal nscilletion supercesed over the
fanetizn x =1 with perici 2W . 4s f lncrenses the tinuvcifal ossilla-
tisn $s distorted snd spproaches eventually a step functisz with perisd
2 NZ2f.
)
Oxing ts the translatisral property of the differential eguntions
. N 12 . . . = :
theza g.lations may Se displaced in the direction of the line o ol we
Zisplace the furction shown in Fipe 1(c) so that the point A is placed at the
origin, we get & funstion with a very small initisl slope.
The period in terme of the initial slope f is thenarcroximately given by
’ . .v ' .
1
2 PR - UNCLASSIFIED
.4 ) ’ ' . .
g 10 K= 7 tre system is just sritical.  Jelutlong of type {2/ nad
soe NI
4 * . M ' 4 4
. b} would imply that the "disassemdins” factors besome lupediedt w5 o et
LN T AV ey 3,%e

the system is eriticual.

-
e
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s system first to build up a.n apprec ble noutron'densi’cy ;in tha‘super'criticu]

.::;ta.te boforo "disasaamb]y ann occur. : i. e. X’ T should become‘negative.

"'This oocura i‘or tho type (c} solution, if‘ we atart'-nt the poin‘; A*; J‘rom A to

'__.:B tnd C tha systom 5.; supercritical, from A to B tha neutron-density buﬂda .3: ;

,..'_up rtp*dl)'r nt B 1t bo"omos so hrge tmuc its effcct on thc offieienoy " beoom“]'.jf'

- notioeable._ At. C it hns become sa strong that the "aisnssembly ovex‘takes tho_

\

- ;asembly and the system »’becomes subcritical, tho neutron density !‘a.lls Amin

“"'A’_'_untn nt; D it has beeome 80 lmall thlt no notioe&b' ,ot‘foet‘_on":i_oocurs,

4-"""A-.therefore tho "disassmbly" stop:. From'B'to E to neutron donsity continuen |

~ to fall until at E tho N assembly cntohes up again with the' ”disassembly and

K 5"*he wholo process is repeatad. e

-

The variation oi‘ neu*ron density n (u dx / d ’L‘ ) 13 shm Fig.?a

L -»"»,:.t‘or the case (c) . The duration af the neutron burats ia of the order

-~

T ' -": 2 (2/ log (l,/f‘) w}uch is n fuction l/log (L;/i‘) of the period "C .

.......




.

3e Therma) daxpanzion

The suergy relssta in are fission is about 200 Meve Assuming a

ﬁpécii‘ic heat of 2 k per a.to-.-n, ths temperaturg- chenge 1s given by

| ’ o o
T = 20: Mev £ = 0.7%8 x 10} " cezrees

3 .

iroactia] fact it will be lewer, since heat conduction intc the tamper “akes

v

assuming a thermsl expansion coefficient of‘ the order 107°, the
fructicnal change in Yiner dimensions is of the - order ]0 4.
The change in a should be equnl to ’c'nis quantity multiplied with

the 2 of » hm‘ﬂv supercritical system, which wou'li be of the order of. 10 /sec.

Hamze we fini that the cunstart ‘:> is about . y

L em 1017/ cos,

z.  wlll be of the orier o" 1% of 103; 3ecy hence

"5

2.E gt e 1079

. . ' . : 2
The teuparsture change to te expscted is of the order 10°,
e have to chesk whether there are really ma .ciﬂations within

the time T . . Far this purpose we requi're

. | _ : T
B~ A 0 ve 2 ” 10".1‘ omS * Tey * 109 em/coc = (1/77) + 10 i em3/sec

he time of assextly will be of the order of a mean free path (about L cm)
divided vy ths velocity of the assembl y. ,Aés&ming; & &rop froz a height of a-
~,

fen um under the farve of gravity the velccity is of the order of 100 cm/sec

2
Thus T, « 4L.107% sec

Then . a = a.(v'/ Tf VI 2,5 e 107/55‘02 ) U!vhhficgg:-’j’



>
’
*
. .
F el
. ot
P
L.
-
.
’
.
‘e
.
.
-
-
l"
.
.

—— s e -

T 210
Tae initlal nuanter of ueualc will be one per core cr apout 1/L00 pe! ‘.I.CMSS]F'ED

no' e 1/0,00 em

£=(va) Bo, = @ 1 . 10710

.~ ’ o ‘
13 ‘z.' LAY ~ , o -
The period in terms cf the dimensionless variable Tis 2 ‘l? log (L/f) « 15,
) . -3 '
Hence rperiod = 2 \(2 1oz {(/€) / Yo & 2x + 107

and ic therefores about ons tenth ¢f the assenbly time

A

-3

il

. exrlenction is sstisfactoryfor a uranium-273 core but not for

evae: £: have 8 nos-positive coefficient of thermal

3 e
[ 3

one of plutonium, whish is br)

‘expensione Some heet will be transritted to the tamper but thls cannst umount

to more then ons or two percant ¢f the heat Iirn the core (see Appeniix E) and
. .

the canseguent chanre of shape in the tamper will be of t20 small an order of
{ . .

magnituis.

s ¥rom the thesretical toint of view, we should expect that the esti.
rate mude abave {ur the effest of such a mar on o is eorrect. However, & value
: |
Pror twd near-orivical experirents seemz to iniisate that the effect of

Vel

ror

[29

¥
A

& zas 1§ apsat 10 times lurger,

Le Thresksld Effest.

£

te ¢anitler no

the possibility that tro "diéassemb]y" stafts orly
ufter;a firite temperature has heen‘;éa:hed. e may think;fc; exe=nle of o
phuse change or of inhibition of thermal expansicn in the texmper becuuse thae
temperatyre is not uniferm.

in either case the constant b wauld subsaguently he larger.

ate -

However, & nuth mnare impeortsnt effect is that the neutron density is ullowed to

incrensetunshecked ntil 4he threzhnld is reacheds Diring this time we have

v o

dn‘de = nst, hercen = n_ e

N, A
: . /2 = »
dg/dt =-}::,ner:':e 2=2fn S gl3/5) at deS (/31'.6/&?.} e
. [o] . S

UNCLASSIFIED
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The temperature acccr

T #1012 g = 10’2 (,Br.a,r"-f? ). =2

Assuming thut the threshold

The neutron dersity hus therefore been increased by a fastor of the order 10

Introduaing

<11

U&cmssm «

ing to ge~tion.3 will be

J(1/2)et? | (1/2)at?

(1/2) at?
Ya' t

v 10" hence  Va!

T°='Ja~' t-"."?

Mlo

SOt Wt

is of ‘hﬁ order of 100°, we reguire

t U T

10

aggin X end ft‘ wo have iniiinl]y (i.e. 2t the threshbid)

4

iInstead of x we should uow use x'= x - x. (x, is the threshold velue). Then
egain x,'= C. fowever dx/3iY (which in %the previcus cese wasz absut 2 x
PSS TN 10 . . . e
1 77) has incressed by a factor 1C° due te the incresse in reuvtron densiity and

an scditiozs) factor (‘ef us en]l it R) tecause of the incresce in L. Thus

(3x'/4 ) e R

‘e likely to be large.

As chown in the eppencix, the value ¢f £ which defernires the xe

furetion to be used is5 in these conditions given by

. ; 2 . s .
f = (1:/:)‘ (10' - 1.“") -l-(ax'/a’f)o T+ ’,‘-R.

The pericc of the cceillation is

{& change in the thre:hcld temperature has

wheress previcusly it was 15, and the esiaxhl

in order

- .

2 2f NP &

to brirg the pericc up to the value ¢

i assume sn impescitly lsrge value of R,

very little effect on this resalt)

v time wks about Y0 times &s leng.

of the essembly time we would hmve

UNCLASSIFIED
A
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(R »V:LCO'O corre‘spor.d’.r-(g’v for e._igm‘p)e 'ts s change of 104 in dimensions). Ir |
thosa‘gonditicns thé firal efficlerncy is still determineﬁ by.:r; and we have
the formula 13). | | |

ﬁ‘r'v = .:f/’;;)
Howeier, ‘5 wes assume& to be ]argef by the factof P Thus.the'final effia
clercy ﬁauld not bhe about-lC'ﬁﬁ. To this should Le added ithe thrashold»effi-

riency EO s S that

- - -G -1C
g.=p .48 =(cVMr10"
Thus *the final efficiency could be down by & factor of the orcer 10, but the
wholeuprcces:s remncins essentislly the sames |

However, if k ¥ 1C, which seems'reasonablé,'the_efficicncy is deter.
rired essentially by the threzhold efficiency. It might be noted here that

the first term £, is very insensitive to the threshold tem erature; the second
f - A p

term #, of coirse is prepsriicne) to the threshold temperature.

5« Thke iaitie) neutron dencitye.

e aszumed abcve without justificaticn that inita1]y threre is Just
ore neutron present. Thiskimplies that tﬁe system is not near critical for ;_
sufficientiy long time to produce an apéreciable'neutron density. Le% us con-
sider the system In the sutcriticel af&te, when | |
. a = at, f < 0~
If S is the neutron source per unit volume, we -have
drn/dt = 5 + nat

vith the coluticon

t
~ /s 2
(1‘/2)31;(_ j e-(]/d) at dt

e ST T NCLASSIIED
At % ¥ C we huve ’ :
M
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13e

n =8 4n/2a

o
If 5 is due to contamination with plutonium-2L0, it will be about 700/sec o

' : - 7 ;
For & we found previcus about 245 10 / sec. Then _

n, 0.C75/cm”

which is larger than the value we acsumed by about a factor 2C. However, cur

results are very insensitive to the assumed value of no.'

b. Effect of celayed neutrons.

The delayed neutrons make a ¢ifference of about 1% in criticality.

1If the velocity of assembly is v, a 1% chanre in criticality is obtained in -

! - s
a time cf the order 3/100v, where X\ 1s the mean free paths -

Tne cvllision time for the delayed neutrons is of the order of .
1677 cens e rate of change of 2 is préportioﬁal to the iﬁvefsé cciiision
time multiplked with the rate cf change of critiéaiity'i.e.
s ®da/it =100 v/m |
During tre time t frem the instant of éritiéality,_the neutron density incresses -

/,;\ 2
by the facter e(1/«'_/ a t

.

. Hence durirg the time the system is supercritionl
for delayed neuts but suberitical for prompt neuts the increase in neutron den-

sity is about
L(1/20) My

These equations hold if the severa) parts whi;h are far below critical; are
assentleds However, if a.piece is added to & nearly ofitica] assémb]y,.nnd ir
thie piece makes only & eme)l differerce fo the 6ritica1ity of the sttén, say
of the oréer of 1% (us assumed in the preceeding sections) ‘then the rate of
change of cr}tica]ity decreases qorrespondingly end a should be decreased by about

a factcer 100, whereas t is increwsed by the same factor. Then the reutron

[P R erreren
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1.2

‘density lncreases by.tﬁe factor

S s

(S 2/"7 . ‘
e .

_ For & velocity of assembly V= 1C0 cm/sec, this is negligible. For the

‘velcoity of assemtly considerod in the preceedirg sections the delayed neutrons

are therofors unimportant.

7. The Limits for the Final Efficienoy.

If there is rc threshold ef ficiency we have during the assermbly the
x-functien shown in Fig. 2. This is repeated periodically unti]lthe assenbly
steps, say at T= ‘t‘r. . | | |

If this oﬁcurs during the level stretch of theAdisaséemb]ipg stage,
rothing furthqr happece. The systemkreﬁgins #ubcrjtic;! énd dies outs The '
efficicency %} is then somewhat lafger than 'T; but Aeygr more than by a
factor 2. -If the value 7= T} gets us anywhere on the Steép.incline, say to
the point B ther, the reaction in the 5£eep inc]iné is'qot affected, since in
tais region we pssumed in any case that T is consfant. fhé.réictiéniiherefﬁre'
rroceede intc the level stretch and.then Stop;. _ |

If T, corresponds to the point C, we gct.the cgse t}anfgd pr;viouSIy;
tb;t the disassembly beccmes important only after ascembly is completed. It
wus showa there that in thié‘cage the finﬁ]sefficiency i# AP} ’i2 7} and the
resction btehaves as indicated by.the dotted line. lA.simZ7ar situetion eiists
et the pcgﬁt C'« In al) cases it is cbvious fhat_the reacti&n reraing alwayk
telow the line }U =27 and therefore )"r = 2 T'f. .

The situation is slightly more compiicuted 1f-thefe ig a finite
thre}hcld, because then the initial combinations (i.e. at the instaﬁt the thres-

holéd is reamched; eare nct necessarily a zero cf the )V-fupction. Since initially

the system is supercritical, we start off anywhere on the part of the Yosurve

”N(‘I ACCIOIED



e f—

where x < T . From this it follows that 'if <2 rf +t w. wherv w is the

period of the oaci]lation. Bere x, and " T!‘ are both measured from the three-
h' 1d. If‘T s X, Bre the +hresh.lcl va]ues then xf < x, + 2T ‘*‘(UO -27T )
This is the ane excention to the *u]e that ﬁ + 2 af/b . It is importa'xu only
it w. 2 To le.rger thar either of the first two terms.
Appercix A

We &ha)l now consider the geném]'behsvior of the solutions of the

differertianl equation
dx/aTC = (ax/2T) (T - x) N o e 1) -

Introducing . : _ . ) ,
Y=xT : o, (2
it.caz wlso be written in the form
I/ ¥ Y 14¢y/eT) = 0 - L (z)

If we multinly (3) with (dy/dT) / {1+ (dv/aT) , we can inte-

| grate each term with the result h (dy/daT)=dy/ay - 1o0z(1 +dy/dT) = constw{1/23) y2

(L)
|
| S
| h(dy/dr)
!
l
l YN - o
| The rir)t-hand side, as function
l of dy/dT is show in’.Figgrg Z. .It'
l ’ . . ..
1 - - is infinite for dy/éT = -1, vanishes
-1 0 ' dy/dy :

for dy/dT= 0 and then increases

agairp to infinity for dy/éT — 09 -,

|
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demce it 1:. always pcsitive and t'n?refore 'Y is bounded. We exclude in .the
fcllowming the trivial solutions Y *0 or X= T ; i.e. the constant in (L)
i:-‘nss.umed finite and -csitive. ‘ N

.‘;Ye shall prove next that Y is an .oscil]ating func.tion, with an ‘
in!‘inite' nunmber of zercs.4 dssume that et scme point Y and dy/ /dt are positive,
then according to () h decreases (since y incresses) and referring to the

figure, it is found that dy/dt decreases and eventually reaches O. it must.

do so ina finite time interval. The only alterrative, that éy/a T tends

agymotatically tc O leads to

y = finite v'gh..ae

dy / d'l'.'.' =0

@ v/al' = 0
whizh is in contmdiction to (3). Indeed f‘rc;m (%) ‘i‘onops that d?y/dt-.2 is
firite and negative fer y > U, dy/df = 0 and therefore dy/dt 'becomeﬁ
negetive after & finite intervel in T e Yhen y decx;;agses, h increases and

13

tharefore dy/" dT becomes more and ~ore negutive until y changes sign. Ther

" the trend of dy/dT is reversed an d it follows as nbove that dy/dT becomes

positive aguln and efter a while y becomes positive again, completing the czrcla
The 2if'ferentinl eguation (1) rer.alns uﬂcha.nr'e.. if we shift the

T -sale. Ve can therarore cdemand without loss of generality that one of the

yT G at T=o o (%)

From (%) sné (5) i‘ollo;w_s immediately that y is antisymmetrio

y (T = -y (T) E | (&
Let 2 Tl te the first finite zeros;nf y. Now, because of the invariance of the

differentis) "c_'uation azainst a translation, it follows that y1 (T) = y(T'-ET)

"nlsc satisfies tre differertia) equation and of course vl(T)- y(= T}/-./(Ti) = Ce

FoTerED
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Furthermore from (6) : , 4 s"‘C’-AS.SJHED
..’ . N : B . .
L - (av, / df) s (iy.//:iT ). =(d:,'/'dT )
1 LA =T T
Thus yl hac &t T, the same,vnl;ze and the same dsrivative as y ard is therefore
: A1 . .
idsntical with ye Jhus
W(Th=y (T-2T) =w(T) | (7)
and tharefore y is a pericdic function.
In order to investigate the sb]uticns, it wil1 be convenient to go
bsck tc the function x = T + Yo ‘e demand lag_ain that y=0 for . T=0 i.es .
x =0 for T=o0 - (8)
* ' This can alweys be achieved by a simultanepus shift in the T and X scales
: " The solutisn is now complctely determined, if we specify the ceriva.
tive at T=0; let it be f
) ‘ex/dT = £ for 2= 0. | . (9)
A trivial solution is obteined for £ = 1 ; i.e.
x=T . for f = 1 | (10)
This scluticn corresoonds to y = 0. If £ differs slightly from 1, y will De
se]l and the second order term in (%) can be neglected. One finds
x=T 'f"'(f'-_l) sinl  for ‘f-ll<§ 1 (1)
Let us consider next the extreme case when f is large. ‘hen for small ‘r_we have
x = £ T >>T and we may neglect T in (1). We then have the equation
» ' ‘ :
. e 2 / 14
dx /e¢T+ ¥ ax/daT = 0 : (12)
, o - MOTACCITIEN
_ | Integrat‘ion yields : _ U'i’i'\r.i-ASS!}"ED |
. dx/3T + (1/2) ¥~ = constart = ‘ (13) .

~ _
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v . Y e 2 . .o ~ .
: : Cdn AT = | DT -7y - (V) %2 {17 ‘

I.,
” e . . | .
. dintegmting agein aad nittipg at T 2T we firnd
s 7 . . " N
- . ] ~ g , : LA ! [ 4 L e
x2r 1227 "“J* Lot {Texp® 2{12) %y 2 4 ¢ (13;
, T ‘ : '
Ne write thic in tha fora
, . - . [o)
. — . e e [ 0 (Te xg° o
¥Y=-Air + Uf e e 1T 13
g
Flus ax eddltionel Sorm, wnica we sho?l show b9 be negligibles - The addivicral
tors is b _ T’
’ . e A 2 W) z
- - 4_, - 2 x 1/¢ x
21 - T ]+ 0 LA (T 507
: ()
[ - . N a
Since Tin the intcprand le s !, wa mayr naslect T ™t the erjonaer g

'o“ e ’ Tl )
. 3 ~r - “‘21' ] - A . . . et ‘ N - %
EREY: [1 -7 ]*u r {e T‘l U = .’:\J."..“ E s “+{::‘.'xl)(e T3 -1):}

whichk varishes,. sinte . x_- = ~N2f,

o may write the Jsradda (1, in She Sollosing fornm

A 5 /%7 o A - X y e g 3
N : Yt ey 1 (172 vy I 2 i1 F -,
2z oAl +L5 em i oixiE etL =.1(‘l"-§;)1 REPIPEIS S B SN G BIRT L ACEAE
"2 — ey
L NV
3ince xl is lorgze we muy use the asymptotle expression for the interrsl arnl fing
- 2’ *3 - 5 ‘
ll /',.,- x /’ Foas - = r Dt
- e— < . v, - s . HE AT - Xao; : Ldd )}
=y = 1'/11 -3 L e ViS¢ 1 e' A\ 1 8 i E

[
o

2
I
o~

y oo

st 1y secu that the seccud term ls small.conzared to the first, proriled
L] o ' :
T» v/Ner and 2 % -T > y/Ner

-4

e b
dée . A

The mssumption ornwhidh aur wosrosimetion o8 Lesed Lo blersfare factifia

PL 7 P P Y

: T TOmAS Joam to O ™y . - AR N A j:!:' ‘
. FOmeS c‘.me LD Ry e (7his argumont woull not pass & mnthemsilon? 3% AN TR)
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could be refinedl. ~part from the first constant factor, x . is an.isu*new ¢ in

From the discussion of the fuanction y giveh ebove it follows that

(T‘ XI‘,'Q

This leads to

xl must Te a 2670 of the t‘unc'ti'ofz Vs, 1e0e 2 =.x1 for T = X .
the coadition - .
oolEr [eNTTy -] (22)
: . .
rnizh Yau the soluatian
x, =-C’27 ‘ (22}
1

If we cnrry the usyuptotic expression for the integra) one step further, it is

found that xz differs from<2{ by & term of the order 1/ 'sf;. This justifies

our treatien*, since we mnde repeatedly use of the face that %, -‘4 2r << 1.
Becacse of the auntisymretry and cerisdicity of y= T - x we row

tuuve the comilete solution cf the prebdlerf. f\s Tawproaches 2 xl the function

x behaves in the sume wev as near © ¥ 0 except that T has been shifted by

the smount C e The general behavior of x is indicsted in Fig. L.

#iily rising oarts x is give

In the

o]

irst re
oy (130, ieee 52438 ¢anh {

) . 2
20/aT 8 - (1/2) 2T

1T << 1

" .//} I
4 |
7 |
7 | ' ' |
T 1 L - T
X ig- LL. a

<n the secon? steep rise the same equutions hell except that T eand * x are

boih shifted oy the amount 2 *1'
we have the equetions (17) and (20), which can be

QHCLASSIFED
]

In the levsl part

writter, irn the £arm
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. =?1* e o0/ xP [ (/204 Zag

o -

2 (1/2)(T- x?

RV
-\1/2) X~
4 e

ax/aT=L £ o
S ' (&)

BN, <<T;« -2x1-f>)571: :

Let u3s row shift the solution by only half a period. Then the point Tex = xi
is chifted to Tzx = 0 and we obtmin another solution of our problem in
waish the initisl slope at T = C is very smll. From (2%) follows thet at

T=1L, we have aiaT = if exp («f)e If we det‘i;;e

£r = Le exp (-f) o _ B (2%)
It £211ows thet the solutiosr Xpe s tdentica) with the solution Xp excep~t for
the indicated shift of coordinates. .

T}}us we have nlso 5btained, t.;le sall'.xti:m if the i:‘.it'ial sl :;rpa is very
small. Neg;_,ntive slores are excluded, since dx/dT=1 + dy/dT » 0 according
te (Lo (More precissly &x/2T is either almys pesitive, cor salways negative;
buv the' second case is of no physical interess), | |

Zhere remains the pr;oblem of det_ernihing the value of f to be chosen
/z":\r given initisl conditions. In general wa shall be interested in pr'ob‘lems_ in
which = aud dx,’.dtaré.gi‘.'én for some value of T . Allowing for & sinmultaneous
£hift in x  and 'l"l ths sig:zii‘iean‘:»quanti,ties ere
y2 x T
%= dx/dT ' a . (27j

end y. ‘s consider only the case when £ is large.

Ve have 4o find

o

L]
o)
.‘
R

e
”
o
o]
~

My =20 and x3>1, we have the case treuted above and clearly we

saonse 2= x = T =0, We therx‘. afe or: the fast rising part of UHG{ASS]FIED

curve, wnere the ezuations {2L) s»rly. ag lonz as we sre on this et of tie

-

~
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curve ¥ will be nezligible and we can in the general case identify x with y.

A

Then frem (24)
x =y =27 tamn (T NT/2

Thus

ax/AT 2 x = f o (172} y 2

s cx w1/ y2

£ . ;
T = No/f sl (/zY ’

X T T+ x . (28)

The equations are applizable provided £>> 1 and T << 1. Tnis leads 10 the

conditlsus

[AN]

[

x +{1/2) y >>1

v
¢ 2
-

x>y 2y o= 1¥1

Thess ccwditicra map out the reg*o" I in Fig. 8,
x

#

If we are cr *he level part
of the x-curve, we would normally
expect x = dx/dT to be small.

If we are just at one of the zeros of
the y-functicn, we have y=0, x<<1,
and:therefore the region II in which
this part of the x;curvevapp}ies

exrtends alsu to the xeaxis, but for

smal) valies of ¥, ws clown in Fis.o 3,

Applying th— e~uat1uns (23}, we find

e INCLASSIED
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If y is negative, it is conve: .1ert to use negative va.]ues of T and x = Xy
Fhe equations remair the same except for suitable chauges of sh:n. ThLe above

sguations give

ol/e =L, V2 P

LY

o~t
[ ]
-
o~
(3%
e
NI

my oo Y
chess equaticns held rrovided f is large, whish rejuire

either y >21 sr x <4<
(x <&<1) i3 intended to indicate *that log {1/X) shcu]i sti1l be large, bu*
nat necessarily Ivu; l1og 1/x. .
Fus l:err..o.re w¢ have Lo e:«élu:‘e very smeil v&.lueé of T Sinee f
is large and 7"2 2f =« v, this limita*ion will -cccﬁr orly for large values of‘ Yo
Cne can see easily thav T =0 for £ = x'= (1/2) y© o+ Herce tne regior Il looks

rouzhly as indicuted in

(3 4

The region left YFlenx irn Fige 7 cerrespoads to wvalues of f < the

)

crier 1. £ ® 1 corresponds toy =2, x = 1.

Anpeniiy B, .
e e———————
Therm Bxpension ¢f Temper - .

-~

The heat inct by the core *o the temper will certainly be less (in

. .
fazt very much less; than that lost 4.'.'; 8 surroundin-c verfect conductor. In

ln

a short tigxe t +¢hias functiomal lcss (v-\ ) t.'5 where R is the radius (34

g a .3 - fPue ity FRET . )
the core and a the thermal diffucivity. | : UM (‘IHED
i -2 . 3 - -
1t t = Tf~ 3.1077 secy ani we mssume a ~ 10 1 this :.“o;l
= -2 os o';..ov Yriiie
the order 107%;. thus the heatinrc of the tamper by sonductfon dseneg2igitle come
- : R R :
pered to the hesl imported by rudiution which'will be of na’ordér ¢!’ one percent
R, .
) ‘e ' - ¢ - -
s 3 ? 1 .
2 2 . ’
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’ of' the heat developed iz %he core.

o o The heating cof the tamper will produce thermsl stress tending to
expand ity we can calzulste the stresses from fomrulae plven bty Timozhezio in
hie "Thesry o Elasticity“. I? we consider the tampor °*thin' the others prea
duced in 2 hemisphere wﬂ) be ejuivalent toa couple ap-lisd to i%s rim, an
fenereliiiny from wellaknown formilas releting the azrlied couple to the shance
in curveture, we Pind that tha relative chanze it cwrvature of the Ssanar wlll be

& s S
,’.... b d . -
. o i
whe [AT dx ig tke in* nrr&l thravugh the shell o im chwnge in Sempe-ature
endt 2 i1s ite thickness. .
. jew the heat muined by the shall is
e MY pr :I‘ L2 d(
et ol Lile must te eguel 4o 4hut Yact by the ccore,
2o mz A o- ) <
LY, o3 R p €T 7~ 10
: S :
g0 that
47 éx o~ q T (p(_'. P R/
an?
-y ey e Smog SEEN
(B 7R == (K247 (e S rv, S9) n la Ty
MES Y . oL
“ ¢ ‘o - .
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wnsuning I o~ n 2,
Thus Lne the—nnd arrancioar of $he fawr= 13w .ra"*irm q of they nroe

. /

s.telin the 2ore i0 the Jutler had tho sevc coeffizient of ox A:UP'CLASSF:'ED
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