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AaS’iRACT 

Thir report gives a qualitative description of some prooesses by : 
-.. : -., . 

which the multiplication in a slightly supercritical system ky .be stopped. 

It is shown that for a fixed'mschanism of disassembly, whose .qf6fact i8 pro- " .. 
. . . 

partioml to the energy release, the final 'efficiency,',or fotil,.?nergy relkm; ' : .' _. 
is roughly proportional to the a which the oomplsted assembly would have in .: 

. . .C. . ,', . . .' 
the absence of disassembling forces. Further, this- energy ia .;eI.eafred A.n a ,: : .: 

. 

_ !a. anal; number of inteise neutron bur6t6 whore individual duration'i6'ShoTt " 
. . , 

.C oampared to the time required for the whole‘ prooess. A rough quantitative . 
_.. . c estimate has been made on the assum&ion that dirassembly is oaused by thar- 

.‘ 
mai expansion of the core; a coefficient of expansion of the order IO ‘-5 ieado .. 

to reasonable valuqs for the final efficienci, -10'9, and for the tot&l '.- 
:. .* 

duration, A' 50 milliseconds. However, no other satisfactory mechniom of 
-m--- .' 

disassembly hai been prdposed to bxplain'the ease of a plutonium cord, which 
. : 

is not believed to have a positive ooeffic$ent.of expenriona 
. . . 
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1  ‘. .' 
i , . .  _ ._  .:.. Q ' a tte m p t it q m c tita t ive*accuraoy is tids.  ,.: : ':I : 

:. I '6  ; L ' L  
'The‘"Ass&b ly "  o f th e  supercrf t ica!  

0  . . .._  : sys tem is charac ter ized by  & w o  '-..:- '. .I . . .:.. '. 
:. :'. : : . . . 
..,. '. 1 .;. . . .I_  q u a n tities:, 
,. 

,Fir+ y , th e  tin ;4 3  sar. iat ion o f.& 3  m u l tip l icat ion constant  cl(t).5 :. ,.. 
, , '..' ,' ,. . . 

;'- .,$ ' . 1  ' -* For:a-.: ! !ow asse ib l  y  (d is regard ing  .h e ,,.e ffe tc't &ds i aydh  '-n e u trons) ..if .= y  bd -  .' . ,'_  s  . . :..'."'l!: ._ . .'.' . _ .: . i ,._ -  ., ..-' '_  . . .'. . ..., : .I:':*.. ;.. ' -. '.' ' . ' ._  ;. .'- ,..,. 'I ..; 'a ssum id  liti'& . 
>  . '* % . ._ : 

. . >  :. .' ;. * ', . . . .- .' (, 
.y. : I .. ~  '_  .( '. . . '. . '., . ., .,.' : 
t.1  .: ;.. : :; -, : ': ‘. ,' ". 
& '; ;,"::,‘y _ . '. .. .~  '. 1 . 

,' '1 . *. ; 
I .,-). ?  . : . 

a i  Jt)',. + , a t.')';-*,. ' ' ': . ' s' (1)  -';y ;,.., 
~ . ,,. . 7 ..,;- -. '. 

. ,,1 : ,I:.:,~ . 

:. . . . ._  :'. ,.'. _ _ . O . : t,;, '.. whs rd  t '=  o  is th e  instact w h e n  th e  assemb ly  is just crit ical. 'i'h e  s e c o n d  I : * -.::. .‘ ;; '...:" . : :. i I~ .. '. : ,, '. '. 
:. _ .. . . . ' ., '.'< , ; ';'.; + ibr-nt i ty is th e  & a b e r  o f n e u trons a t tim e  ,i.g o  . If th a a g s e m b l y  is ‘n o t Y ',. :'. .z 
::. *. -. :; . : ., . . ~  . :‘. _  . . . :. 

-. . 
. : 6  .tco s low - o r  th e  sot i rce wh ich  p rqv ides  th e  in i t iat ing n e u trcn is w e a k , th e ':.. ' :.'.'-. 

.'.. ._  ', : . * -. '. .'_  . . . . ." react ion is star ted e s e e n tia 3 1 y  by,a  c ingfe  n & t& m  & d  th e  inJt is1 n u m b o r  o f . ;; ' I.' : . . _ ' .i.' ,. . :.. :-. 
:. ,: .. ,' \. ( ._ : neuts ' ia  one i . .Fcr vet i  6 i ow  asrsmblg ,or  .s t ronh sou r?e ,‘. 

: 
th e 'dens i ty  o f n e u trons : '.. 

:' . . . .: ,-.' 
:/.: .f. . : _ _  :i. ~  ., . bu i l d6  u p  in  th e  subcr i t ical  s tage  d n d  d e p e n d s Io n  th e  c.or,stant a  
._ ' : ; 

.a n d  th e . :::.;.: 
. . .., ,I '_  ., . . . . . "' .: * ' . : s t recgth o f th e  h e u trcn S o u r c e , * ', '- 

'_ .' 
,. ._  'The "d isassembly "  wilf b e  oh i r a& .e r i i&d  b ;\; th e  a s s u m p tio n  t& t it ';‘ : 

r-. :. :_  i '. . . . '_  't ,o o a tr ibutes 'to .th e  m u l tip l icat ion d o n s ta n t a s ~ fo t1 o w s  
‘. :. "  _ .: .. i _ ' : ‘. ;  

: .I,.. f ..,. a  . -b  (8'. 8 , ) 
.'.. . . . ; 2  m =  fo r  b  >  ;e ; 
: .< -  : ., :.. _  : .. 0  : . 'fo r  jj < 'iffo  ,' . . .. : (2)  :: 

: 1  1  
l 

:: . w h e r e  $  is th e ,frac t ion o f f iss iorAble a to m s  w i$ch  h a v e  u n d e r g o n e  
.' j 

'For e x a m p l e  fo r  the rma l  expsn tio n  a ffects w e  s + fl.a s s u m e  
; - ., ._  - I ! 



c 
. 

. 

I 



, *- 

u , . 

.._ - 

- 
. 

. 

*‘< 

. 

which gives iznnediately a 

.’ “..’ 
. . 

lower fifriit fjr,,thc fina3,8f!Yoien& a,. Fot'the 
,,.. 

. 

'Thus for given b,. tho final effici,q~y is either proportional to af (with a . . . . . 

I 

r.uz~,ric~l factor varyir,g between 1 and 2) or it is equal to 4ie "threshold : 
: 

sfficicncy" lzro , depending on which 6 larger. '. ' : ' 
'. 

. 
*a 

Consider first the very simjlest case thu't t&e aasexbly is cornplated .I, 

'* bafste any "dissssenblingfl effect occurs* ul;ring the assambly,we have! . . ‘, 
: . . 

. I . dn.~‘Jt = na$ 

. 

'n s n JY/2) at* 
0 

: 

After bmpletion of the assembly we have (if thare is no thre&old) ‘.: 

. 

. . . 
df d - (i'2) b $2 $- cork. ' ' 

. 
;tJ$!& =5 . . . 

, . . : 
. 

The oonstsst of iqtegru tit>n depends & 6 and d&d+, at the instant wIhen the 

a5dezb?y is complete.. %nce d at this time irkreasts rapidl y;the oonstanf 
* . will 1503 be rccg?iribl~ ccmpared to 6. 

. . U?KlASSlFIED 
‘G . 

. 
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. . *. 

San08 dd/dt = ‘df d -(l/2)5 %  
. . 

the end of the tbctik is sigcifled by thc:coAition l$'dt= 0 . 'EAS 1 cads 

to the result . . 

If there iS a thr63hbld efficiency, we fix!. 

. 
de/,,- at -(l/2) b(PI 0 bo)2+(1"2) ' " 

0 

This gives the upper limit for the finml"efficiency qcated above. 

In the following these aalculations will be refined. :Ve shall con- 

sider the possibility that the disassembling factors b6come i!!?ortant before 

the assembly is domplete. .We shall see that this gives rise to a perislic 

FP3D8SO in whi3h alternately the “asse+ly” predoxirakes over thc."~itkr;Se&1'y" 

and. vice versi. ~3r.7lal j y 

linlt quoted above. 1 , 

this IeRds to a final efficiency dose to the lower , 
. 

- 

2. Sblutions for $o= 0. 

Vie consider the 

substituting (1) and (3) 

, 

. . 

eqxiation (5) firr% for the c6se t.hEt d = 0. 'i'hel"., 0 

tit2 $ / dt2 
.I at - bb 

d$/dt 
. 

Let ussmwke the equation dimenrion?e.ss by introducing 

( 7: 
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,b?ii:if!~ heat of 7 k per atom, th;l temperature cAhange is given by 

T= 2oc M*Tj 
1 ‘u.T--- 0 = 0.3 x iOs2. d 2egee3 

.’ I 
:r. act241 t’ast it. will be’ lch’c:f, since hea? ccnduCti0.q it59 the trrmper takes 

I’!U”S. 

The chmge ir. n s:?suld be ecpl t= this quntity multiplied with 

l 

. 

. * . 

t.‘tlt 3 
; of a’ highly sapsrcr?tical system, which would be cf’ the order of. 10 /sec. 

Y&y,- \c. ,a.= f! I. i .- . -..* that t!x cona*,ar.t 5 i,S atout / ‘. 

T<? tf%perhture change t? be er.pecfed is of the order 10’. ’ ’ 

612 hbkve .to chscic whether there are really mazy 37ciJlatioCs wit.hir? 

The time Cf hSsez>1y Will be of the order Of A mean free path (fib3Ut. 4 Cm) 

. 
di7i:‘eti Ly ths eel ocity of t.)zc assemtl y. kiS&ing 0 drop fro5 A height Of A’ 

feh 2% Liri2Cr tr e ‘L a,,... n i 1.1. ‘k. d c . gXY;c,jr thQ VQ3CCitj ' is of the order of 100 c.dseo 
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. UKLASYFI~D 
Tho tzqeruture acccr? in.g to section.3 wiIl“be' 

,(1/2) at2 
- IO" hense 

-Ft 
s? t, - 7.4 
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(2 - 4coo co rrespor.di.‘, -p for exan,pIa ‘& s c&nge of 30$ in dimensions) l Ir. 

these’cofiditicns the f,iml effiniehcy , is still determined by .vf and we have 

tile cGxiLl:A ;I?). : . 

iiowev er, 5 WC~R aitomed to be larger by the feotor T?. Thus the firm? effi- 

C:5 bi-.Cs Wi3ilY d Ilot b8 about lC-s. I!> this shoti? be added the threshold effi- 

7kus ti:t fi:-xl efi’iciehoy could be dw; by a factor of the order 10, but tlra . 
‘. 

w;?cle prxest rexci~r.s essentittlly the same. : 
. 

Iioxver, if R > 10, which sec.;ns. reasonable, the efflolency is deter- .’ 

. I 

1.): ;;e& crsectially by the thr~:,:hold efficiency. It tight be noted here that *. 

tke first tcrz j?!*’ is ver;; irkerxitive to the threshold tenperature; the second 

term $o sf C~2’2--~tJ is Frc;?“.~ * icnal to the threshold temperature. 

YQ a szuned abc-;e with3:;t justification that inita?ly there is just 

ol:c nai;tron prcs ent. Ihis implies that the systm is ‘mt near critical for 8 

Cuff!cio3tl-$ 1onC time to produce an erpreciablc neutron density- !A% us Coil- 

zider the syst.e.3 In the subcritics state, trhen 

a P at, t<o 

Xf s is the =eutr<jC source per unit volume, we .have 
. 

. dddt = s +nRt 

r;ith the Solutica 



. 

If S is due to contamination with ~lutonium2&0,.it will be about .?OO/sec cm'. 

. Fcr a we fxnci previous,about 2.5 lo7 / sec2. %tn 

3 Ii* - O.C7+ll 

8.’ 

which, is larger t.., '8-n the vr~lus we arsumsd by about 8. factor ?O. However, our 
: 

results arc ver? insensitive to the assumed vklue of no. 

c 

l . 

I 

. 

. 

.- 

6. Effect of delayed neutrons* 
: .' 

The delayed natztrons make a Ctfferenca of'abotit'l% in criticality. 

If the velocity of kcmbly is v, a 1% change in criticrlity is obtained in 
. : 

a time c.f the order Z/$OqV, where X is .the mean free +th. 

Tne cvllision time for the delayed neutrons is of the order of . . 

hr:'ng tike tim6 t frc... m the instant of criticality, the 'neutron density increases. . 

by tk.c factor 0 (l//2) a t2 . i3ence during the time the system is supercritiall 

for dalnyed neuta but subcritical for prompt nsuts the itsroass in neutron den- 

sity is' about 

. ,,(lhO) x/v 

These equations hold if the severa? parts which &rt far below critics?, are 

assembled. Iiowever, if a .piece is added to e'nearly oritical rseembly, and if 

thic piece,nakes only 8 &ma].1 difference to the criticality of the system, f&Y 

of the .orCer of 1% (tis assumed in the preoeedicg sections) 'then the rate of 

Cfo:~~e of criticality decreases corresponding]y end a should be iiecreeskt by8bout 

s faet.cr 100, n!-.ereas t is :xre&scd by the same factor. Then the Xi6UtrOn 
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, 

I’ 

,a.* 
denfiity Ir.areasas by. the factor 

q 2/v 

For P velocity of a~sexbly V='lC@ cq/sac, this’ is negligible. F2r the 

. 'velcr,i$y of assembly coxidered in the preceeding sectiona.the delayed neutrons 

arr therefore unirt?portant. 

-7 
1 l The tlr;::ts,fw the bir,al Efficienoy. . 

If there'is cc threshold efficiency we, have during the assembly the 

x-fux~t~'C.r? shcwx iE Fig_, 2. This is repeated periodically until the assembly 

steps, say at t= Tf. 

‘* I 

If this occurs during the level stretch of the disassembling s,tage, . ‘. 
1 r.othing further happam. The system rexains subcrftical and dies out. The ". ; 

.d 
affi c ic-nzv . )vr is tkct; .wsc?nevhat larger than Tf but neper more than by a 

i-actor 2. .Jf tto value 7~ tf gets us anywhere on the steep itcline, sa’y to 

. . t;!,tl poirdt ii then the reaction in the steep incline is'not affected, since in 
'. 

tSic regicn,we oskmcrd in any case th.nt r is constant. The ructicn theref;cre 

rrcxeeda intc the level stretch and tken stops, 
. 

If i’, corresponds to the pain? C, we get the case treated previoutily, 

S.&t the disassexSly becomes fmportant.only after ascerzbly is completed, It 

wki~ sliown there fi:ht in this cati6 the firi efficiency is Y a 2 rf and the 
f 

reaction, bskves as ir:dicated by the dcCte.5 line. A similar sittxtion exists 
:. 

at the point C'. In all cases it fs obvious t);at the reflction rm-ins alnays 

below the lice Y=22 and therqf ore )“r 
= 277,. :. : 

1 . 
The eitraticn is slightly x;ore compiica&d if there is a finite 

threeh.?l~d, beco!ise then the initial Combinations (i.e. et the instant the threb- 

.* *. hold is reached) ertr net necessarily a zero cf the Y-fupction. Since iyitially 

tl;e Ejr;;ten~ is supcrcritical, we start off anyvhero on the part of the %urve 



I 
. 

whare x c T  . P rm this it fallows that 'xf ,d 2 zf T  W ,, ) where W 'ls the 

period 65' the oaclllation. Here x . ,f and 'r are both measured frm  the three- f 
bald. if T  , xo 0 are the threshold values thou, xf < xo + 22f ,+(d- 27) 

T& is the me excd$ion to'the rule that bo + 2 cf/b . it is inlportant only 

if W - 2 To larger thnr, either of the first two terns. 
-. 

. 

" :. 
4e shhl.1 xw consider the p~eral behavior of the sbl&ians of the . , 

I 

. a . 

. . 

differential eq\laf.ion 

. 
h%/d1:2 =wm (T-4 ..,,, 0) :;;' ,. 

IrArodixi9.g . 
: 

yzx..z .: ‘ . (2) '. 

it.caz a360 be written in the Yom 

? ?"I !' .,$ + Y  (1 -t <j&z ) = 0 ., (?I 
: . 

If we multi'$y (3) with (dy//dr) / (1 + (dy/'dT) i we can inte- . 

. grate eac!l tero with tk re&ult h (c'y,% r)= dy/dY - tog(l+dy\dZ) = co~s~d1/'2) y2 

(hj 1 

. 

.  0 

,#fi . . ; 
The right-hand side; es function 

of dyldr is sham iri kigura ?. It 
. . 

is irfinite fog dy/d'lT= -1, vanishes 

for dy/dT" 0 and then innureaseE 

agair to infinity for dy,/?T -+O" .o 
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.-iexe it is always Fositive and therefore Y is bounded. X% exclude in the 
fcllmdng the’ trivial so1~;tfor.s y=o or Y* 7 i i.e. the o'onstant in (I;) 

it a seemed fir:ite and ~csi’ive. 

‘Se shall prcce next that Y is an .oscillating func,tion, with an 

infinite Lumber of zerct. ~ssumc~ tht kt BCICCB point Y and dy/dt are posiiive~ 

thou, according to (h) h decreases (since y increases) and referring to the 
. 

figura, it is ‘found tbt dyjdt decreases” and evantua33 y reaches 0. it must 

do SO in Q finite.time interval. The only al terrative, that dy/d r tends 

. 

3 

. 

a.’ 

Rcy.Fi+.:t!oh.l ly to c? leads to 
. 

y + finite v61ue 
. 

. . . . 

. 
whtoh is. in contradiction to (?) . Indeed from (3) folloys that d y/dt2 ‘2 is 

. . 
i’ir:ite a:12 neptive fcr y > 3, dy/dT s 0 aud therefore dy/dt becomes 

: 
ncga:ive 5ift;er a finite intervt-1 in T . xhen y decreases, h increases and 

..’ 
t’iterefsre dyi* dt becmtfs mfe am2 .:orq negtitive until y changes sign. Then 

the trend of d;?/dr is reverse2 and it follows as above that dy//dr becomes 

posi tire afta ln 
. 

? I;e 

and after a while y becomes positive again, completing the :ircla 

di!‘fercztial eqxtion (7) remains unchangc: if we shift the 

-car: therefore demand without loss of generality that one of the 

ZPl’?C of y 5% at l-= 0 

Y ' = c at 

imediately that y 'is antisyfmetrio 

6) 

Lt. ,+ Tl be the first Finite zeros .of y. : NOW, -beoause of the irxariance of the 

dlfferzhtial *sl;ation apinst B translation, it follows that y m) = yizi?t) 
.1 1 

I nlS0 SatisfieE. t>c differential equation and of course yl(rl) = y(- tj): y( rl) * C* 

.* ‘. 
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8.’ . Furthermore from (6), 

. 

Thus yl has of 1, the same value and the sane derivative as y acd is therefore J. 
icsntical with y. ‘?hus 

y,‘(T) = y ( ?-I 23) = y(T) (7) 

. 

a:ii t.harcfore y is a pericdlc fumtion. - 

In order to investigate the solutions, it xi11 be oonveniact to go 

byck tc the function x = T + y. ‘76 demand aTair, that y= 0 for . r=o i.e. , 

X = 0 for T= 0 0) 

This cak; always be achieved 5 y a skultacspus shift in the z and X scale. 

The soluti3n !s n:w completely det.err.ir;ad, if we speoffy the deriVEi- 
.* * ’ . , ti-:lr at r=C; let it be f 

. . . dx,‘dT = f for x = 0. . (9) 

A trivial solution is obtained for f’ = i ; i.e. 

.x = Z f&r f. = 1 (10) 

T!)is scl;rticr. ccrrss3ocds tb y = 0. If f CiffeA sl ightlg from 1, y will be 

&al 1 an? +’ me record order term in (3) can be nog,lected. One find6 

. 
Let: ‘2s consider naxt the extrsne case when f is large. ‘hen for small rwe have 

. 
X = f t > >r ,and we may neglect T in (lye !Ve then have the e auatfon 

l 

.* 
*. 

. dxid7 t (lkf )il' = ccnstact = f . 
. 
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: 1 UNCL~SSFIED “ could be ,re:‘!ned: . hpw’i from t5e first. constt~t factor, x ,is afitis:.37etr?c in’ 

(7= Xl). Fros the discussion of ths fuc’;icn y given abovs it follows that. 
. 

::-sjfit ‘:e 8. 
xl 

ie?O Of tbC fWlCZti0~ y, i.0. X' X 1 for r = xi . This leahc~ to 



x= 

. _. _ . 

U?KLASSIRED 

I 
Let us r.ow shift the sol$ion by only ‘h~llf a period. Then the Faint 7*X = i 

1 
is shifted to r= x = 0 t& we obtiir, another sol:Aion of our problem in 

wX& thr, initial slope at Z -’ 0 is very smmll. Frw (2~) follbws ttrrt at . 
l-t 4, we hive &L ‘4r P i.J exp (2). If ~a dcfire 

. - 
l . 

it fslln-~3 that the solo$f?n x f, is idcntiatij xith t!e solution xi except for 

i’ 
. ’ 

T&s me have also ~b*,nined the so1.1~~ . -.~n if the kiti& slops ‘is v cry 

sm.~ll~ Fkgati-~+ s?oTes are excluded, sinoe dx/dT* 1 ‘t dy/dt > 0 according 

t2 (L) l ;::,::.-a r4-ecisLl y 2x:/X ls either 3l-rays positive, sr alwAys negz3tive; 

but t!ik* sftcond case is of no physical interes’,) . . 

?krc remins the problem of detsmic5nE the value of f to be chosen 

fw gisen !r.itirl c scd! tions. In general we shall be interested ir; priblemr in 

w?icli 3 . a:14 ?x,‘d~-ars given i!~z ,GUSIU value ,-f r . kllowing for a siaultaneous 
. 

shift fr! x and T, t!.s siS:iif’i39f;C, quf-ia?! ties 6 z-5 
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U‘ 

,2& 

oftrve 7 till be negligible a& m carz in the gsnsral ca60 i2edify x with ye 

Thon from (24) 

Thus 

X = y 47 tanh (7&z) 

if we are CT' 'A!3 level part 

of the x-c;Irvq, we w.2~12 norrmlly 

expect x = dx/dT to be smlll . 

Xf ~c are just at on+ or’ the feros of 

the. y-f’unctfcn, we .haw ysO, x<<l, 

and therefore the region II in w4ick4 

WO f 2nd 

. 



equations pive 

is c3nveaier.t to use n&ative values df T and x = x1. 

the sam exeegt for s;titaSle cfiasces a!’ sip. ‘3:~: abora 

eit+or y ,> 1 or x4&(1 

.- 
l . 

. 
Gr?ar 1. f * 1 correspoxis to y a C, x = 1. I 

$ha c3re and e the thermal diffur?vit:;. 

If .t 3 
=y - z.10-- f 6%) a:.2 we kCs:r”f? 
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T.ie heating 0 f the tasper will prsdnre therm61 stress tending to 
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