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ABSTRACT. This paper presents a review of the Gauss-Kuzmin-Wirsing (GKW) operator.
The GKW operator is the transfer operator of the Gauss map, and thus has connections to
the theory of continued fractions – specifically, it is the shift operator for continued frac-
tions. The operator appears to have a reasonably smooth, well-behaved structure, however,
no closed-form analytic solutions are known, and these are not easy to obtain. Eigenvalues
and eigenfunctions can be obtained numerically, but little else is known in the mathemati-
cal literature. While this paper does attempt to be a review, it is incomplete; it is more of a
diary of research results.

Connections to the Minkowski Question Mark Function are probed. In particular, the
Question Mark is used to define a transfer operator which is “topologically equivalent”
to the GKW. This “equivalent” operator is solvable, and can be shown to have fractal
eigenfunctions. However, the spectrum of this operator is not at all the same as that of
the GKW. This is because the Jacobian of the transformation relating the two is given by
(?′◦?−1)(x) , which is well-known as the prototypical “multi-fractal measure”.

The presentation given here assumes little math background beyond basic linear alge-
bra and analytic function theory. This paper is part of a set of chapters that explore the
relationship between the real numbers, the modular group, and fractals.

1. THE GAUSS-KUZMIN-WIRSING OPERATOR

This text is a diary of ongoing research results. As such, it not always coherent, and is
somewhat disorganized. It is only sporadically updated.

The general layout is:
• Present the Gauss-Kuzmin-Wirsing operator, including basic facts, theorems, re-

lationships, numerical studies. Introduce the Ruelle-Mayer operator.
• Show that the Minkowksi Question Mark converts the GKW into a sawtooth.
• Solve the two sawtooth transfer operators (these are exactly solvable).
• Show how to get GKW eigenfuncs from the sawtooth eigenfuncs; continuity; dif-

ferentiability.
• Review the Farey Map
• Appendixes providing details for various results.

2. THE GAUSS-KUZMIN-WIRSING OPERATOR

The map that that acts as the shift operator for continued fractions is

h(x) =
1
x
−
⌊

1
x

⌋
That is, if one writes out the continued-fraction expansion for x ∈ [0,1]:

(2.1) x =
1

a1 + 1
a2+ 1

a3+···

≡ [a1,a2,a3, · · · ]
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then one has that
h(x) = [a2,a3, · · · ]

whence the name “shift operator”. This map is often called the Gauss Map. Note that shift
operators, as linear operators, are studied as a subtopic of Banach theory, and often appear
in applied mathematics texts devoted to the engineering topics of control theory, stability
theory and filter design[19]. However, in these texts, shift operators are typically applied
to sequences of functions defined on Hardy spaces. It appears that the shift as applied to
continued fractions is very nearly unstudied – and no wonder – it appears nearly intractable
when approached with standard analytic tools.

The Ruelle-Frobenius-Perron or transfer operator associated with the Gauss map is
known as the Gauss-Kuzmin-Wirsing (GKW)[15, 28] operator Lh. It is the pushback
of h, and as such, is a linear map between spaces of functions on the unit interval (topolog-
ical vector spaces)[27]. That is, given the vector space of functions from the closed unit
interval to the real numbers

F = { f | f : [0,1]→ R}
then Lh is a linear operator mapping F to F . Given f ∈F , it is represented by

(2.2) [Lh f ] (x) =
∞

∑
n=1

1
(n+ x)2 f

(
1

n+ x

)
The GKW operator Lh is a special case of what is sometimes called the Ruelle-Mayer

operator[12]

[Gs f ] (z) =
∞

∑
n=1

1
(n+ z)s f

(
1

n+ z

)
for general complex s and z. This operator, with a value of s = 4, occurs in the study of the
Gaussian reduction algorithm applied to modular lattices[12].

Niether the GKW nor the Mayer-Ruelle operators have been “solved”, in the sense that
there is no known closed-form analytic solution expressing its all of its eigenfunctions and
eigenvectors. The GKW operator has one classically known eigenvector, f (x) = 1/(1+x),
which corresponds to the unit eigenvalue; this solution was given by Gauss.

Kuzmin considers iterating this operator, and shows that given any continuous, differen-
tiable function g(x) with bounded derivative on the unit interval, that the iterate converges
uniformly to f (x) = C/(1+ x). That is, by defining

gk+1(x) = [Lhgk] (x)

as the k’th iterate of g(x), then gk(x)→C/(1+x) uniformly, for all bounded, differentiable
g. Thus, as a corollary, this eigenvector is unique[14, section 15]. An alternative way
of understanding this result is via the Frobenius-Perron theorem, which asserts that the
eigenfunction associated with the maximal eigenvalue is unique.

The operator is not normal (i.e. LhL
T

h is not equal to L T
h Lh); this is typically the

case for transfer operators. Thus, the left and right eigenvectors are distinct, although they
share common eigenvalues. To use proper matrix algebra language, these should be called
“singular values”, although we will persist in calling them eigenvalues below; and likewise
diagonalization should properly be called “singular value decomposition”, and the left and
right eigenvectors are properly called the left and right singular vectors. Alternately, if one
considers the operator as acting on a Banach space, then right singular vectors form a basis
for for the Banach space, and the left vectors are the dual.
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When the domain of the Mayer-Ruelle operator is restricted to certain Banach spaces,
then the operator is a nuclear operator – that is, it has a discrete spectrum, and its eigen-
vectors form a basis for Banach space. By considering the operator restricted to a Hardy
space, Daudé etal show that the spectrum is real when s is real[12].

The first eigenvalue below 1.0 is approximately 0.3036, and is known as the GKW
constant [6, 11, 12][xxx need Babenko ref for original discussion]. As is typically the
case for transfer operators, when the right eigenvectors are smooth functions, then the left
eigenvectors are linear combinations of derivatives of Dirac delta functions, located at 0
and 1. All of this is explored in greater detail, in the rest of this paper.

Aside from the analytic solutions, there is also large class of fractal, discontinuous-
everywhere functions associated with eigenvalue 1. The prototypical such solution is the
derivative of the Minkowski Question Mark function ?(x). That is,[

Lh?′
]
(x) =?′(x)

A proper construction for the everywhere-discontinuous function ?′, and the derivation of
the above identity, is given in [27], together with a construction of a class of other similar
solutions.

2.1. Relation to the Riemann Zeta Function. The Gauss map is connected to the Rie-
mann zeta function by a Mellin Transform:

ζ (s) =
1

s−1
− s
∫ 1

0
h(x)xs−1dx

The Riemann zeta can be written under a change of variable as

(2.3) ζ (s) =
s

s−1
− s
∫ 1

0
dx x

[
Lhxs−1]

and thus it seems possible that a better understanding of GKW may shed light on the
Riemann Hypothesis and/or the Berry conjecture[xx need ref]. Most immediately, sim-
ple manipulations lead to a series expansion for the Riemann zeta in terms of binomial
coefficients. This series expansion is explored in detail in [23, 10]. It can be used to for-
mulate a class of criteria on various number-theortic series (such as those constructed from
the Mobius function, or the totient function of the Liouville series) that are equivalent to
the Riemann Hypothesis. This class of RH-equivalent hypothesis were already noted by
Báez-Duarte[4, 5], Maslanka[16], and Flajolet and Vallée[9], and are explored in detail in
[26].

Todo: Give the Riemann Hypothesis can be understood as a vector equation (using the
polynomial form for the GKW, below).

2.2. Lack of simple solutions. Aside from the classical solution, 1/(1 + x), there do not
seem to be any “easy” polynomial series solutions to the operator, where a “solution”
would be a closed-form specification of the eigenvectors.

The author performed a combinatorial search of simple combinations and summations
of rational functions and various classical functions, such as the exponential, the gamma,
the digamma, the dilogarithm, Bessel functions and the exponential integral. No eigenvec-
tors were found in this way, although, of course, various close approximations can be so
obtained.

The naivest approaches to solving the GKW operator, which is suggested by the eqn
2.2, is blocked by the next two theorems.
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Theorem 1. There is no (non-trivial) polynomial f (τ) such that the equation

f
(

1
τ +n

)
= λn (τ +n)2 f (τ)

holds for all integer values of n and arbitrary values of λn.

Proof. Assume that there does exist such a solution. Then it could be written as

f (τ) =
∞

∑
k=0

akτ
k

for some unknown values of ak (which are independent of n). Inserting this into the hypo-
thetical form leads to the equation

λn

∞

∑
k=0

τ
k [ak−2 +2nak−1 +n2ak

]
=

∞

∑
k=0

τ
k (−1)k

nk

∞

∑
j=0

a j

(
j + k−1

j−1

)
1
n j

Setting τ = 1 in the above allows it to be re-written as

λn (n−1)2
∞

∑
k=0

(−1)k ak = a0 +
∞

∑
k=1

n−k
k

∑
j=0

(
k
j

)
a j+1

Since the ak are independent of n by assumption, one must then have a0 = 0, and for each
term in the series on the right hand side, one must have, individually, that

0 =
k

∑
j=0

(
k
j

)
a j+1

or ak = 0 for all k. Thus the theorem is proved. �

Were it not for this theorem, a solution would have been provided by looking for quasi-
modular-form-like functions f . Another naive avenue is also blocked:

Theorem 2. There is only one series solution to

f
(

1
τ +n

)
=

(τ +n)(τ +1)
(τ +n+1)

λ f (τ)

and it is λ = 1 and f (τ) = a0/(1+ τ) for any constant a0.

Proof. As in the previous proof, assume a series solution. Substituting this into the above,
and performing a straightforward but tedious expansion in powers of τ , n, and then com-
paring terms, reveals that λ = 1, and that ak = (−1)k a0. �

If the above had allowed solutions for something other than λ = 1, then one would have
also had that Lh f = λ f .
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2.3. Assorted Algebraic Identities. This section lists an assortment of random algebraic
results, none particularly deep; some are vaguely suggestive of deeper relations. These
are listed here mostly for the sake of completeness. These are the sorts of identities one
obtains by means of knuckle-headed persistence in the hope that that maybe one little
algebraic twist will yield a closed-form solution. These were obtained by the author long
before he knew that Lh had a name or had been previously studied by others.

First, notice that adjacent terms in the series can be made to cancel by shifting the series
by one:

[Lh f ] (x)− [Lh f ] (x+1) =
1

(1+ x)2 f
(

1
1+ x

)
which holds for any function f (x). Thus, if ρ(x) is an eigenvector, so that Lhρ = λρ , then
it would also solve

1
(1+ x)2 ρ

(
1

1+ x

)
= λ (ρ(x)−ρ(x+1))

This can be solved easily to get the zeroth eigenvector

ρ0(x) =
1

ln2
1

1+ x

which satisfies [Lhρ0](x) = ρ0(x) and the normalization is given by requiring∫ 1

0
ρ0(x)dx = 1

There is a reflection identity: f (x) = 1− (1+ x)−2 satisfies Lh f = 1− f .
There is a hint of a relationship between period-doubling and the GKW in the identity

1
1+ x

=
∞

∑
n=1

1
2n

[
2

x+n
− 1

x+n+1

]
Acting on the monomial, one gets[

Lhxk
]
(x) =

∞

∑
n=1

1
(n+ x)k+2 =

(−)k+2

(k +1)!
ψ

(k+1)(1+ x)

where ψ(k)(x) is the k’th derivative of the Gamma function. The true difficulty of find-
ing the solution to GKW becomes clear when the search leads one to start discovering
complicated identities, such as

∞

∑
m=1

1
m2 ψ

(1)
(

1+
1
m

+ x
)

=
∞

∑
n=1

1
(n+ x)2 ψ

(1)
(

1
n+ x

+1
)

or to finding curiosities such as f (x) = (1+ax)2 gives Lh f = ψ(1)(1+ x+a).
For f (x) = (1+nx)−2−1 one gets Lh f =−∑

n
k=1(x+ k)−2

Acting on a general power, the map gives the Hurwitz Zeta:

[Lhxs] (x) =
∞

∑
n=1

1
(n+ x)s+2 = ζH(s+2,x+1)

This allows eqn 2.3 to be written as

ζ (s) =
s

s−1
− s
∫ 1

0
dx xζH (s+1,x+1)
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FIGURE 2.1. The Minkowski Question Mark Function
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2.4. Non-differentiable Identities. The above identites involve smooth, differentiable
functions. In addition to these, there are a number of relations involving the Minkowski
Question Mark function[18]. This function is fractal, continuous everywhere, and differen-
tiable only on the rationals, where it’s derivative is zero. There are many ways to define the
Question Mark function ?(x); perhaps one of the easiest is as follows. Given the continued
fraction expansion x = [a1,a2,a3, · · · ] as defined in eqn 2.1, one has

(2.4) ?(x) = 2
∞

∑
k=1

(−1)k+1 2−(a1+a2+...+ak)

where the sum terminates after a finite number of terms when x is rational. A graph of the
function is shown in figure 2.4.

This function has many interesting properties and symmetries[27, 25, 22]. The self-
symmetry of the curve is generated by two relations, a halving:

?
(

x
1+ x

)
=

?(x)
2

and a left-right reflection: ?(1− x) = 1−?(x). The full set of symmetries, generating the
dyadic monoid, can be exhibited by defining

(2.5) gC (x) =
x

1+ x
and gD (x) =

x
2

and noting that the symmetry relation above may be written as ? ◦ gC = gD◦?. Likewise,
letting r (x) = 1−x one has ?◦ r = r◦?. These two functions can be taken as the generators
of a monoid, whose general element is written as gm ◦ r ◦ gn ◦ r ◦ gp ◦ · · · . This monoid
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forms an interesting subset of the modular group SL(2,Z). Elements of the monoid are in
1-1 correspondance with the Cantor set; alternately, they are in 1-1 correspondance with
the binary tree.

Given the above definitions, one may now derive various identities. Thus, one has

Lh[(1+?(x))/(1+ x)2] = 1−?(x)

Lh[?(x)x−2] = 2−?(x)

Lh

[
?(x)

(
1

(1+ x)2 −2
)]

=
?(x)−2
(1+ x)2

One may continue in this vein indefinitely, but this exercise does not seem to lead to any
sort of worthwhile recurrence relations.

The generating function for the moments of the Minkowski Question Mark[2, 1, 3]
participates in a curious identity. This generating function obeys the relation

1
z2 G

(
1
z

)
+

1

(z+1)2 G
(

1
z+1

)
=

1
z(z+1)

which holds for complex-valued z (such as, for example, z 7→ z+n), and also

1
z

+
1
z2 G

(
1
z

)
= G(z)−2G(z+1)

From this, one has the curious shift-over-by-one relationship

[LhG] (z) = G(1+ z)+ [LhK] (z)

where we’ve defined K (z) = G(1+ z).
One can define an object that behaves like the derivative of the Question Mark function;

properly speaking, it is a singular measure on the unit interval. For all practical purposes,
it can be called the derivative; and it does have one surprising property: it is an eigenvector
of the GKW, corresponding to eigenvalue 1. That is,

Lh?′ =?′

A proof of this relation, including all the required machinery to define and demonstrate
this result, is given in [27]. In simple terms, it follows from the self-symmetry relation on
the Question Mark:

(
?◦gn−1

C ◦ r ◦gC
)
(x) =?

(
1

n+ x

)
=

1
2n−1 −

?(x)
2n =

(
gn−1

D ◦ r ◦gD◦?
)
(x)

which induces a relation on the measure:

?′
(

1
n+ x

)
=

(x+n)2

2n ?′ (x)

This last is easily inserted into the definition 2.2 to obtain the desired result. A graph of
the measure is shown in figure 4.2.
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2.5. Miscellaneous Series. Algebraic manipulations of the above algebraic relations leads
one to consider various conditionally convergent series, such as

∞

∑
k=0

(−)k
(

k +m+1
m

)
ζ (k +m+2) = 1

which holds for any integer m. Additional series, similar to the form given above, are
possible, and are reported in [20]. Thus, for example, one has:

∞

∑
k=0

(−)k
(

k +m+1
m+1

)
ζ (k +m+2) = ζ (m+2)−1

There are also divergent series which can be evaluated by regulating them, and then taking
the limit. Examples include

lim
t→0

∞

∑
k=0

(−)ke−tk =
1
2

lim
t→0

∞

∑
k=0

(−)k(k +2)e−tk =
3
4

lim
t→0

∞

∑
k=0

(−)k(k +2)(k +3)e−tk =
7
4

lim
t→0

∞

∑
k=0

(−)k(k +2)(k +3)(k +4)e−tk =
45
8

lim
t→0

∞

∑
k=0

(−)k(k +2)(k +3)(k +4)(k +5)e−tk =
93
4

These are readily obtained[7] by considering the binomial generating function. That is,
define

Am (x) =
∞

∑
k=0

Γ(k +m+2)
Γ(k +2)

(−x)k

=− Γ(m+1)
x

∞

∑
k=1

(
k
m

)
(−x)k

=
Γ(m+1)

x

(
1− 1

(1+ x)m+1

)
and so the above sums are given by

Am ≡ lim
x→1

Am (x) = Γ(m+1)
(

2m+1−1
2m+1

)
Similarly, let

Sm (x) =
∞

∑
k=0

(−)k (k +m+1)!
(k +1)!

[ζ (k +m+2)−1]xk

and
Sm ≡ lim

x→1
Sm (x)

then one finds that S0 = 1/2, S1 = 1/4, S2 = 1/4, S3 = 3/8 and S4 = 3/4; the general
expression is given by Sm = Γ(m+1)/2m+1. This result can be obtained by simply by ex-
amining the zeroth eigenvector of the GKW operator, as given below, in equations 2.6,2.7.
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Alternately, the general expression for Sm (x) can be obtained by working with the ex-
pression for Lhxk (XXX do this and provide expression). The above sums appear when
considering

ψ(1+ z) =
−1

1+ z
+1− γ +

∞

∑
m=0

(−)m [ζ (m+2)−1]zm+1

and then writing

zm+1 = (z+1−1)m+1 =
m

∑
k=0

(−)m−k
(

m
k

)
(z+1)k

2.6. Polynomial Representation. One can attempt to solve GKW by working in the poly-
nomial representation. One possible choice is to make one’s Taylor expansion about x = 0,
but this turns out to be a very poor choice. Writing Lh f = g and substituting a Taylor’s
expansion for f and g, so that

f (x) =
∞

∑
k=0

xk

k!
f (k)(0)

and likewise for g(x), one gets

g(m)(0)
m!

=
∞

∑
k=0

f (k)(0)
k!

(−)m (k +m+1)!
m!(k +1)!

ζ (k +m+2)

or, adopting the bra-ket notation introduced earlier[21], we have

〈m |Lh|k〉= (−)m
(

k +m+1
m

)
ζ (k +m+2)

where we’ve replaced the factorials by the binomial coefficient that they form. Unfortu-
nately, this is clearly a very poorly conditioned matrix. One can make some progress,
if one wishes, by applying a regulator and using Levin-type sequence acceleration tech-
niques. One can thus find a number of curious identities, some of which we’ve listed
previously. However, the difficulty of working with divergent sums seems to outweigh any
advantages given by the relatively simple form of the matrix elements. Thus, one is lead to
consider the matrix elements for a polynomial expansion about x = 1. These are far more
complex, but give a very well-conditioned matrix. These are:

(2.6) Gmn =
n

∑
k=0

(−)k
(

n
k

)(
k +m+1

m

)
[ζ (k +m+2)−1]

satisfying

(−)m g(m)(1)
m!

=
∞

∑
n=0

Gmn(−)n f (n)(1)
n!

Other authors have chosen to expand about x = 1/2 [6] but it would appear that expansion
about x = 1 leads to the simplest tractable expansion. The general case, of a Taylor’s
expansion about some fixed point, is explored in appendix A.

The eigenvector equation to be solved is then
∞

∑
n=0

Gmnvn = λvm
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FIGURE 2.2. GKW Right Eigenfunctions

This graph shows the right eigenfunctions of the GKW operator. These were computed
numerically, by truncating the GKW operator to a submatrix of 55 by 55 elements and

then solving for the eigenvectors of the matrix. The elements of the eigenvectors appear to
be well-behaved, being oscillatory for small values, and then converging to zero rapidly.

where v = {vn} is an eigenvector with components vn. This beast has a discrete spectrum
(XXX need reference for proof), and so we may label the eigenvalues and eigenvectors
with a label k, so that the k’th eigen equation is

(2.7)
∞

∑
n=0

Gmnvnk = λkvmk

The k’th polynomial eigenfunction of the GKW operator is then given by

ρk(x) =
∞

∑
n=0

vnk(1− x)k

The zeroth eigenfunction was given by Gauss as

ρ0(x) =
1

1+ x

and corresponds to the eigenvector vn0 = 2−n. Again, note the curious appearance of pow-
ers of two. The zeroth eigenvalue is 1, the first eigenvalue is known as the GKW constant,
and is about 0.3036. Additional eigenvalues are given in table 1. Graphs of the first few
eigenvectors are shown in figure 2.2.
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FIGURE 2.3. Right Eigenvector Coefficients

This figure shows a graph of the coefficients of the first eight right-eigenvectors of the
GKW operator. The red line corresponds to the zeroth eigenvector with components

vn0 = 2−(n+1). All of these were obtained numerically. The normalization used here is to
require that ∑

∞
n=0 vnk = 1.

Based on numerical explorations (reported below), the series appears to be easily con-
vergent even for x = 0. In particular, it appears that limn→∞ vnk = 0, and that furthermore,
that limn→∞ vnk/vn+1,k = 2. One must not conclude that this implies that vnk O(2−n), as
this sort of asymptotic behaviour conflicts with the zeroth eigenfunction. Thus, one might
guess at vnk O(ns2−n) but numeric data suggests that s = 0. Numeric data also excludes
the form vnk O(2−n logn) although it is possible that the softer vnk O(2−n log logn) might
hold.

The coefficients are oscillatory, with k half-oscillations in the k’th eigenvector. That is,
for k = 0, all of the vn0 can be taken to be of the same sign. For k = 1, the vn1 change sign,
once, between n = 0 and n = 1. For k = 2, the coefficients change sign twice, and so on.
This is shown in the graph 2.3.

The left eigenvectors are given by

∞

∑
m=0

wkmGmn = λkwkn
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FIGURE 2.4. Left Eigenvector Coefficients

This figure shows a graph of the coefficients of the first eight left-eigenvectors of the
GKW operator. The red line corresponds to the zeroth eigenvector with components

wn0 = 1/(n+1). All of these were obtained numerically. The normalization used here is
to require that wnk 1/(n+1) for large values of n.

and correspond to left eigenfunctions

`k(x) =
∞

∑
n=0

wkn(−1)n
δ

(n)(1− x)

where δ (n)(x) is the n’th derivative of the Dirac delta function. The zeroth left eigenvector
is given by w0n = 1/(n+1). Very curiously, this is the harmonic series. Thus, true to form,
it appears that yet again, we are in the presence of another manifestation of the duality
between the dyadic rationals and rationals, the duality between the Stern-Brocot tree and
the dyadic tree, the duality captured in the Minkowski Question Mark function.

In analogy to the right eigenvectors, the series again appears to be not only convergent
in that limn→∞ wkn = 0, but also that a strict ratio is maintained in the limit: limn→∞(n +
2)wkn/(n + 1)wk,n+1 = 1, with strict equality holding for all n, and not just in the limit,
when k = 0. A similar oscillatory behaviour is seen as well, as shown in figure 2.4.

2.7. Identity. We have the identity
∞

∑
n=0

Gmn p−n = p
[

ζ (m+1)−1−ζH

(
m+1,2+

1
p−1

)]
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In particular, for p = 2, the right hand side equals p−m; this corresponds to the known
eigenvector. Note that for any value of p, the leading term on the right is 2−(m+1). A
simple way to arrive at this is to note that

∞

∑
n=0

p−n(1− x)n =
p

p−1+ x

and then evaluate this expression under the action of the GKW operator.

2.8. The Kernel. The spectrum of the polynomial eigenfunctions of the GKW operator is
discrete, and does not include zero. However, if one considers a larger set of functions, say,
the set of square-integrable functions, then the spectrum becomes continuous, and includes
zero.

The kernel of the GKW operator is defined as the set of functions f for which Lh f = 0.
The kernel of the GKW is readily demonstrated: let

kn(x) =


0 for 0≤ x < 1

n+2
1
x2 for 1

n+2 ≤ x < 1
n+1

−1
x2 for 1

n+1 ≤ x < 1
n

0 for 1
n ≤ x≤ 1

Then clearly, [Lhkn] (x) = 0 for all integer n ≥ 1. The kernel is in fact much larger. Con-
sider the set of functions

cn,l (x) =


0 for 0≤ x < 1

n+2
cos((2l+1)π/x)

x2 for 1
n+2 ≤ x < 1

n
0 for 1

n ≤ x≤ 1

Then [
Lhcn,l

]
(x) = cos((2l +1)π (x+n))+ cos((2l +1)π (x+n+1)) = 0

and so cn,l belongs to the kernel for all integer l ≥ 1, as does sn,l when defined analogously
for sine instead of cosine.

2.9. Numeric Attacks. One can mount numeric attacks on the GKW operator. The matrix
elements in 2.6 are easily computed numerically, and the eigenvectors and eigenvalues are
easily obtained by applying standard matrix diagonalization software. For example, using
the LAPACK DGEEV eigenvalue-finding routine, and working with the upper-left 55×55
entry block of the GKW operator, one obtains the eigenvalues shown in table 1 These
compare well to previously published values (xxx need reference for previous numerics -
specifically babenko)[11, 6, 12]. The ratio of successive eitgenvalues λn/λn+1 tends to the
square of golden mean (3+

√
5)/2 = 2.61083398875 · · · , as given by [11].

Eigenvectors can be guessed at in various ways. One can find, for instance, that the first
right-hand-side eigenvector ρ1 is approximated by

ρ1(x)≈
−3
4

+
7
4

1
(1+ x)5/2

with the approximation accurate to about one or two percent over the domain x ∈ [0,1].
This is the eigenvector associated with the eigenvalue λ1 ≈ 0.303663. Numerics suggest
that all of the eigenvectors have a pole at x = −1. Whether they might have poles at
other negative values is unclear; however, the idea that the eigenvectors might be linear
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TABLE 1. GKW Eigenvalues

N Eigenvalue λn Ratio λn/λn+1

0 1 -3.29312425436788
1 -0.303663002898733 -3.0100062440358
2 0.100884509293104 -2.842124671335
3 -0.03549615904 -2.763682528286
4 0.01284379036244 -2.72242392332
5 -0.00471777751158 -2.69791537939
6 0.0017486751243 -2.6819312645
7 -0.0006520208580 -2.67077775
8 0.00024413145 -2.662606
9 -9.16889×10−5 -2.65651

10 3.45147×10−5 -2.6539
11 -1.3005×10−5

12 4.860×10−6

13 -1.7×10−6

This table lists the first dozen eigenvalues of the polynomial representation of the GKW
operator. The numbers are certain to about about the last figure or two quoted. They were
obtained by numerically inverting the 55 by 55 entry upper-right sub-matrix of the GKW

operator using ordinary double-precision floats.

combinations of the Hurwitz zeta function suggests itself. Thus, for example, a slightly
better approximation is given by:

ρ1(x)≈ 3.078
[

ζH(2,1+ x)− 1.32
(1+ x)3/4

]
where ζH is the Hurwitz zeta function:

ζH(s,q) =
∞

∑
n=0

(n+q)−s

Graphs of the first seven right-hand-side eigenvectors are shown in figure 2.2. The general
oscillatory nature of the eigenfunctions is echoed in the numeric values of the eigenvector
coefficients themselves, shown in figures 2.3 and 2.4.

2.10. Gross structure. The GKW operator has a fairly simple coarse-grained structure,
which is explored in this section. The nature of this structure is best illustrated graphically.
The figure 2.5 shows the entries of the matrix Gmn in a color-coded fashion, using black to
code negative values, and varying colors to code positive values.

The hyperbola-like structure visible in 2.5 suggests that Gmn is approximately constant
when the product of the indexes mn is held constant, and oscillatory as a function of the
product mn. A closer numerical look shows that the curves are not quite hyperbolas, but
are roughly approximated by

(m+n)1.7−|m−n|1.7 ≈ const

Furthermore, the limiting behaviour for m� n and n� m doesn’t seem to be hyperbolic
either, as can seen in a pixel-aliasing/Moire type effect visible in the graph, at about m≈ 5n
and n≈ 4m. In particular, some of the contours appear to merge along the line n≈ 4m. As
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FIGURE 2.5. Color Coded Matrix Entries

This figure shows the 100 by 100 submatrix of the entries of Gmn, with row,column (0,0)
in the upper left. Each square pixel represents one entry in the matrix; this this picture is

100 by 100 pixels in size. Black areas represent negative values of Gmn while colored
areas are postive. The coloration is such that red corresponds to large values, moving
through the rainbow to smaller values. The color scale is logarithmic, so red-orange

represents values of Gmn ∼ 10−3, yellow-green to Gmn ∼ 10−20 and blue to Gmn ∼ 10−40.
Visually, the hyperbolic curves suggest that Gmn is approximately constant when the

product of the indexes mn is held constant. However, the curves are not true hyperbolas; a
closer numerical examination shows that a better fit is given by

(m+n)1.7−|m−n|1.7 ≈ const.

will be shown in a later section, where the asymptotic expansion of the matrix elements
is considered, this corresponds to the non-trivial zeros of the Riemann zeta function in the
critical strip.

The behavior of the matrix elements along the diagonal is shown in figure 2.6.

2.11. Asymptotic Expansion. The asymptotic behaviour of the matrix elements for large
m,n can be obtained by converting the Newton series 2.6 to Nörlund–Rice integral, and
then using saddle-point methods to obtain the large m,n behaviour. A detailed exposition
of this proceedure is given in [10]; what follows is an abbreviated application of those
techniques.

There are several key steps to this process. The first is the observation that a Newton
series can be re-written as a Nörlund–Rice integral[8]:

n

∑
k=n0

(−1)k
(

n
k

)
φ (k) =

(−1)n

2πi

∮
c
φ (s)

n!
s(s−1) · · ·(s−n)

ds

where the contour c surrounds the poles at {n0, · · · ,n} and φ (s) is holomorphic in the
region ℜs > n0− 1

2 . Substitution of 2.6 into the above yeilds

(2.8) Gmn =
(−1)n

2πi
n!
m!

∮
C

(s+m+1)(s+m) · · ·(s+2)
s(s−1) · · ·(s−n)

[ζ (s+m+2)−1]ds

Written in this form, the zeros and poles of the integrand are clearly evident. It also be-
comes clear that the right-hand closure of the contour integral contributes nothing, since,
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FIGURE 2.6. GKW along the diagonal
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Matrix elts G_nn of GKW along diagonal

GKW
sin(pi n/2 + pi/4)

Shown are the matrix elements Gnn of the GKW operator along the diagonal. As these are
exponentially vanishing, the figure rescales these: thus, the red line shows the values of
Gnn2−n−1√πn. The matrix elements are also oscillatory: the overall structure is easily
accounted for, as shown by the green line, which graphs sin(πn/2+π/4). The period,

phase and amplitude of the oscillations appears to be exact: a numerical exploration out to
n = 1000 indicates that this oscillation hold very precisely.

for ℜs→ ∞, one has that the integrand decays exponentially, viz. ζ (s+m+2)− 1→
2−s + O (3−s) which over-powers the polynomial numerator and drives the integrand to
zero. Thus, the closed contour can be replaced by a line integral running from c− i∞ to
c+ i∞ with ℜc to the left of the poles:

Gmn =
(−1)n+1

2πi
Γ(n+1)
Γ(m+1)

∫ c+i∞

c−i∞

Γ(s+m+2)Γ(s−n)
Γ(s+2)Γ(s+1)

[ζ (s+m+2)−1]ds

The integrand becomes exponentially large for ℜs→−∞ and this leads to a pair of saddle
points above and below the real axis: each saddle is situated between the exponential rise to
the left and the poles, and straddles a hump between the zeros and the exponentially decay
to the right. For m = n, it will be shown that the saddle points occur at s = ±in +O (1).
The integrand and its saddle points is illustrated in the figure 2.7.

The integral may be estimated for m,n→∞ by applying the method of steepest descent.
That is, one deforms the integration contour so that it passes through the saddle-point,
following the steepest path through it. There, on applies Laplaces method to approximate
the integral as
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FIGURE 2.7. Saddle Points of the Integrand

This figure illustrates the integrand of the integral 2.8 on the complex-s plane, for
m = n = 10. The real axis runs along the middle of the figure. Blue and black areas
represent small or zero values of the modulus, while yellow and red represent large
values. Thus, the exponential decay to the right is shown in blue-black, while the
exponential rise to the left is red. Arrayed along the real axis are eleven poles, at

s = 0, · · · ,10 and ten zeros, at s =−2, · · · ,−11. Some additional zeros, forming an
arrowhead, can be seen the the left. The saddle-points are located at s =±10i. The

illustration runs over the interval ℜs ∈ [−40,+20]. The integration contour can be taken
to run in the green region, to the left of the poles, and through the saddle points.

(2.9)
∫

eN f (x)dx = eN f (x0)

√
2π

−N f ′′ (x0)

(
1+O

(
1
N

))
with the integration contour running through the saddle point f ′ (x0) = 0. To be able to
apply this, the logarithm of the integrand, expanded in powers of N, is required. As men-
tioned, the saddle points will be discovered at s ≈ ±in, thus suggesting the change of
variable s = nx and an expansion in powers of N = n, while holding x fixed. To avoid a
concurrent expansion in powers of m, write m = Kn for some fixed constant K. One may
then proceed with the expansion. The zeta function terms expands as

log [ζ (s+m+2)−1] =− [n(x+K)+2] log2+O

((
2
3

)n(x+K)
)

The gamma functions are expanded by applying Stirling’s formula, in leading powers of n,

logΓ(ny) = ny log(ny)−ny− 1
2

log(ny)+
1
2

log(2π)+
1

12ny
+O

(
1
n3

)
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which is applicable for ℜy > 0. This can be applied in a straightforward way, although to
do so, one must first write

Γ(s−n) =
π (−1)n

sin(πs)Γ(n− s+1)

which follows from the reflection formula Γ(z)Γ(1− z) = π/sinπz. For the saddle point
in the upper half-plane, tht is, for ℑx > 0, one expands

logsinπxn = log
(
−e−iπnx

2i
+O

(
e−πnℑx

))
=− iπnx+

iπ
2
− log2+O

(
e−2πnℑx

)
Combining all of these elements, one then obtains the following asymptotic expansion in
n:

N f (x) =n(K−1) logn

+n [iπx− (x+K) log2−2x logx− (1− x) log(1− x)+(K + x) log(K + x)+1−K]
− logn

−2logx− 1
2

log(1− x)+
3
2

log(K + x)− log8π

+O

(
1
n

)
The first derivative is

N f ′ (x) =n
[

iπ− log2+ log
(1− x)(K + x)

x2

]
+

1
2(1− x)

+
3

2(K + x)
− 2

x
+O

(
1
n

)
while the second derviative is

N f ′′ (x) =n
[

1
K + x

− 1
1− x

− 2
x

]
+

2
x2 +

1

2(1− x)2 −
3

2(K + x)2 +O

(
1
n

)
Solving for the saddle points f ′ (x0) = 0 gives

(2.10) x0 =
K−1

2
± 1

2

√
1−6K +K2 +

1
n

(
7Kx0−3x0−6K

2
(
K− x2

0

) )
+O

(
1
n2

)
For the special case of m = n, that is K = 1, one gets the simple form

x0,m=n =±i+
1
n

(
−3
2
± i
)

+O

(
1
n2

)
To obtain asymptotic expansion for Gmn, it is now enough to insert the saddle point 2.10
into 2.9. The algebra is considerably simplified by setting K = 1. The final result is
precisely that already discovered numerically:

Gnn =
1

2n+1
√

πn
sin

π

2

(
n+

1
2

)[
1+O

(
1
n

)]
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FIGURE 3.1. The Harmonic Sawtooth
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The Harmonic Sawtooth

The harmonic sawtooth function joins values of 1/n with straight lines.

This is an exact, analytic result for the asymptotic expansion of the GKW matrix elements
as n→ ∞, obtained by using the method of steepest descent applied to the Nörlund–Rice
integral of the Newton series of the GKW operator matrix elements 2.6.

3. THE HARMONIC SAWTOOTH

The Gauss map h(x) = 1
x −
⌊ 1

x

⌋
has a distinctive sawtooth shape; the transfer operator

of the Gauss map is the GKW operator. This section presents the harmonic sawtooth,
which resembles the Gauss map, but with stright-line edges. The goal here is to develop
a model for the GKW, in order to better understand it. In this case. the transfer operator
is considerably simpler than GKW, it is solvable. The spectrum is similar, in that it is a
countable, discrete set of values, but is otherwise inequivalent.

The harmonic sawtooth uses straight lines arranged between values of 1/n for integer
n:

w(x) =


2−2x for 1

2 < x≤ 1
3−6x for 1

3 < x≤ 1
2

4−12x for 1
4 < x≤ 1

3
n+1−n(n+1)x for 1

n+1 < x≤ 1
n

The sawtooth is singular at x = 0. This is pictured in figure 3.1.
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The Frobenius-Perron operator for this sawtooth, acting on a general function f (x), is
given by

[Lw f ] (x) = ∑
y:w(y)=x

f (y)
|dw(y)/dy|

=
∞

∑
n=1

1
n(n+1)

f
(

n+1− x
n(n+1)

)
The spectrum for the polynomial basis Banache space is given below.

3.1. Relation to the Rieman Zeta function. The harmonic spacing of the sawtooth edges
implies that the harmoic sawtooth will be related to the Rieman zeta in much the same way
as the Gauss map is. Specifically, the Mellin transofrm gives:

ζ (s) =
s+1
s−1

[
1− s

∫ 1

0
w(x)xs−1dx

]
The above can be obtained in a very straightforward manner by direct substitution.

3.2. The Polynomial Eigenfunctions. The polynomial eigenfunctions can be obtained in
a straight-forward manner, by means of Taylor’s expansion. Expanding f (x) as a Taylor’s
expansion about x = 0 gives

f (x) =
∞

∑
k=0

f (k)(0)
k!

xk

and likewise

[Lw f ] (x) =
∞

∑
m=0

g(m) (0)
m!

xm =
∞

∑
n=1

1
n(n+1)

∞

∑
k=0

f (k)(0)
k!

(
n+1− x
n(n+1)

)k

Rearranging the sums, and equating terms with the same power of x, on obtains matrix
elements Wmk so that

g(m) (0)
m!

=
∞

∑
k=0

Wmk
f (k)(0)

k!
with

Wmk =

 (−1)m
(

k
m

)
∑

∞
n=1 n−k−1(n+1)−m−1 for k ≥ m

0 for k < m

where
(

k
m

)
denotes the binomial coefficient. This matrix is upper-triangular, and thus

has its eigenvalues along the diagonal. These are

λk = (−1)k
∞

∑
n=1

1
nk+1(n+1)k+1

so that λ0 = 1 and λ1 = 3− 2ζ (2) where ζ (x) is the Riemann zeta. Numerically, one
finds that the first few eigenvalues are λ1 = −0.289868... and λ2 = 0.130396... and λ3 =
−0.0633278... and λ4 = 0.031383... and λ5 =−0.0156468... In the limit of large k, the first
term in the summation will dominate, and so λk → (−1)k /2k+1; the ratio of eigenvalues
settles down to λk/λk+1→−2 in the limit. The alternating sign of the eigenvalues, as well
as the ratio of successive eigenvalues, is quite unlike the GKW.

The function w(x) is singular at x = 0, and this might suggest that a polynomial ex-
pansion around a different point might be warrented, as it was for the GKW operator.
However, this is not needed: since the resulting matrix is solvable, a transformation to a
different point does not offer much, if anything. That is, performing the Taylor’s expan-
sion about a point other than x = 0 just amounts to multiplying W on the left and right by a
binomial transform; this will not make W somehow “more tirangular” or “more solvable”.
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It might be possible to improve numerical stability in this way, but there do not seem to be
any other gains.

The matrix elements of Wmk are easily computed by means of recurrence relations on
the indexes m,k. This is done by defining Zmk and observing that

Zmk =
∞

∑
n=1

1

(n+1)m+1 nk+1
=

∞

∑
n=1

1
(n+1)mnk

[
1
n
− 1

n+1

]
= Zm−1,k−Zm,k−1

These recursion relations are bounded on the edges by Z00 = 1, Z10 = 2−ζ (2) and thus

Zm0 = Zm−1,0− (ζ (m+1)−1) = 1−
m

∑
j=1

[ζ ( j +1)−1]

and Z01 = ζ (2)−1 so that

Z0k = ζ (k +1)−Z0,k−1 = (−)k

[
1+

k

∑
j=1

(−) j
ζ ( j +1)

]
From these, one then has Wmk = (−1)m (k

m

)
Zmk for m≤ k .

The first few eigenfunctions are
e0(x) = 1

e1(x) = 2x−1
XXX double check e2 below, I think its wrong

e2(y) =
15−13ζ (2)−9ζ (3)+2ζ (2)[ζ (2)+3ζ (3)]

3(13ζ (2)−8ζ (3))(3−2ζ (2))
+

+
6ζ (2)+2ζ (3)−12

13−8ζ (2)
y+ y2

We see that although the eigenfunctions are polynomials and are exactly solvable, there is
no particularly simple way of writing down the closed-form solution.

XXX To Do: Double-check e2 Provide the closed-form finite-sum matrix elements.
Provide graphs of the first dozen polynomials. Discuss the similarity transform that takes
w(x) to h(x) and discuss why this fails to preserve the eigenvalues. What are the shift-states
of this operator? What are the continuous-eigenvalue (square-integrable) eigenfunctions?
Graph these eigenfunctions, see what kind of fractals they look like.

4. THE DYADIC SAWTOOTH

The dyadic sawtooth is given by the dyadic-space conjugate of the continued-fraction
shift function h(x) = 1

x −
⌊ 1

x

⌋
, that is,

c(x) =?
(

1
?−1(x)

−
⌊

1
?−1(x)

⌋)
= (?◦h◦?−1)(x)

where ?(x) is the Minkowski Question Mark, presented in earlier chapters. This map con-
sists of straight-line segments between values of 1/2k, as pictured in figure 4.1, and can be
written as

c(x) = 2−2nx for
1
2n < x≤ 1

2n−1

Just as the Gauss Map is able to lop off the leading term of the continued fraction expansion
for x, so this map is able to lop off all of the leading zeros of the binary expansion for x.
The downward slope of the sawtooth just reflects the binary expansion, exchanging 1’s for
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FIGURE 4.1. Dyadic Sawtooth
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The Singular Sawtooth of the Second Kind

This figure illustrates the second kind of sawtooth, given by equation ??. It consists
entirely of straight-line segments between reciprocal powers of two.

0’s, so that the next iteration can chop of the next contiguous chunk of identical digits.
Thus, the orbits of points under this map are completely isomorphic to the orbits of points
under the Gauss Map. This is indeed the very idea of a “conjugate map”.

The transfer operator of this function provides a second model of the Gauss-Kuzmin-
Wirsing operator. It can be solved exactly; unfortunately, it is not conjugate to the GKW
operator, as one might naively hope. Normally, when there exists a smooth function φ such
that α = φ−1 ◦β ◦φ , then there is a similarity transform that connects the transfer operator
for α with that for β , as developed in the appendix B. However, the Question Mark func-
tion is not smooth. With some effort, one can define it’s derivative in a rigorous way[27],
but one finds that the derivative is continuous no-where – vanishing on the rationals, infi-
nite on “most” reals. The similarity transform is given by the Jacobian

∣∣(?′◦?−1
)
(x)
∣∣ of

the Question Mark, pictured in figure 4.2 – which can be seen to be terribly singular. Put
another way, although the point dynamics of this sawtooth map are completely isomorphic
to the point dynamics of the Gauss Map, the distribution of these orbits, with respect to
the natural measure on the unit interval, is not isomorphic by means of any differentiable
function. The spectra of the associated transfer operators are not identical. This is perhaps
the most interesting and surprising result of this paper.

The transfer operator for the dyadic sawtooth can be easily seen to be

(4.1) [Lc f ] (x) =
∞

∑
n=1

1
2n f

(
2− x

2n

)
The following sections develop this operator in different function spaces.

4.1. The Polynomial Basis Eigenfunctions. The polynomial eigenfunctions of Lc may
be found in the same way as before. Write the Taylor’s expansion as
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FIGURE 4.2. The Derivative of the Question Mark
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Distribution of Farey Numbers

This figure shows the derivative of the Minkowski Question Mark; or, more precisly, the
weight distribution of a measure on the real-number line, whose integral is well-defined

and is exactly equal to ?(x).

f (x) =
∞

∑
k=0

f (k)(0)
k!

xk

and likewise for g = Lc f . Substituting and matching monomial terms gives

g(m) (0)
m!

=
∞

∑
k=0

Cmk
f (k) (0)

k!

where the matrix elements are given by

(4.2) Cmk = (−1)m
(

k
m

)
2k−m

(2k+1−1)
for k≥m and zero otherwise. This matrix is upper-triangular and thus solvable. Because it
is solvable, there is no advantage gained by performing the polynomial expansion at points
other than x = 0; the matrix cannot become “more solvable”. A quick exploration at x = 1
does not suggest that the matrix becomes “more diagonal” (i.e. more heavily weighted
near the diagonal).

As is the case for upper-triangular matricies, the eigenvalues lie along the diagonal. The
first few are λ0 = 1, λ1 = −1/3, λ2 = 1/7, etc. with the ratio of successive eigenvalues
tending to -2. The first few eigenvectors are

e0 = 1

e1 = 2x−1

e2 = 4−18x+15x2
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FIGURE 4.3. Dyadic Sawtooth Polynomials
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This figure shows the eigenvectors of the dyadic sawtooth, as given by equation 4.3. The
normalization is such that en (x = 0) = 1.

e3 =−7+48x−84x2 +44x3

(4.3) e4 = 16− 5400
37

x+
14280

37
x2− 15300

37
x3 +

5865
37

x4

which solve the eigenvector equation Lcen = λnen. These are illustrated in figure 4.3.
Because the matrix is upper-triangular, the eigenvectors can be solved for directly, sim-

ply by making the ansatz

en (x) =
n

∑
k=0

e(k)
n

xk

k!

substituting directly into eqn 4.2, and solving. The result is a recursion relation

e(k)
n

k!
=

(−1)n

2k

(
2n+1−1

)(
2k+1−1

)(
(−1)k (2k+1−1)− (−1)n (2n+1−1)

) n

∑
p=k+1

(
p
k

)
2p

2p+1−1
e(p)

n

p!

4.2. The Failure of the Similarity Transform for the Polynomial Basis. Under nor-
mal circumstances, whenever one has a pair of maps α(x) and β (x) that are conjugate to
each other through a smooth, invertible function φ(x) such that β (x) = (φ ◦α ◦ φ−1)(x),
then there exists a similarity transform Sφ such that the Frobenius-Perron operators are
also conjugate; that is, Lβ = Sφ Lα S−1

φ
with S−1

φ
= Sφ−1 . The transform Sφ is given by

Sφ f =
(

f ◦φ−1
)
/
∣∣φ ′ ◦φ−1

∣∣, where the prime denotes differentiation: φ ′(x) = dφ(x)/dx.
A detailed derrivation of this is given in appendix B. Since the continued-fraction shift
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function is conjugate to the sawtooth, one might hope that GKW would be conjugate to
Lc, that is, Lc = S?LhS−1

? . Unfortunately, the Minkowski Question Mark is highly singu-
lar and is not traditionally differentiable, and so we cannot build such a similarity transform
using the polynomial function basis. Another way to deduce this is to note that the sim-
ilarity transform Sφ , working as an ordinary, bounded operator, normally preserves the
eigenvalues of a nuclear operator; that is, the eigenvalues of Lα equal those of Lβ . In
the current case, we see trouble in that the eigenvalues of Lc are not those of GKW. They
are not even ’close’, in that for large k, the ratio of the eigenvalues λk/λk+1 tends to -2,
whereas, for the GKW, the ratio is 2.61803... (the square of golden mean, see [11]).

However, there are suggestive elements. For example, the function argument (2−x)/2n

is just the dyadic polynomial (gn−1
D rDgD)(x); the generator gD was defined in equation 2.5.

Tantalizingly, the corresponding Moebius transform is (gn−1
C rCgC)(x) = 1/(n + x) which

is the function argument to the GKW operator. This suggests the tantalizing re-write of the
terms of GKW as

f
(

1
n+ x

)
= f◦?−1

(
2−?(x)

2n

)
Also, one can do strange things such as xxx but why do we want to do that?

XXX todo explain above
The point is to not give up hope on the operator relationships, even though the polyno-

mial basis breaks the relationship. Thus, we are motivated to explore other bases, and not
just the polynomial basis. Fortunately, we can find some of these.

4.3. The Kernel of the Dyadic Sawtooth. The kernel of the dyadic sawtooth is defined
as the set of functions k such that Lck = 0. It is clear that none of the polynomial eigen-
functions belong to the kernel; the polynomial spectrum is discrete, and zero is not a part of
the spectrum. However, if one considers a larger set of functions, say the square-integrable
functions, then the kernel is readily demonstrated. Let

kn (x) =


1 for 0≤ x < 1

2n+1

−1 for 1
2n+1 ≤ x < 1

2n

0 for 1
2n ≤ x < ∞

then clearly one has that Lckn = 0 for all n≥ 0. Clearly, each kn is linearly independent of
the others. Note that the kn shift under a doubling of the argument: kn (2x) = kn+1 (x), or
alternately, kn ◦gD = kn−1 where gD is as defined in 2.5.

4.4. Fractal Eigenfunctions of the Dyadic Sawtooth. The Takagi curve can be used to
build an alternate set of eigenfunctions for the dyadic sawtooth, possessing continuous-
spectrum eigenvalues. These eigenfunctions are not differentiable, and thus cannot be
obtained through polynomials, and thus are not visible when working with the operator in
a polynomial-basis Hilbert Space. They can be used to build an alternate function space,
in which the dyadic sawtooth remains exactly solvable.

The Takagi curve has a set of self-similarities generated by the dyadic monoid[24]; this
monoid was already introduced above, in the paragraph surrounding eqn 2.5. One of the
elements from the monoid is

(4.4)
[
gk−1

D rDgD

]
(x) =

1
2k−1 −

x
2k
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FIGURE 4.4. Takagi Curve

and it appears in the definition 4.1 of the transfer operator:

[Lc f ] (x) =
∞

∑
n=1

1
2n f

([
gn−1

D rDgD
]
(x)
)

From this, one may surmise that functions f (x) that are self-similar under the dyadic
monoid might be used to construct solutions to the operator LC. In this case, the can-
didates are of course the family of Takagi curves.

The Takagi curve, shown in figure 4.4, may be defined as

tw(x) =
∞

∑
k=0

wk
τ

(
2kx−

⌊
2kx
⌋)

where τ(x) is the triangle wave:

τ(x) =
{

2x when 0≤ x≤ 1/2
2(1− x) when 1/2≤ x≤ 1

This curve is self-similar to itself under the dyadic monoid generated by the two ele-
ments g and r. The specific self-similarity is given by a 3-dimensional matrix representa-
tion of this monoid. Writing tw as a part of a 3-vector: 1

x
tw (x)


one finds that the monoid acts on the vector with the matrix transformations

(4.5) g3 =

 1 0 0
0 1

2 0
0 1 w

 and r3 =

 1 0 0
1 −1 0
0 0 1


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The self-similarity may be expressed as a monoid action isomorphism: tw ◦gD = g3tw and
likewise tw ◦ rD = r3tw. To obtain the behaviour of tw when inserted into eqn 4.1, one
needs the action of the element gk−1rg so as to obtain the monoid action isomorphism
twgk−1

D rDgD = gk−1
3 r3g3tw. This can be assembled in pieces. First, note that

gn
3 =

 1 0 0
0 2−n 0
0 qn(w) wn


where qn(w) is the polynomial

qn(w) =
1

2n−1

n−1

∑
k−0

(2w)k =
1

2n−1

(
1− (2w)n

1−2w

)
Multiplying by r3 and g3and applying to the vector, one obtains

tw

(
1

2k−1 −
x
2k

)
= qk−1(w)+ x

(
wk−1−qk−1(w)/2

)
+wktw(x)

Inserting the above back into the definition 4.1 for the sawtooth operator, and performing
the sum, one obtains

[Lctw] (x) =
4

3(2−w)
+

x
3(2−w)

+
wtw(x)
2−w

From this, we can immediately read off the eigenvalue as w/(2−w). To get the eigen-
function, we need to complete the diagonalization by using [LC1] (x) = 1 and [LCx] (x) =
(2− x)/3 to get the eigenfunction

E2(x) =
2−w

2(w+1)(w−1)
+

x
2(w+1)

+ tw(x)

The above is not the only fractal solution that transforms under the three-dimensional
representation of the dyadic monoid. A complete set of linearly independent solutions
spanning the space are constructed from

tw,l (x) = tw ((2l +1)x)

Theorem: above provide a complete set spanning the space. Proof: XXX details to be
done. Sketch of proof is that these can be re-expressed as unique linear combinations
of cosine waves; the specific linear combinations being given in [21]. The transform is
invertible: cos2πnx can be expressed as a unique linear combination of tw,l . By contrast,
certain linear combinations of sin2πnx are used to construct the kernel of Lc. Since sine
and cosine span the space L2 of square-integrable functions on the unit interval, the above
do likewise. An alternate way of reaching the same conclusion is to consider the Haar basis
functions for Banach spaces on the unit interval, which are known to form a complete set.
One then notes that the triangle wave is just an integral of the Haar basis functions. QED.

It should be clear, from the above presentation, that results are possible for other Takagi
curves, constructed from piece-wise polynomials, are possible. In general, a Takagi curve
constructed from a polynomial of order n transforms under an n+1 dimensional represen-
tation of the dyadic monoid[24]. The next section develops some the general framework
for these solutions.
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4.5. Practical Tools. Practical computations with the complete set of fractal eigenfunc-
tions require additional tools. These are developed here. If f (x) is a function posessing
dyadic self-similarity, then given γD as some product of gD and rD, and f self-similar under
the action of g f and r f , then one has the commuting diagram γ f f = f ◦ γD. Computations
with Lc require the evaluation of expressions of the form f ((2l +1)(2− x)2−n). If the
argument is re-expressed in terms of the transforms gD and rD, analogously to eqn 4.4, then
one may use the the commutation relation γ f f = f ◦ γD to easily compute eigenvectors of
Lc. This motivates the development of the machinery below.

To perform this re-write, it is sufficient to re-express (M− y)2−n in terms of gD and rD.
We begin by noting that (M− y)2−n = (M−1+ rDy)2−n since rDy = 1− y. Next, one
needs the binary expansion for M−1; so write

(4.6) M−1 =
∞

∑
k=0

βk2k

with βk ∈ {0,1} the k’th bit in the base-2 representation. Of course, all βk = 0 for k >
log2 (M−1). The desired expression is

M− y
2n = BnBn−1 · · ·B1B0rDy

where each Bk is given by

Bk =

{
L for βk = 0
R for βk = 1

and L and R are left and right sub-trees of the dyadic tree, respectively:

L(x) = gD (x) =
x
2

and R(x) = (rDgDrD)(x) =
1+ x

2
Functions written next to one-another are understood to mean function composition: pqrx =
(p◦q◦ r)(x) = p(q(r (x))). For a fixed value of M−1, the transfer operator for the dyaic
sawtooth may then be written as

Lc f =
1
2

f B0r +
1
4

f B1B0r +
1
8

f B2B1B0r + · · ·

If the function f is self-similar under the dyadic monoid, i.e. if it commutes with L, R then
the above provides a convenient, relatively simple way of explicitly computing the action
of Lc. i.e. one has

Lc f =
[

1
2

B0r +
1
4

B1B0r +
1
8

B2B1B0r + · · ·
]

f

which is straight-forward to evaluate when the Bk are square matricies, such as, for exam-
ple, those of eqn 4.5.

Several examples can help ground and clarify this. Consider, for example (6− y)/8.
The binary expansion for 6−1 = 5 is 101 and so one has

6− y
8

= RLRry = rgr g rgr ry = (rg)3 y

The bits to the left are all zero, and so one has

6− y
2n+3 = LnRLRry = gn (rg)3 y

For readability, the subscript D was dropped above two equations.
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FIGURE 4.5. Cantor Function
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Two examples of the Cantor function bw (x). The figure on the right shows the
“canonical” cantor function obtained by removing middle-thirds, and so shows b1/3 (x).

The figure on the left shows b−0.6 (3x).

Consider then the action of Lc on fl (x) = f ((2l +1)x) for l = 1 and 0≤ x≤ 1/3. One
then has

[Lc f1] (x) =
1
2

f
(

6−3x
2

)
+

1
4

f
(

6−3x
4

)
+

1
8

f
(

6−3x
8

)
+ · · ·

=
1
2

f Rr 3x+
1
4

f LRr 3x+
1
8

f RLRr 3x+ · · ·+ 1
2n f Ln−3RLRr 3x+ · · ·

while, for l = 1 and 1
3 ≤ x≤ 2

3 , one uses RLL:

[Lc f1] (x) =
1
2

f

(
5−3

(
x− 1

3

)
2

)
+

1
4

f

(
5−3

(
x− 1

3

)
4

)
+

1
8

f

(
5−3

(
x− 1

3

)
8

)
+ · · ·

=
1
2

f Lr 3
(

x− 1
3

)
+

1
4

f LLr 3
(

x− 1
3

)
+

1
8

f RLLr 3
(

x− 1
3

)
+ · · ·

· · ·+ 1
2n f Ln−3RLLr 3

(
x− 1

3

)
+ · · ·

So, for example, if f = tw,l the Takagi function defined in the previous section, one then
has, for k ≥ 3, l = 1 and 0≤ x < 1/3, that

tw,1

(
2− x

2k

)
= tw

(
3
(

2− x
2k

))
= gk−3 (rg)3 tw (3x) = gk−3 (rg)3 tw,1 (x)

This method is applied in earnest in the next section.

4.6. The Two-Dimensional Representation. The Cantor function transforms under a
two-dimensional representation of the dyadic monoid. It is constructed from the step func-
tion

b(x) =

{
0 for 0≤ x < 1

2
1 for 1

2 ≤ x < 1

and a weight w (equal to 1/3 for the canonical Cantor function):

bw (x) = (1−w)
∞

∑
n=0

wnb(2nx−b2nxc)
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This function is shown in figure 4.5. It is self-similar under the action of the dyadic monoid:
the generators are bw (x/2) = wbw (x) and bw (1− x) = 1−bw (x). As a matrix representa-
tion, one has

1→ e1 =
[

1
0

]
tw→ e2 =

[
0
1

]
so that

gb =
[

1 0
0 w

]
rb =

[
1 0
1 −1

]
are the generators of the dyadic monoid in this representation. Applying the previous
developments, one then has that

[Lcbw] (x) =
∞

∑
n=1

1
2n bw

(
2− x

2n

)
=

∞

∑
n=1

1
2n gn−1

b rbgbbw (x)

Since

gn−1
b rbgb =

[
1 0

wn−1 −wn

]
one promptly obtains that

[Lcbw] (x) =
∞

∑
n=1

1
2n

(
wn−1−wnbw (x)

)
=

1−wbw (x)
2−w

From this, one can then promptly obtain an eigenfunction ew = bw−1/2 which satisfies

Lcew =
−w

2−w
ew

Additional eigenfunctions transforming according to the same representation are given by
bw,l (x) = bw ((2l +1)x). Applying the techniques above, one finds that

Lcbw,l =
1

2−w
cw,l−

w
2−w

bw,l

where cw,l is a piecewise-constant depending on w and l . Eigenfunctions are then given by

ew,l =
−cw,l

2
+bw,l

which satisfy

Lcew,l =
−w

2−w
ew,l

We’ve already seen that cw,0 = 1. For l = 1, one has

cw,1 (x) =


5−w

4 for 0≤ x < 1
3

1+3w
4 for 1

3 ≤ x < 2
3

3−w
2 for 2

3 ≤ x < 1
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For l = 2 one has

cw,2 (x) =



9−w
8 for 0≤ x < 1

5
1+7w

8 for 1
5 ≤ x < 2

5
7−3w

4 for 2
5 ≤ x < 3

5
3+w

4 for 3
5 ≤ x < 4

5
5−w

4 for 4
5 ≤ x < 1

The general expression is given by thie piece-wise flat function

cw,l (x) = w+(1−w)
∞

∑
k=0

βk

2k for
4l +1− (M−1)

2l +1
≤ x <

4l +2− (M−2)
2l +1

where M−1 and the binary bits βk are related as given in eqn 4.6. The above formula may
be derived by applying the techniques from section 4.5, commuting so as to use the 2×2
matricies Lb = gb and Rb = rbgbrb, and expanding in powers of w, and tracking each power
separately. Note that the sum has the effect of “reversing” the order of the bits in the binary
expansion for M−1. Note that

∫ 1
0 cw,l (x)dx = 2l +1. In computing the above, it is useful

to have a certain polynomial: let γ be a product of L and R, so that

γ = Lm0Rm1Lm2 · · ·LmN−1RmN

Then one has that

γb (w) =
[

1 0
qγ (w) wM

]
where M = m0 +m1 + · · ·+mN and qγ is the polynomial

qγ (w) = wm0 −wm0+m1 +wm0+m1+m2 −·· ·+(−1)N wM

Since the mk are counting the number of repeated digits in a binary expansion, we once
again see the insiduous presence of integer series (and thus the connection to continued
fractions, these being given by integer series).

4.7. The three dimensional representation. As noted above, the Takagi curve trans-
forms under a 3D representation of the dyadic monoid. A few more factoids about this
are below. Under the action of Lc, the Takagi curves transform as[

Lctw,l
]
(x) =

1
2−w

[
αl (w)+ xβl (w)+wtw,l (x)

]
where αl (w) and βl (w) are polynomials in w. The l = 0 case was already given above; for
l = 1 and 0≤ x < 1/3, one has

α1 (w) =
3
4

and β1 (w) =
19
24

which is obtained using the methods above. The correspoding eigenfunctions are given by

Ew,l (x) =
−1

1−w

[
αl (w)

2
+

1
3

]
+ x

3
2

βl (w)
1+w

+ tw,l (x)

so that [
LcEw,l

]
(x) =

w
2−w

Ew,l (x)

Since the eigenvalue is w/(2−w) as before, the general solution may be written as a linear
combination of these solutions.

Previously, we saw that the Takagi Curves served as basis vectors for a space of degen-
erate eigenfunctions of the Bernoulli Map, associated with arbitrary eigenvalue. We saw
that this space could also be spanned by the Hurwitz Zeta, through a change of basis. Thus,
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FIGURE 5.1. Convergence at the Golden Mean
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The above figures show rescaled graphs of the integral 5.1 at the Golden Mean
φ =

(√
5−1

)
/2, for which ?(φ) = 2/3. Specifically, the graphs show

hi(ε) = ε
0.2798I (φ ,φ + ε) and lo(ε) = ε

0.2798I (φ − ε,φ)

for two different ranges: 10−5 < ε < 10−2 and 10−203 < ε < 10−200. Note the
logarithmic scale. The oscillatory behaviour is given by cos(1.040π logε) to a good

approximation. That the oscillations are very regular should be appearent by comparing
the left and right figures. Qualitatively similar behaviours can be seen at other quadratic

irrationals, although with different growth amplitudes and periods of oscillation.

we expect that we can extend these results to this map as well. That is, there is a linear
combination of the Ew,l that is differentiable in x for each w.

5. EIGENFUNCTIONS OF THE GKW, REDUX

The goal of this section is to examine the measure ?′ in greater detail. In order to avoid
the difficulties associated with examining ?′ at a point, it is far more convenient to study
the integral

(5.1) I (a,b) =
1

b−a

∫ b

a
?′ (x)dx =

?(b)−?(a)
b−a

in the limit of a→ b. It is straightforward to verify that, when b is a rational number, that
in this limit, I vanishes: the Minkowski question mark has zero derivative on the rationals.
In fact it is very, very flat, exponentially so, with all derivatives vanishing, on the rationals:
this is easily seen by recalling the definition 2.4 of the question mark: given a continued
fraction expansion of a rational number [a1,a2, · · · ,aN ], that one has that the flat part goes
as 2−aN as aN →∞. By contrast, the derivative is “infinite” on the quadratic irrationals; the
rate of divergence is explored in figure 5.1.

6. THE ISOLA MAP

Stefano Isola proposes studying a map of deceptive simplicity[13]. Given by

F(x) =
{

x/(1− x) if 0≤ x≤ 1/2
(1− x)/x if 1/2≤ x≤ 1
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it is symmetric about x = 1/2: that is, F(x) = F(1− x), and has a very simple tent-like
shape, and this is the source of the deception. One wants to hastily conclude that it is
topologically equivalent to the standard tent map

τ(x) =
{

2x if 0≤ x≤ 1/2
2−2x if 1/2≤ x≤ 1

and thus that the spectrum of its Frobenius-Perron Operator is identical to that of the
Bernoulli Map, and that this map can be trivially brushed aside as belonging to that con-
jugacy class. Nothing could be farther from the truth. In fact, it is conjugate, but the
conjugating function is the Minkowski Question Mark:

F(x) = (?−1 ◦ τ◦?)(x)
and so the relationship is anything but trivial. The easiest way to see this is to note that we
can write F and τ are combinations of the modular group element g−1:

F(x) =
{

g−1
C (x) if 0≤ x≤ 1/2

(g−1
C ◦ r)(x) if 1/2≤ x≤ 1

following the notation of earlier chapters, and

τ(x) =
{

g−1
D (x) if 0≤ x≤ 1/2

(g−1
D ◦ r)(x) if 1/2≤ x≤ 1

Just as we saw with the second sawtooth, the point dynamics of the Isola Map and the
Tent Map are isomorphic to each other, but the eigenvalue spectra are inequivalent. The
Ruelle-Frobenius-Perron operator for the Isola Map is

[P f ] (x) =
1

(1+ x)2

[
f
(

x
x+1

)
+ f

(
1

x+1

)]
Isola shows how the Gauss-Kuzmin-Wirsing operator can be constructed through some
simple operator relationships on P and so it is a worthwhile goal to attempt to solve P .
As we will see below, this seems to be an even harder task.

Closely related is a modular variant of the Bernoulli shift, given by

(6.1) A(y) =?−1 (frac(2?(y))) =

{
y

1−y for 0≤ y≤ 1
2

2y−1
y for 1

2 ≤ y≤ 1

The associated transfer operator is

[LA f ] (y) =
1

(1+ y)2 f
(

y
1+ y

)
+

1

(2− y)2 f
(

1
2− y

)
which again has the curious relationship

LA?′ =?′

as given in [27].

6.1. The (Lack of a) Polynomial Basis. Based on our previous luck, we attempt to define
the operator P in the polynomial basis. First, we attempt an expansion at x = 0. This leads
to

Pnk ≡〈n |P|k〉

=(−)n
[(

k +n+1
k +1

)
+Θk≤n(−)k

(
n+1
k +1

)]
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This matrix is not triangular, and is thus not directly solvable. It is also very ill-conditioned,
making it not numerically tractable, at least, not in any simple fashion. As n gets large,
the matrix elements grow exponentially on the diagonal. This is easily seen by applying
Stirling’s asymptotic formula for the factorial to the binomial; one easily gets(

n
k

)
≈ 2n+1
√

2πn
exp
(
−(2k−n)2

2n

)
when n and k get large. Thus, along the diagonal, Pnn ≈ 4n+1/2

√
πn, and the matrix is

not tractable numerically, and would be painful to work with analytically, without defining
some sort of regulator. Thus, we are motivated to look at the expansion at x = 1/2. Here,
however, the situation is not much better. Defining y = x−1/2 so that

[Q f ] (x) =
1

(y+3/2)2

[
f
(

y+1/2
y+3/2

)
+ f

(
1

y+3/2

)]
we work through the same set of steps to obtain

Qnk ≡〈n |Q|k〉

=
(
−2
3

)n+2
[(

2
3

)k( k +n+1
k +1

)
+
(

1
3

)k min(n,k)

∑
p=0

(−3)p
(

n+ k− p+1
k +1

)(
k
p

)]

which is far more complex, and only marginally less divergent: Qnn ∼ (16/9)n+1. There is
hardly any hope that a Taylor’s expansion around any other value of x will give a tractable
result; the trick of using the Taylor’s expansion to obtain polynomial eigenstates fails in
this case. Indeed, it seems likely that the eigenstates will not be analytic, although it is not
clear to me what theorem would establish or disprove this conjecture.

The polynomial-basis matrix elements for this operator are much better behaved. They
are given by

Mnk ≡ 〈n |LA|k〉=
1

22+n+k

(
n+ k +1

k +1

)
+Θn≥k (−1)k+n

(
n+1
k +1

)
(Notice the direction of the Heaviside function is reversed, is this correct, or an error? XXX
Needs double-checking).

The leading factor of two in the above makes all the difference in the world for this
operator. This time, applying Stirling’s formula to evaluate the matrix elements on the
diagonal gives

Mnn ≈ 1+
0.76√

n

thus implying that this operator, at least, is not hopelessly badly behaved.
The difference between the two is, perhaps, due to the former not being diagonalizable

except in Jordan block form.

7. CONCLUSIONS

Apologies for the format of this paper. It’s a veritable candy store of goodies; there are
all these yummy toys to play with, which one first?
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APPENDIX A. EXPANSION ABOUT ARBITRARY LOCATION

This appendix provides expressions for the polynomial-basis matrix elements for the
GKW and Mayer-Ruelle operators. Specifically, they provide expressions for the Taylor’s
expansions about points other than 0 or 1. Several relations to the hypergeometric series
are also provided.

Consider f (x) = ∑
∞
n=0 f (n)(a)(x−a)n/n! and g(x) likewise expanded about x = b. With

this expansion, the operator relation Lh f = g becomes

g(m)(b)
m!

=
∞

∑
n=0

L
(b,a)

mn
f (n)(a)

n!

which is taken to define the meaning of L
(b,a)

mn . Without much difficulty, one discovers that
the matrix elements are given by

(A.1) L
(b,a)

mn = (−1)m
n

∑
k=0

(−a)n−k
(

n
k

)(
k +m+1

m

)
ζH(k +m+2,1+b)

where ζH(s,q) is the Hurwitz zeta function:

ζH(s,q) =
∞

∑
n=0

1
(n+q)s

Substituting a = b = 1/2, one obtains the expansion of [6], which is

L
(1/2,1/2)

mn =(−1)m
n

∑
k=0

(
−1
2

)n−k( n
k

)(
k +m+1

m

)
×[

2m+k+2 (ζ (k +m+2)−1)−ζ (k +m+2)
]

All of these expressions for the matrix elements for the GKW operator have a common
form. It consists of two summations: the outer summation, and the summation defining
the Hurwitz zeta function. Exchanging the order of summation, one finds terms consisting
of a series of polynomials, which are most simply expressed in terms of Gauss’s hyperge-
ometric series:

Γmn(x)≡ (m+1)2F1

[
−n m+2

2 ; x
]

=
n

∑
k=0

(
n
k

)(
k +m+1

m

)
(−x)k

These have a curious superficial resemblance to the shifted Legendre polynomial

P̃n(x)≡
n

∑
k=0

(
n
k

)(
k +n

n

)
(−x)k

Switching the order of summation in equation A.1 gives the following:

L
(b,a)

mn = (−1)m+nan
∞

∑
j=1

1
( j +b)m+2 2F1

[
−n m+2

2 ;
−1

a( j +b)

]
Curiously, the above is in the form of the Mayer-Ruelle operator. This operator is a

slightly generalized form of the GKW operator given by Dieter Mayer[17],[
M (s) f

]
(x)≡

∞

∑
n=1

1
(n+ x)s f

(
1

n+ x

)
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Then, taking s = m + 2, x = b and f (x) =2 F1

[
−n m+2

2 ; −x
a

]
, one has that the

GKW matrix elements are just specific values resulting from the application of the Mayer-
Ruelle operator to the hypergeometric series:

L
(b,a)

mn = (−1)m+nan
[
M (m+2) f

]
(b)

The simplicity of this form can be further reinforces by setting a = b = 1 so that

Gmn =
[
M (m+2) f

]
(1)

where, of course, Gmn are the matrix elements of the GKW operator as defined in eqn 2.6.
Following the same proceedures and definitions as above, the matrix elements of the

Ruelle-Mayer operator M (s) may be written as

(A.2)
[
M (s)

](b,a)

mn
= (−1)m

n

∑
k=0

(−a)n−k
(

n
k

)(
m+ k + s−1

m

)
ζH(m+ k + s,1+b)

The above gets a bit easier to read if one sets a = b = 1 to obtain[
M (s)

]
mn

= (−1)m+n
n

∑
k=0

(−1)k
(

n
k

)(
m+ k + s−1

m

)
[ζ (m+ k + s)−1]

which obviously reduces to the GKW operator for s = 2:

Gmn = (−1)m+n
[
M (2)

]
mn

The corresponding hypergeometric identity that comes into play is
n

∑
k=0

(−x)k
(

n
k

)(
m+ k + s−1

m

)
=
(

m+ s−1
m

)
2F1

[
−n m+ s

s ; x
]

As a final note, recall that the Hurwitz zeta may be expressed as the polygamma func-
tion for integer arguments, where the polygamma functions are the chain of logarithmic
derivatives of the gamma function. Thus, one may also expresses the matrix elements of
L in the curious form

L
(b,a)

mn =
(−a)n+1

m!

n

∑
k=0

(
n
k

)(
1
a

)k+1 1
(k +1)!

dk+1

dxk+1 ψ
(m)(1+b)

Here, the curious operator making an appearance is

[Pn,y f ] (x) =
n

∑
k=0

(−y)k
(

n
k

)
f (k)(x)

k!

where f (k)(x) is the k’th derivative of f at x. The operator Pn,yis upper-triangular, with all
eigenvalues equal to 1, and all eigenvectors being polynomials (or analytic series for n not
an integer).

APPENDIX B. SIMILARITY TRANSFORMS

This appendix demonstrates the behaviour of the transfer operator under the action of
a similarity transformation. The demonstration proceeds using the simplest, most basic
manipulations possible, so as to be easy to verify.
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Given a differentiable function α : X → X , the transfer operator (Perron-Frobenius-
Ruelle operator) Lα : F (X)→F (X) is a bounded linear operator acting on a space of
functions F (X) on X . One possible, simple definition for this operator is

[Lα f ] (x) = ∑
y∈α−1(x)

1
|α ′ (y)|

f (y)

where x ∈ X and f ∈ F (X), while α ′ denotes the derivative of α . The derivation of
the similarity transform proceeds by substituting the similarity relation α = φ−1 ◦β ◦ φ ,
with φ : X → V being one-to-one and onto (and so being uniquely invertible), and being
differentiable, so that φ ′ can be defined. Thus, β : V →V is a function conjugate to α, and
is differentiable as well. Substituting, one then has:

[Lα f ] (x) = ∑
y∈(φ−1◦β◦φ)−1

(x)

1∣∣(φ−1 ◦β ◦φ)′ (y)
∣∣ f (y)

= ∑
φ(y)∈(β◦φ)−1(x)

1∣∣(φ−1 ◦β ◦φ)′ (y)
∣∣ f (y)

Let w = φ(y) and v = φ(x) so that

[Lα f ]
(
φ
−1 (v)

)
= ∑

w∈β−1(v)

1∣∣(φ−1 ◦β ◦φ)′ (φ−1 (w))
∣∣ f
(
φ
−1 (w)

)
= ∑

w∈β−1(v)

f
(
φ−1 (w)

)
|(φ−1′ ◦β )(w) ·β ′ (w) · (φ ′ ◦φ−1)(w)|

Observe that, for all values of w ∈ β−1 (v), one has that
(
φ−1′ ◦β

)
(w) = φ−1′ (v) and

so this term can be brought out of the summation. Next, one has that 1 =
(
φ ◦φ−1

)′ =(
φ ′ ◦φ−1

)
·φ−1′ and so one has

1
|(φ ′ ◦φ−1)(v)|

[Lα f ]
(
φ
−1 (v)

)
= ∑

w∈β−1(v)

1
|β ′ (w)|

( (
f ◦φ−1

)
(w)

|(φ ′ ◦φ−1)(w)|

)
Define an operator Sφ : F (X)→F (V ) that acts on f ∈F (X) as[

Sφ f
]
(v) =

(
f ◦φ−1

)
(v)

|(φ ′ ◦φ−1)(v)|
Then the previous equation can be written as[

Sφ Lα f
]
(v) =

[
Lβ Sφ f

]
(v)

Since this holds for all f and v, one must have

Lβ = Sφ Lα S−1
φ

where clearly, S−1
φ

= Sφ−1 . Thus, the two transfer operators are conjugate to one-another
when the functions generating them are similar. The primary ingredient for the above
derivation was that the similarity transform φ needed to be differentiable, in order to make
the manipulations legitimate.

In fact, the conjugacy transformation leaves the spectrum of the operators unchanged.
To see this, one must switch to slightly more abstract language: first, one must establish
that the transfer operator is bounded (as, indeed, it is) and that it is expressible as a nuclear
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operator, so that it can be written as a countable sum of (bounded, summable) eigenvalues
and basis vectors.
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